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PREFACE 


Hybrid  analog-digital  computation  has  added  digital  memory,  automatic 
program  control,  and  powerful  digital  operations  to  the  familiar  analog 
computer.  At  the  same  time,  new  discrete  and  integrated-circuit  ampli¬ 
fiers,  multipliers,  and  switches  have  increased  computing  speed  and 
reliability  by  two  orders  of  magnitude.  Month-long  optimization  and 
statistical  simulation  studies  have  been  contracted  into  days  and  hours. 
Nevertheless,  simulation  with  general-purpose  hybrid  computers  forms 
only  a  small  part  of  the  total  thrust  of  hybrid  computation. 

The  real  impact  of  analog-digital  circuits  and  techniques  applies  to 
control,  instrumentation,  and  communication  systems.  In  many  such 
systems,  one  must  interface  large  and  small  digital  computers  to  analog 
equipment  in  the  real  world.  Thus,  an  entire  new  industry  supplies 
constantly  improving  hybrid  analog-digital  computing  devices  for  han¬ 
dling  live  instrumentation  and  for  controlling  data  in  industry,  communi¬ 
cations,  weapons,  and  in  space. 

This  is  not  a  book  on  routine  analog-computer  simulation;  there  are, 
surely,  enough  excellent  texts  on  this  subject.  We  believe  that  this 
volume  is  unique  in  its  emphasis  on  presenting  hardware  information  for 
designers  of  hybrid  analog-digital  equipment.  We  also  introduce  some 
improved  computing  techniques  made  possible  by  the  new,  ultra-fast 
hybrid  computers,  especially  in  connection  with  optimization. 

This  completely  revised  edition,  which  again  includes  much  previously 
unpublished  information,  will,  we  hope,  be  useful  to  research  workers 
and  designers.  The  subject  matter  should  be  readily  accessible  to 
seniors  in  electrical  engineering  or  physics.  Lecture  notes  based  on  the 
same  material  have  served  as  a  text  for  a  series  of  special  senior-elective 
and  graduate  courses  involving  development  projects  instead  of  term 
examinations.  These  courses  have  employed  small  hybrid  computers  less 
for  differential-equation  solving  than  for  breadboarding  analog-digital 
instrumentation.  * 

*  G.  A.  Korn,  Analog/hybrid  Computers  in  Engineering  Education,  JASEE,  April 
1988;  Engineering  Experiment  Station  Report  No.  16,  University  of  Arizona,  is  a 
laboratory  manual. 
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With  well  over  250  computer  circuits,  block  diagrams,  and  photo¬ 
graphs,  this  is  truly  a  picture  book,  and  the  reader  will  be  able  to  form 
a  fair  preliminary  idea  of  the  text  material  by  first  looking  at  the  illustra¬ 
tions.  Circuit  diagrams  are  presented  in  related  groups  to  permit  convenient 
comparisons.  We  have  also  attempted  to  give  the  reader  convenient 
access  to  the  ever-growing  computer  literature  by  listing  over  730  biblio¬ 
graphical  references,  by  topics  and  subtopics,  at  the  end  of  related  chap¬ 
ters;  a  special  author  index  provides  alphabetical  access  to  this  bibli¬ 
ography. 

Chapter  1  very  briefly  reviews  the  concepts  of  “ classical ”  analog  com¬ 
putation  and  presents  a  time-tested  method  for  analog/  hybrid-computer 
scaling.  Computer  implementation  of  linear  transfer  operators,  which 
is  becoming  more  important  for  active-filter  synthesis  with  integrated 
circuits,  is  described  next;  our  treatment  includes  computation  of  impulse 
responses  for  use  in  more  advanced  calculations.  General-purpose  op¬ 
erational  amplifiers ,  now  widely  and  inexpensively  available  to  integrated- 
circuit  form,  are  also  introduced  in  this  first  chapter,  with  emphasis  on 
control  and  instrumentation  applications. 

Chapter  2  introduces  the  basic  methods  of  hybrid-computer  simula¬ 
tion,  viz.,  digitally  controlled/ iterative  analog  computation  and  com¬ 
bined  analog-digital  simulation.  The  different  roles  of  digital  computers 
in  these  applications  are  discussed.  Two  sections  describe  methods  for 
soloing  difference  equations  with  track-hold  circuits. 

Chapters  3  through  6,  containing  much  new  material,  deal  with  the 
actual  design  and  specifications  of  modern  analog  hybrid  computing  ele¬ 
ments.  Chapter  3  presents  detailed  methods  of  error  analysis  for  linear 
computing  networks  and  operational  amplifiers  and  discusses  errors  in 
computer  solutions  of  linear  differential  equations.  Thirteen  new  sec¬ 
tions  describe  the  specification  and  design  of  operational  amplifiers, 
including  the  more  recent  circuits  with  differential  inputs. 

Chapter  4  deals  with  diode  and  transistor  limiters,  modern  fast  com¬ 
parators,  and  accurate  precision-limiter  and  selector  circuits.  The  chap¬ 
ter  ends  with  a  discussion  of  versatile  signal  generators  built  with  opera¬ 
tional  amplifiers  and  of  general-purpose  function  generators. 

The  next  class  of  basic  hybrid  computing  elements,  namely  analog 
switching  circuits,  analog-to-digital  converters  and  digital-to-analog  con¬ 
verters,  are  discussed  in  Chapter  5.  Specifications,  design,  and  error 
analysis  of  diode-,  transistor-,  and  field-effect-transistor  switches  are 
included,  as  are  switching  circuits  for  integrator  mode  control  and  sam¬ 
ple-hold  operations.  A  comprehensive  discussion  of  analog-digital- 
analog  conversion  is  presented  next. 

Chapter  6  introduces  analog  multipliers,  dividers,  and  resolvers,  with 
many  practical  circuits. 

Our  new  Chapter  7  is  concerned  with  the  design  of  complete  analog- 
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digital  computer  systems  including  general-purpose  hybrid  computers 
and  automatic  patching  systems.  Five  sections  describe  the  operation 
of  digital-computer  interfaces  to  external  devices,  with  party-line  input/ 
output  buses,  device  selection,  sense  lines,  interrupts,  and  direct-memory- 
access  data  channels.  The  chapter  ends  with  sections  on  the  important 
topics  of  ground  systems  and  digital-noise  problems. 

Chapter  8  introduces  some  of  the  new  mathematical  techniques  opened 
up  by  analog/ hybrid  computation.  The  chapter  begins  with  accurate 
perturbation  methods  for  space-vehicle  trajectory  computation  and 
steepest-dc scent  methods  for  continuous  optimization  and  improvement 
of  computing  accuracy.  A  major  portion  of  Chapter  8  is  devoted  to 
methods  for  automatic  parameter  optimization,  including  the  use  of 
sensitivity  techniques.  New  sections  deal  with  the  Kokotovic  linear- 
system  technique,  and  the  increasingly  important  method  of  creeping 
random  search.  Both  parameter  optimization  and  true  functional  op¬ 
timization  are  discussed. 

Chapter  9  is  entirely  new.  The  chapter  first  discusses  the  errors  in¬ 
herent  in  the  sample  of  data  operation  of  hybrid-computer  systems. 
Circuits  for  hybrid-computer  function  storage  (including  simulation  of 
fixed  and  variable  time-delays )  and  function  generation  are  next  de¬ 
scribed.  The  seven  last  sections  describe  software  requirements  for 
hybrid  computation  and  include  discussions  of  utility  library  routines, 
hybrid-computer  interpreters,  main-program  structure,  interrupt  servic¬ 
ing,  reentrancy,  and  hybrid-computer  operating  systems.  The  chapter 
ends  with  a  brief  discussion  of  the  use  of  simulation  languages,  hybrid- 
computer  diagnostic  programs,  and  time-sharing  problems. 

Two  appendixes  present  operational  amplifier  design  data  and  the 
logic  circuits  and  symbols  employed  in  the  rest  of  the  volume. 

We  originally  intended  to  include  two  additional  chapters  describing 
analog/ hybrid  computer  applications  to  random-process  simulation  and 
measurements.  In  particular,  Monte-Carlo-type  simulation  of  control, 
communication,  and  detection  systems  is  a  striking  application  of  the 
modern  high-speed  iterative  differential  analyzer.  Computer  techniques 
for  noise  generation  and  statistical  measurements  are  widely  useful. 
For  better  or  for  worse,  however,  our  account  of  these  techniques  ( which 
have  been  the  subject  of  much  of  our  research  at  the  University  of  Ari¬ 
zona)  proved  to  be  too  extensive  for  inclusion  in  this  book.  Since,  too, 
this  material  is  not  directly  related  to  other  topics  treated  in  this  volume 
and  also  involves  some  additional  mathematics,  it  has  been  published  as 
a  separate  monograph.*  The  expanding  and  promising  field  of  hybrid- 
computer  techniques  for  solving  partial  differential  equations,  too,  could 
not  be  done  justice  in  a  brief  review  and  deserves  a  separate  book. 

«  G.  A.  Korn,  Random-process  Simulation  and  Measurements ,  McGraw-Hill,  New 
York,  1966. 


PREFACE 


xviii 


The  writers  are  grateful  to  the  University  of  Arizona  and  especially  to 
Dr.  R.  M.  Mattson  for  encouragement  of  our  hybrid-eomputer  research, 
and  to  the  National  Scienee  Foundation,  the  Air  Foree  Offiee  of  Scien¬ 
tific  Research,  the  National  Aeronauties  and  Spaee  Administration  for 
their  support  of  the  APE,  ASTRAC  II,  and  LOCUST  hybrid-eomputer 
projects.  We  would  like  to  thank  the  many  students  whose  term  papers 
and  thesis  work  contributed  to  our  research,  and  especially  to  our  asso- 


s  in  the  University’s 

Computer  Seience  Research 

Laboratory: 

H.  Amerine 

R.  Gonzalez 

M.  Naka 

M.  Andrews 

R.  Hampton 

E.  O’Grady 

H.  Aus 

II.  Handler 

C.  Pracht 

J.  Belt 

J.  Hartmann 

J.  Puls 

T.  Brubaker 

J.  Jensen 

S.  Simons 

D.  Chinnock 

H.  Koerner 

A.  Trevor 

B.  Conant 

H.  Kosako 

J.  Wait 

H.  Eckes 

T.  Liebert 

R.  Whigham 

D.  Eddington 

R.  Mangels 

R.  White 

C.  Foiles 

R.  Maybach 

C.  Wiatrowski 

J.  Ferguson 

B.  Mitchell 

J.  Wilkins 

J.  Goltz 

J.  Moore 

A.  Yagi 

Last,  but  not  least,  we  are,  onee  again,  grateful  to  our  friends  in  the 
computer  industry  for  contributing  their  know-how  in  the  form  of  re¬ 
ports,  eireuits,  photographs,  and  diseussions.  We  are,  in  particular,  in¬ 
debted  to  the  following  individuals  and  organizations; 


Applied  Dynamics,  Inc. 

Ann  Arbor,  Michigan 
Burr-Brown  Research  Corp. 

Tucson,  Arizona 
Electronic  Associates,  Inc. 

Long  Branch,  New  Jersey 
Hybrid  Systems,  Inc. 

Houston,  Texas 
Simulation  Councils,  Inc. 


Mr.  G.  Graber 
Mr.  H.  Eckes 


Mr.  D.  Darms 
Mr.  R.  Doelger 
Mr.  H.  Durrett 

Mr.  J.  McLeod 
Mr.  S.  Rogers 


Granino  A.  Korn 
Theresa  M.  Korn 


ELECTRONIC  ANALOG 
AND  HYBRID  COMPUTERS 


CHAPTER  1 


A  REVIEW  OF  ELECTRONIC 
ANALOG  COMPUTATION 


SURVEY 

1-1.  Computers,  Simulation,  and  Systems.  Computers  are  physical 
systems  designed  to  implement  the  idealized  relationships  of  mathe¬ 
matical  models.  Computers  are  conventionally  classified  as  (1) 
analog  computers  when  the  machine  variables  representing  mathematical 
quantities  are  considered  to  vary  continuously  (voltages,  shaft  rotations) 
and  (2)  digital  computers  when  they  are  discrete-state  systems.  Hybrid 
analog-digital  computation  employs  a  variety  of  techniques  to  combine 
high  analog  computing  speed  with  accurate  digital  operations,  decision 
making,  and  memory. 

Computers— analog,  digital,  or  hybrid — have  two  principal  ap¬ 
plications.  They  may  set  up  mathematical  relations  to  produce 
desired  unknown  or  otherwise  desired  quantities  and/or  functions 
( problem  solving)',  in  particular,  computer  simulation  substitutes  a 
computer- implemented  model  for  real  system  components  in  experi¬ 
ments  conducted  for  purposes  of  design,  training,  or  partial  system 
tests.  The  second  (and  at  least  as  important)  application  of  computing 
devices  is  as  system  components  used  for  instrumentation,  control,  and 
display:  here,  the  computer  forces  at  least  a  portion  of  a  reluctant 
physical  system  to  act  like  a  mathematical  model  and  thus  recreates 
the  system  nearer  to  the  heart's  desire. 


ELECTRONIC  ANALOG  COMPUTERS 

1-2.  Machine  Variables  and  Computing  Elements.  Electronic  analog 
computers  (Fig.  1-1)  most  frequently  represent  each  problem  variable  by 
a  corresponding  voltage  between  ±100  or  ±10  volts  on  a  convenient 

l 


Fig.  1-la.  A  large  analog/hybrid  computer  console  with  up  to  250  ±  100-volt  amplifiers. 
Such  installations,  which  may  comprise  several  similar  consoles,  are  usually  controlled 
by  a  medium-sized  digital  computer.  Solutions  can  be  read  with  elaborate  and  convenient 
display/plotter  facilities  on  the  left  and  with  the  multichannel  strip-chart  recorder  on  the 
right.  (Electronic  Associates ,  Inc.,  Type  8800  computer.) 


Fig.  1-1  b.  A  moderately  fast  medium-sized  ±100- volt  computer,  the  Hybrid  Systems  SS-50 
halph^e  inverters  accurate  to  within  0.1  percent  up  to  1  KHz.  The  machine  is  also  sold 
with  a  16-bit  minicomputer  built  directly  into  the  interface.  {Hybrid  Systems,  Inc.) 
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Fig.  1-1  c.  EAI  380  is  a  smaller  tabletop  machine  with  up  to  54  ±  10-volt  amplifiers. 
Diode-function-generator  units  are  in  a  drawer  underneath  the  unshielded  patchbay, 
which  accommodates  both  analog  computing  elements  and  digital  logic.  {Electronic 
Associates ,  Inc.) 

scale  ( problem  scaling.  Sec.  1-6).  These  machine  variables  are  made 
to  obey  mathematical  relations  corresponding  to  those  of  the  given 
problem.  Electronic  analog  computers  establish  more  or  less  complex 
mathematical  relationships  between  machine  variables  (voltages) 
X0,X1,X2, .  .  . ,  say 


X0  =  0mXtX2  -  100  sin  3X2  =  F(X1,X2)  (1-1) 

by  combining  computing  elements  establishing  elementary  mathematical 
operations,  usually: 

Multiplication  of  a  machine  variable  ( voltage )  by  a  constant  coefficient 
Addition  of  two  or  more  machine  variables 
Multiplication  of  two  machine  variables 
Generation  of  functions  of  machine  variables 

(Fig.  1-2).  In  addition,  analog  differential-equation  solvers  (differential 
analyzers,  Sec.  1-4)  employ  electronic  integrators  capable  of  producing 
the  integral  of  a  voltage  x(r)  with  respect  to  the  computer  time  r,  which 
serves  as  the  independent  variable  (Fig.  1-3).  Conventional  electronic 
analog  computers  employ  separate  analog  computing  elements  for  each 
of  the  operations  required  by  a  simulation  or  data-processing  problem. 

1-3.  The  Computer  System.  Besides  a  set  of  operational  amplifiers 
and  other  computing  elements  and  their  power  supplies,  an  electronic 
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Fig.  1-2 a,  b .  Coefficient-setting  potentiometer  (a),  and  summer/phase  inverter  ( b ),  with 
block-diagram  symbols.  High-gain  degenerative  feedback  makes  the  operational- 
amplifier  input  voltage  in  ( b )  very  small,  so  that  current  summation  yields 


(see  Sec.  3-11  for  detailed  circuit  analysis). 

Fig.  l-2c  to  f.  Electronic  multiplier  (c),  divider  ( d ),  and  feedback  circuits  implementing 
division  with  multipliers  (e,/)  (see  also  Secs.  6-16  and  8-2). 


analog-computer  system  will  comprise : 

1.  Interconnections  between  computing  elements  to  implement  the 
analog-computer  program.  Interconnections  may  involve  fixed 
wiring  and  switches  in  special-purpose  machines  or  patching  con¬ 
nections  in  general-purpose  computers. 

2.  Control  switches  or  relays  to  place  initial  conditions  on  integrators 
(reset  condition )  and  to  start  and  terminate  the  computation 
(Fig.  1-3  b). 

3.  Readout  devices ,  such  as  oscilloscopes,  strip-chart  recorders,  xy 
recorders,  digital  voltmeters,  and  printers. 
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4.  Reference  power  supplies  to  supply  accurate  reference  voltages 
(usually  ±100  or  ±10  volts)  required  as  computing  and  initial- 
condition  voltages. 

1-4.  Operation  of  Electronic  Differential-equation  Solvers.  The  elec¬ 
tronic  analog  computer  represents  problem  variables  by  voltages  which 
vary  as  functions  of  the  time  r  {machine  time ,  used  as  the  independent 
variable).  The  solution  of  a  set  of  ordinary  differential  equations 
proceeds  as  follows: 

1.  With  the  machine  connected  up  to  solve  the  given  problem,  the 
machine  variables  (voltages)  are  set  to  the  correct  initial  conditions 
prescribed  by  the  problem  (reset  mode). 

2.  Computing  elements,  particularly  integrators,  are  made  operative 
and  force  the  voltages  in  the  machine  to  vary  in  a  manner  pre¬ 
scribed  by  the  given  differential  equations  (compute  or  operate 
mode).  The  voltage  variations  with  time  are  recorded  and 
constitute  solutions  of  the  given  problem. 

3.  The  machine  is  reset  to  its  initial  conditions  and  is  ready  for  the 
next  run  with  changed  coefficients,  initial  conditions,  etc. 

1-5.  Programming  Differential  Equations.  Figure  1-4 a  illustrates  the 
solution  of  a  first-order  ordinary  differential  equation 

dY 

-^^PX  =  -F(X,  T)  (1-2) 

by  an  analog  integrator  set  up  to  integrate  a  voltage  —F(X,t)  obtained 
by  suitable  combinations  of  coefficient  potentiometers,  summing  ampli¬ 
fiers,  multipliers,  and  function  generators;  here,  Xis  a  voltage  (machine 


* 


R 

■W V 


Summing 

pointp 


*0 


Fig.  l-3a.  Operational-amplifier  integrator.  The  high-gain  feedback  circuit  reduces 
the  summing-point  voltage  XJA  to  a  very  small  value  at  frequencies  co/Itt  such  that 
A(co) |  coRC^>  1,  so  that  the  summing-point  node  equation 


implies 


where  ±,(0)  is  the  initial  voltage  on  the  integrating  capacitor  (initial-condition  voltage). 
The  low-frequency  amplifier  gain  A( 0)  is  real  and  negative  (between  — 104  and  — 108). 
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Fig.  1-36.  Integrator  mode-control  circuits.  Before  every  computer  run,  the  integrating 
capacitor  must  be  charged  to  the  correct  initial  value  X0(0).  In  the  compute  mode,  SPV1 
grounds  //,  while  SW2  and  SW 3  establish  the  integrator  input  and  feedback  connections. 
In  reset: 

1.  SW\  connects  the  amplifier  as  a  phase  inverter  for  the  initial-condition  (IC)  input 

Aq(0),  so  that  the  output  becomes  A"0(0). 

2.  SIV 2  disconnects  the  integrand  inputs  and  grounds  the  summing  junction  SJ  so  that 
the  integrand  sources  see  the  same  loads  as  in  compute  (this  is  important  if  these 
sources  are  coefficient-setting  potentiometers  or  networks,  Sec.  3-5). 

3.  SIV3  grounds  CJ ,  so  that  the  amplifier  charges  the  integrating  capacitor  to  the  correct 
initial  voltage  Ao(0). 

Note  that  the  IC  input  voltage  is  inverted ,  like  other  operational-amplifier  input  voltages. 
The  integrator  of  Fig.  1-36  has  a  third  mode,  the  hold  mode:  SW2  again  disconnects  and 
grounds  the  summing  junction  SJ ,  but  SW3  retains  the  capacitor  feedback.  The  circuit 
is,  then,  an  integrator  with  zero  input  and  holds  the  output  voltage  X0(r)  it  had  when 
going  into  the  hold  mode  (analog  memory,  see  also  Sec.  2-3). 

For  accurate  solution  of  differential  equations,  all  integrators  must  switch  from  reset 
to  compute  within  a  very  short  time  interval  (Sec.  3 -2c).  Similarly,  an  integrator  must 
switch  quickly  from  compute  to  hold  if  the  retained  output  voltage  is  to  be  meaningful 
(Sec.  5-17).  Early  analog  computers  employed  relays  switched  individually  or  by  common 
compute,  reset,  or  hold  buses  (Sec.  7-3)  for  mode  control,  but  faster  computation 
requires  electronic  mode-control  switching,  which  will  be  discussed  in  more  detail  in  Sec. 
5-16. 


Fig.  1-3 c,  d.  Summing  integrator  (c)  and  block-diagram  symbol  (d). 


-X(0) 


Fig.  1-4.  Solution  of  a  first-order  differential  equation  ( a ),  of  n  first-order  equations  (£), 
and  scaled  computer  setup  for  a  second-order  equation  (c).  Figure  1-4 d  shows  how  forcing 
functions  (input  functions  of  the  computer  time  t)  are  obtained  as  solutions  of  suitable 
differential  equations. 
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variable),  and  the  independent  variable  r  is  real  time  (computer  time). 
Note  that  feedback  of  the  voltage  X  around  the  integrator  is  involved 
(implicit  computation,  classical  differential-analyzer  technique),  and  that 
the  integrator  output  starts  with  a  specified  initial-condition  voltage. 

In  Fig.  1-4 b,  n  integrators  similarly  solve  n  simultaneous  first-order 
differential  equations 

~  s  px<  =  -F<CX,X„  •  •  • .  (<  =  1,2, (1-3) 

(It 

We  shall  transform  higher-order  differential  equations  into  sets  of  first- 
order  equations  by  introducing  derivatives  x,  x,  .  .  .  as  new  variables. 
In  particular,  a  second-order  differential  equation  (e.g.,  an  equation  of 
motion) 


is  transformed  into  a  pair  of  first-order  equations 

dx  y>/  .  ,  dx  .  r-, 

Tr  =/<AVX  ;  T)  Tr  =  *  (1'5) 


(Fig.  Me). 

Input  functions  of  the  computer  time  r  {forcing  functions )  can  them¬ 
selves  be  generated  by  solution  of  suitable  differential  equations 
(Fig.  1-4 d),  or  special  signal  generators  (e.g.,  sine-  and  square- wave 
generators)  may  be  used. 

1-6.  Problem  Scaling,  (a)  Amplitude  Scaling.  Analog  computers 
represent  problem  variables  x,y, ...  by  machine  variables  (usually 
voltages,  currents,  or  shaft  rotations) 

X  =  a, pc  Y  =  avy  •  •  •  (1-6) 

The  dimensional  scale  factors  ax,  ay,  .  .  .  are  chosen  so  that  each 
machine  variable  X,  Y, ...  is  as  large  as  possible  without  exceeding  its 
maximum  permissible  excursion  Amax,  Tmax, .  .  .  (e.g.,  10,  50,  or  100 
volts)  in  absolute  value. 

To  scale  a  given  problem  for  an  electronic  analog  computer  capable  of 
supplying  ±100-volt  machine  variables,  one  may  measure  X,  Y, ...  in 
100-volt  machine  units,  but  scaling  in  volts  is  almost  universally  accepted 
for  such  computers.  If  we  scale  in  volts,  we  must  find  new  scale  factors 
if  we  use  a  ±10- volt  machine.  This  difficulty  is  avoided  by  scaling  in 
terms  of  percent  machine  units.  One  percent  machine  unit  is  just  1  volt 
for  the  common  ±  100-volt  analog  computers.  Scaling  for  ±  10-volt 
computers  is  then  identical  to  that  for  ±  100-volt  machines,  although 
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one  percent  machine  unit  is  now  0.1  volt.  We  have 

100  volts 

a x  <  — - - t-  (1-7) 

I  a- I  max  problem  unit 

where  |x|max  is  the  largest  expected  excursion  of  the  problem  variable  x. 
For  convenience,  the  numerical  value  of  each  scale  factor  is  usually  a 
round  number  of  the  form  10",  2  x  10",  0.25  x  10”,  4  x  10”,  or  5  x  10”. 

To  obtain  the  correct  machine  equations  relating  the  voltages  ( axx ), 
(ayy),  .  .  .  ,  write 

x  as  -  (axx)  y  as  —  (ayy)  •  •  •  (1-8) 

Clx  Gy 

in  each  given  problem  equation.  Then  set  up  the  block  diagram, 
leaving  terms  like  ( axx ),  ( avy )  intact;  these  terms  will  appear  as  voltages 
whose  absolute  values  cannot  exceed  100  volts  or  100  percent  of  a 
machine  unit.  Note  that  computer  setups  for  second-order  differential 
equations  (4),  (5)  require  separate  scale  factors  for  x  and  x.  |x|max  and 
l-vlmax  are  estimated  from  physical  considerations  or  by  exploratory 
computer  runs  with  small  scale  factors. 

(b)  Time  Scaling.  Electronic  integrators  and  computing  networks 
integrate  machine  variables  with  respect  to  real  time.  Therefore,  real 
time ,  or  machine  time  r,  is  the  independent  machine  variable  in  an  elec¬ 
tronic  differential  analyzer.  The  time  scale  is  established  by  writing  a 
transformation  equation  relating  the  machine  time  r  to  the  mathematical 
independent  variable  t, 

t=-  r  (1-9) 

The  coefficient  a(  is  the  time-scale  factor;  note  that  a<  >  1  for  a  slow 
time  scale  where  t  sec  of  problem  time  are  represented  by  a  longer 
period  t  of  computer  time.  cct  <  1  corresponds  to  a  fast  time  scale. 

The  correct  machine  equations  are  obtained  through  the  substitution 

d  d 

d,  =  *‘7r  =  a-‘P  ('-10) 

When  the  time  scale  is  changed,  the  voltage  changes  in  the  computer 
remain  proportional  to  the  corresponding  changes  of  the  mathematical 
variables,  but  the  rates  at  which  these  voltages  change  are  speeded  up  or 
slowed  down  to  improve  accuracy  or  increase  the  convenience  of  the 
computation.  A  simple  way  to  increase  (slow)  the  time  scale  is  to 
increase  all  capacitors  in  the  computer  setup  proportionately,  and  vice 
versa. 

If  the  time  t  occurs  explicitly  in  a  given  differential  equation,  t  will  be  represented  by  a 
machine  variable  (voltage)  ( att )  in  addition  to  the  machine  r;  one  must  not  confuse  at 
with  the  time-scale  factor  a*. 
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ANALOG-COMPUTER  REPRESENTATION 
OF  LINEAR  TRANSFER  OPERATORS 

1-7.  Problem  Statement.  The  dynamical  relationship  between  the 
input  (stimulus)  x( t)  and  the  output  (response)  y(t )  of  many  system 
components  can  be  represented  by  a  linear  differential  equation 


dny  ,  d71-1  ,  dmx  ,  dm~xx 

»  +  «»-i  ‘  =  bm  —  +  6m_x  '  •  +  b0x 


dt 


dV 


dt 7 


(m  <  ri)  (1-1  la) 


with  constant  coefficients  at,  bk,  or  in  operator  form 


(m  <n;  p  (1-116) 


1-8.  Differential-analyzer  Techniques.  To  set  up  Eq.  (11)  on  a 
general-purpose  electronic  differential  analyzer,  we  can : 

1.  Integrate  Eq.  (11a)  n  times  to  obtain 


y  bnx  -{-  ^  ( bn_]X  an_^y)  -T  ^  ( bn—i x  an_^y) 


+  +Jn(PoX-aQy)  (1-12) 


which  is  implemented  in  Fig.  l-5a. 
2.  Rewrite  Eq.  (116)  as 


y(t)  =  (bnpn  +  6n_!  pn~l  +  •  •  •  +  60)z(/)  (1-13) 

where  (pn  +  an_xpn~'  +  •  •  •  +  a0)z(t)  =  x(t)  (1-14) 

The  computer  setup  of  Fig.  1-56  solves  Eq.  (14)  in  the  ordinary 

manner  and  generates  z,  -pz,  p% -  These  quantities  are 

combined  in  accordance  with  Eq.  (13)  to  produce  y. 

High-order  operators  (11)  are  usually  factored  into  lower- order 
terms.  In  most  practical  applications,  initial  integrator  outputs  in 
Fig.  1-5  can  be  equal  to  zero.  Scaling  in  these  computer  setups  may 
require  a  trial-and-error  procedure.  Computer  setups  for  operations 
of  the  form  (11)  with  time-variable  coefficients  at,  bk  are  discussed  in 
Ref.  19. 


11 


DIFFERENTIAL-ANALYZER  TECHNIQES 


1-8 


Fig.  1-5.  Transfer-operator  setups  by  Method  1  (a),  and  by  Method  2  ( b ).  Each  setup 
procedure  requires  n  integrators;  in  general,  Method  1  requires  three  summer/phase 
inverters,  and  Method  2  requires  four  summer/phase  inverters.  Each  coefficient  a*  or  bk 
is  set  on  one  and  only  one  potentiometer;  coefficients  exceeding  unity  in  absolute  value  are 
obtained  through  combinations  of  potentiometers  and  amplifier  input  gains  [e.g.,  ak  = 
10(ak/10)l 
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1-9.  The  Impulse  Response.19  While  it  is  clearly  impossible  to 
produce  impulse  voltages  in  an  analog  computer,  the  impulse  response 
z(t)  =  h+(t)  of  a  linear  system  described  by 


z(t)  = 


1 


pn  +  an^pn~x  +  •  •  •  + 


-*(,)  (n  >  0;  p  =  (1-15) 


is  bounded  and  continuous  for  t  >  0.  Moreover,  Laplace  trans¬ 
formation  of 


( Pn  +  fln-i/1™-1  +  •  *  •  +  «o)/4(0  =  ^-(0  ' 
with  h+,  ph+,  pzh+> .  . . ,  pn~lh+  =  0  for  t  —  0, 


(1-16) 


-o 

[initiol  condition  replacing 
impulse  input  oSfifT] 


Fig.  1-6.  Computer  setup  producing  the  impulse  response 


(~l)n+1az(t) 


_ (~l)n+1a _ 

p71  an^lp1%~1  +  *  *  *  +  C20 


S +co 


(From  G.  A .  Korn ,  Random-process  Simulation  and  Measurements,  McGraw-Hill ,  New  York , 
1966.) 


shows  that  h+(t)  is  identical  with  the  solution  of  the  problem 

(. Pn  +  +  •  •  •  +  a0)/i+(t)  =  0  1 

with  h+,  ph+,  pVi+,  . . . ,  p»-*h+  =  0  and  pn~Vi+  =  1  for  /  =  0  +  0/ 

("  >0;  p  (M7) 

This  is  easily  implemented  by  the  computer  setup  of  Fig.  1-6.  We  see 
that  the  impulse  input  is  simply  replaced  by  an  initial-condition  setting  on 
a  single  integrator. 

The  same  technique  applies  also  to  operations  of  the  more  general 
form  (11),  provided  that  n  >  m,  so  that  H(  oo)  and  h+(t)  are  bounded. 
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Lineor  two-terminol  impedonces 


inputs  I 

[t>) 


Lineor  4-terminol  networks 


Additionol  j 
inputs  i 

(d) 


Fig.  1-7.  Parallel-feedback  operational  amplifiers.  Each  circuit  is  assumed  to  be  stable; 
assuming  sufficient  feedback  loop  again,  each  summing-point  voltage  EG  will  be  small 
throughout  the  working-frequency  range. 

In  this  case,  we  simply  generate  the  impulse  response  z(t )  as  in  Fig.  1-6 
and  then  produce 

y(t)  =  (bmpm  +  bm_lPm-'  +  •  •  •  +  b0)z(t)  (m  <  n ) 
in  the  manner  of  Fig.  1-56. 

1-10.  Operational-amplifier  Method.  Simple  operations  of  the  form 
(11)  are  readily  implemented  by  the  well-known  operational-amplifier 
circuits  of  Fig.  1-7.  We  note  that  each  impedance  Zk(jco)  in  Fig.  l-7a 
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and  b  relates  a  voltage  Xk(r)  and  a  current  iff)  by  a  differential  equation 

4(t)  “  zjp)  **(t)  (p  s  3?  ;  k  =  °’1,2’  •)  (1'18) 

In  each  operational  amplifier,  high-gain  degenerative  feedback  forces 
the  summing-point  voltage  Ea  close  to  ground  potential  (E0  oa  0). 
Hence  the  summing-point  node  equation  in  Fig.  1-la, 


Zo(P) 


X0  + 


ZIP) 


Xx  =  0 


(1-19) 


X At  ) 


Zk(P) 


Z„  (P) 


1  '*0)  =  V-T5\  X*l*) 

_L 


Xk(r) 


Z„(P) 

JL 

— i — 

(r)  = 


I 

Zk(P) 


Xk(r) 


1°)  lb) 

Fig.  1-8.  A  two-terminal  impedance  (a)  and  the  short-circuit  transfer  impedance  of  a 
network  ( b )  as  linear  operators. 


implies  the  important  performance  equation 


v  f-') _  ZIP) 

Xo(r)  ~~zJF)  x‘(i) 

In  Fig.  1-7 b,  the  summing-point  node  equation 

zjp)  x°  +  zjp) Xl  +  zjp) x*  +  ' ' '  =  0 

similarly  yields  the  basic  performance  equation 

x,0)  =  -zjp)  xjr)  +  jE  xjT)  +  •  •  • 


(1-20) 


(1-21) 


(1-22) 


The  more  general  operational-amplifier  circuits  of  Fig.  l-7c  and  d 
employ  passive  four-terminal  networks  in  their  input  and  feedback  lines. 
The  short-circuit  transfer  impedance  Zfjco)  or  Zk(P)  of  such  a  network  is 
again  defined  by  the  differential  equation  (18),  where  is  the  input 
voltage  and  ik  is  the  current  drawn  from  the  output  terminal  short- 
circuited  to  ground  or  to  a  summing  point  (Fig.  1-8).  Hence  the 
idealized  performance  equations  (20)  and  (22)  apply  to  the  operational 
amplifiers  of  Fig.  1-1  c  and  d  as  well. 


The  assumption  Ea  —  0  implies  infinite  operational-amplifier  loop  gain  \A(joj)fi(ho)\. 
The  effect  of  finite  loop  gain  and  other  error  sources  will  be  discussed  in  detail  in  Chap  3* 
Eqs.  (20)  and  (22)  will  be  shown  to  hold  within  l00j\A(jco)P(joj)\  percent  for  sinusoidal 
input  of  circular  frequency  a>.  For  typical  operational  amplifiers,  \A(jm)\  is  between  104 
and  108  at  zero  frequency  and  reduces  to  unity  between  0.1  and  50  MHz. 
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Figure  \-le  and  /  shows  still  more  general  operational-amplifier 
circuits,  and  Figs.  1-9  to  1-12  present  examples.  In  particular,  Fig.  1-9 a 
illustrates  the  use  of  tables  of  short-circuit  transfer  impedances  (Table 

Figure  1-13  shows  additional  operational-amplifier  circuits  and 
design  formulas.  Such  circuits  have  been  successfully  applied  to  the 


Zj  =2/9(-y^/D  +  l) 


Fig.  1-9.  Examples  showing  operational-amplifier  design  with  the  aid  of  transfer-impedance 
tables  (Table  A-l)  (tf),  and  using  node  equations  (6),  assuming  infinite  loop  gain.  In 
Fig.  1-96, 

x= _ 1  x 

(1K)P2  +  (2|/o,JP  +  l^1 


which  describes  damped  mass-spring  such  as  accelerometers,  rate  gyros,  valves,  and  many 
spring-  or  servo-restrained  transducers  and  measuring  devices.  Note  that  the  integrator 
input  voltage  must  be  —  RCPY  if  high  loop  gain  is  assumed;  one  requires,  then,  only  one 
node  equation,  that  for  the  integrator-input  node,  to  find 


^  n  j- 


/  1 

„  (Ri  \  r 

l  R1R^C1C2 

*-(2 

The  price  paid  for  circuit  simplicity  is  the  interaction  of  adjustments  of  the  natural  circular 
frequency  o>„  and  the  damping  ratio  £;  but  design  is  simplified  by  nomographs  of  the  type 
given  in  the  Appendix  (Fig.  A-l). 


design  of  active  filters,  which  do  not  require  inductances  and  are  there¬ 
fore  especially  suitable  for  integrated-circuit  implementation.  Note, 
however,  that  the  same  integrated-circuit  technology  also  permits  very 
inexpensive  fabrication  of  the  multiamplifier  circuits  needed  for 
differential-analyzer-type  filter  implementation  (Sec.  1-8).  Differen- 
tial-analyzer-type  filter  networks  employ  only  simple  phase  inverters, 
summers,  and  integrators,  which  will,  in  general,  have  higher  feedback 
ratios  than  operational  amplifiers  with  complex  feedback  networks; 
this  makes  the  filter  performance  less  dependent  on  the  gains  of  the 
inexpensive  amplifiers  used  (Sec.  3- 16). 8  Altogether,  calculation  of 
filter-parameter  sensitivity  to  changes  in  active  and  passive  circuit 
components  is  vital  for  the  design  of  practical  active  RC  filters;  this 
subject  is  discussed  in  detail  in  Ref.  5. 
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(a) 


Ro 


*\ 

T\=  R\  Ct  T^o.RoC0 


(b)  t 


(c)  (d) 

Fig.  1-10.  Practical  considerations  in  the  design  of  operational  amplifiers.  Each  circuit 
implements  the  relation 

7\P  +  1 

A<>  —  —a  —  p  j  (A!  +  X2) 

e.g.,  for  servomechanism  equalization.  Figure  l-10a  is  not  practical  in  many  applications: 
there  is  no  d-c  feedback,  so  that  stray  input  voltages  can  cause  amplifier  overloads.  Figure 
1-1  Ofi  permits  one  to  adjust  T2  independently  cf  a;  a  must  be  set  with  the  load  connected. 
The  circuits  of  Fig.  l-10c,  d  use  simple  summing  resistors  and  do  not  load  the  sources  with 
capacitance;  individual  adjustments  of  the  input  gains  for  Ai  and  A2  could  be  easily  added. 
Many  similar  circuits  can  be  designed  with  the  aid  of  Table  A-l. 


SOME  PROGRAMMING  TRICKS 

1-11.  How  to  Avoid  Division.  Since  feedback  division  circuits 
(Fig.  1-2  and  Sec.  6-16)  often  cause  stability  and  scaling  problems,  it 
may  be  useful  to  transform  a  given  problem  so  as  to  avoid  division. 
Thus,  the  differential  equation 

dx  g(x,y) 

is  equivalent  to  the  system 

Yt =  ag{?c’y)  %  =  af(x>y) 
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HOW  TO  AVOID  DIVISION 
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+ 


(c) 

Fig.  1-lla  to  c.  Voltage  regulator  (a)  and  current  regulators  ( b ),  (c)  using  operational 
amplifiers.  In  each  case,  either  vacuum-tube  or  transistor  output  stages  can  be  used; 
a  suitable  power  output  stage  may  be  added  to  an  existing  d-c  amplifier.  In  Fig.  1-1  lb, 
£must  be  a  stable  reference  voltage;  ordinary  transistors  or  vacuum-tube  cathode  followers 
yield  current  in  one  direction  only  (reverse  the  signs  of  E  and  to  if  a  pnp  transistor  is  used). 
Substitution  of  a  symmetrical  transistor  could  permit  bidirectional  operation.  The 
current  generators  ((>),  (c)  are  useful  for  driving  special  networks,  electronic  switches 
(Sec.  5-5),  and  electromagnets  requiring  accurate  control  of  magnetomotive  force,  e.g., 
oscillographs  and  cathode-ray-tube  deflection  yokes.  Relatively  large  currents  (25  amp) 
have  been  regulated  by  such  circuits.  Note  that  the  power-transistor  output  stages  required 
for  such  large  currents  must  themselves  be  driven  by  power  amplifiers;  so  that  a  cascade 
of  emitter  followers  may  be  required. 
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Fig.  1-11  d.  Two-arrplifier  current  generator.  The  output  current  /'0  and  the  source 
impedance  Zs  are  given  by 

.  Xx-X%  1  „  apR 

ocR  1  +  ZL/ZS  Zs  ~  oc/3  +  a  -  p 

if  d-c  amplifier  gain  is  practically  infinite.  The  source  impedance  becomes  infinite  if 

a/5  +  a  —  /?  =  0,  or  if  /5  =  co,  a  =  1. 


R 


Fig.  1-1  ie.  In  this  bootstrap  unloading  circuit ,  the  “bootstrap  current”  through  R  accurately 
balances  the  current  drawn  from  the  input-voltage  source  by  r  and  Rr  if 

R~7TR,(aR"-R') 

so  that  the  source  sees  an  infinite  impedance,  r  may  be  a  load  external  to  the  bootstrap 
circuit;  if  r  =  co,  one  must  have  R  =  aR0  —  R^  for  infinite-impedance  input.  (If  R  is 
decreased  beyond  the  finite-impedance  condition  in  Fig.  1-1  le,  the  source  sees  a  negative 
resistance,  in  practice,  circuit  stability  will  now  depend  on  the  source  impedance.  Sub¬ 
stitution  ol  reactive  network  components  for  r,  Rly  R0,  and  R  yields  unloading  circuits 
for  reactive  loads,  and  circuits  simulating  negative  reactances;  see  also  Ref.  5.)  Practically 
attainable  input  impedances  exceed  1,000M;  the  low-impedance  outputs  XB  and  — aX 0 
can  drive  measuring  or  computing  devices. 


xt 


c 


Cf 


A/W 


i — i( - 1 

I  R  ' 

vw 


A'  = _ ^ _  * 

°  ( rCP+iHRC '  P+ 1)  I 


(o) 


(*) 


Fig.  l-12a  to  d.  Practical  differentiating  circuits.  In  practice,  circuit  ( d )  may  be  less  noisy 
than  (< b )  and  (c). 


(?) 


Fig.  l-12e  to  g.  Operational-amplifier  phase  shifter  and  notch  filters.  The  phase  shifter 

QJ  _  P 

(e)  implements  X0  =  -  -  X,;  for  steady-state  sinusoidal  input,  X0  lags  X1  by  2  arctan 

I  *  p2  _j_  0)2 

(coIcd0).  The  notch  filters  (/)  and  (g)  implement  X0  =  —  — — - ~ 

(r  + 
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* 


y,  y. 


(  y,+yz  +  y3+ y4 )  +  y3ya 


O';  3=  1/Z;  ) 


Low-poss 


(a) 


Yt-YzYi 

Yz  Ye  -  rA  r5 


(b) 


Fig.  1-13.  Miscellaneous  operational-amplifier  circuits  suitable  for  active  RC  filters;  note 
that  Fig.  1  -9b  is  a  special  case  of  Fig.  l-13a.  Admittances  F,  corresponding  to  each  two- 
terminal  impedance  Z(  are  given  by  Y{  =  l/Z^;  relations  are  exact  for  infinite  loop  gains 
(based  on  Ref.  5). 


where  t  is  a  new  independent  variable,  and  a  is  a  constant;  we  have 
y  —  7(0)  and  a  =  0  for  t  =  0.  Problems  in  which  f  =  g  =  0  for  some 
value  of  t  may  or  may  not  lead  to  difficulties. 

More  generally,  systems  expressible  in  the  form 


fyi.  =  flx,yx,y2, .  .  ,  ,yn) 
dx  gt(x,y1,yz, . . .  ,yn)  1 

are  transformed  into 


(1-23) 


<fyi 

dt 


dx 

dt 


=  a  IT  gk(x,y^y2, . . .  ,yn) 


•  •  •  >yv)  1 1  &k(x> y^y^  •  •  •  >yn) 

k^i 
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with  x  =  0  for  t 


0.  Note  also  that  many  differential  equations 


<tyi 

dx 


=  Fi(x,yuy* —  ,yn) 


where  F{  is  an  unbounded  function,  can  be  rewritten  in  the  form  (23). 

1-12.  Proper  Use  of  Function  Generators.  A  general  function 
y  =  fix)  will  be  represented  in  the  computer  by  the  scaled  function- 
generator  output 


Y  =  avy  =  aj 


f[(<v)]  =  F(X) 


Fig.  1-14.  A  typical  function  f(x)  (a),  and  generation  of f(x)  as  the  sum  of  a  linear  approxi¬ 
mation  nix  +  b  and  a  small  correction  function  ( b ).  Note  that  all  function-generator 
errors  are  divided  by  10.  (From  H.  D.  Huskey  and  G.  A.  Korn ,  Computer  Handbook , 
McGraw-Hill ,  New  York ,  1962.) 


corresponding  to  the  function-generator  input  axx  =  X.  If,  for 
example,  |jc|  <  5,  y  =  x3  -f  x  can  be  represented  by 

(a5>’)  =  16^00  (2te)*+ To (2te) 

Arbitrary-function  generators,  such  as  diode  function  generators, 
tapped  potentiometers,  or  curve  followers  (Secs.  4-1  and  4-15)  are 
usually  less  accurate  than  linear  computing  elements  and  multipliers. 
To  minimize  the  effects  of  function-generator  errors: 

1.  Attempt  to  scale  function-generator  input  and  output  voltages  so 
as  to  utilize  the  full  voltage  range  available. 

2.  Whenever  possible,  arbitrary-function  generators  should  supply 
only  corrections  to  analytic  (most  frequently  linear)  approximations 
of  the  desired  function. 

In  Fig.  1-14,  a  typical  function  is  generated  as  the  sum  of  a  linear 
approximation  mx  +  b  and  a  correction  function;  note  how  the 
function-generator  output,  and  hence  the  function-generator  error,  is 
divided  by  a  factor  of  10.  Many  diode  function  generators  (Sec.  4-15) 
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already  comprise  accurate  linear  network  components  for  generating 
in: x  +  b,  so  that  their  diode  networks  generate  only  the  correction 
function. 


1-13,  Generalized  Integration.  Operational 


100  PX 


Fig.  1-15.  Integration  with  respect  to  a 
machine  variable  X  when  a  voltage  propor¬ 
tional  to  the  time  derivative  dXjdr  =  PX  is 
available  in  the  computer.  Substitution  of 
such  “generalized  integrators”  in  Fig.  \-Ad 
yields  functions  of  X. 

grators”  like  that  of  Fig.  1-15  in  Fig.  1-4 d  yi< 


•amplifier  integrators  integrate  the  sum 
their  input  voltages  with  respect  to  the 
computer  time  r  (real  time),  which  serves 
as  the  independent  machine  variable.  It 
is,  however,  possible  to  obtain  integrals 
of  a  voltage  Y  —  Y(r)  with  respect  to  a 
dependent  machine  variable  X  =  X(r) 
the  form 

z-J>"  +  z<0)-f(yS)* 

+  Z(  0) 

if  a  voltage  proportional  to  the  time 
derivative  dX/dr  of  X  is  available  in  the 
computer  (generalized  integration ,  Fig. 
1-15).  Substitution  of  “generalized  inte- 
s  functions  of  X  (see  also  Sec.  6-24). 
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CHAPTER  2 


ITERATIVE  ANALOG 
COMPUTATION  AND  HYBRID 
ANALOG-DIGITAL  COMPUTERS 


ITERATIVE  ANALOG  COMPUTATION 

2-1.  A  Critical  Appraisal  of  Analog  Computation.  Component 
accuracies  of  individual  analog  computing  elements  vary  between  5  and 
0.005  percent  of  half-scale  (usually  10  or  100  volts,  Sec.  3-1).  Costs 
increase  rapidly  if  component  accuracies  better  than  0.1  percent  are 
desired.  Solution  accuracies  for  a  complete  problem  depend  critically 
on  the  problem  and  on  the  computer  setup  as  well  as  on  the  component 
accuracies,  since  errors  may  cancel  or  be  compounded.  The  overall 
accuracy  can  be  practically  equal  to  the  component  accuracy  in 
problems  involving  linear  differential  equations  with  constant  co¬ 
efficients  if  the  solutions  comprise  only  well-damped  modes  (linear-servo 
simulation). 

Special-purpose  electrical  analog  computing  circuits  fit,  of  course, 
neatly  and  directly  into  electrical  control  and  instrumentation  systems. 
General-purpose  analog  computers  serve  mainly  for  simulation  (i.e., 
experimentation  with  models)  of  dynamical  systems  described  by 
ordinary  differential  equations  (e.g.,  aerospace  vehicles,  chemical 
processes).  Traditionally,  analog  simulation  has  functioned  as  an 
on-line,  direct  aid  to  the  investigator’s  thinking  process.  Simple 
patchcord  connections  and  attenuator  settings  permit  creation  and 
ready  modification  of  a  “live  mathematical  model,”  which  can  be 
operated  and  changed  to  study  performance  and  interaction  of  processes 
and  systems.  Model  operation  can  be  conveniently  speeded  up  or 
slowed  down  {time  scaling ,  Sec.  1  -6b).  With  the  computer  running  on  a 
1 : 1  time  scale,  actual  physical  components  of  a  system  under  in¬ 
vestigation  can  take  the  place  of  a  corresponding  block  of  computing 
elements  {partial  system  testing). 
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But  the  traditional  advantage  of  “hands-on”  analog  simulation  has 
been  overtaken  by  the  development  of  all-digital  on-line  simulation 
systems .1-3  On-line  digital  simulation  systems  are  more  convenient  to 
program  than  analog  computers,  permit  automatic  sequencing  of 
computations,  automatic  report  preparation,  and,  above  all,  scale- 
factor-free  floating-point  operation;1-2  partial  system  tests  are  readily 
possible.3 

We  conclude,  therefore,  that  the  sole  advantage  of  general-purpose 
analog  computers  is  their  ability  to  solve  fairly  large  and  complicated 
systems  of  ordinary  differential  equations  at  relatively  very  high  speed. 
Component  accuracies  within  0.1  percent  of  half-scale  are  possible  at 
analog-signal  frequencies  of  10  to  20  KHz  (Secs.  3-35,  5-16,  6-2,  and 
7-2),  although  0.5  to  2  KHz  is  more  common.  A  still  more  important 
speed  advantage  of  analog  over  conventional  digital  computation  is 
realized  especially  in  larger  simulations:  the  analog  computer  employs 
multiple  “ parallel ”  computing  elements  for  each  mathematical  operation 
and  can  thus  simulate  a  larger  system  as  quickly  as  a  smaller  system. 
Typical  simulation  problems  involve  50  to  300  operational  amplifiers; 
as  many  as  1,000  amplifiers  have  been  used. 

Modern  analog/hybrid  computers  are  fast,  reliable,  and  convenient, 
but  not  cheap.  They  will  compete  successfully  with  digital  simulation 
where  their  inherent  speed  advantage  is  really  important,  viz.,  in  the 
following  applications: 

1 .  Simulation  problems  requiring  thousands  of  differential-equation¬ 
solving  computer  runs  for  parameter  optimization,  contingency 
studies,  and  statistical  evaluations 

2.  Partial  system  tests  requiring  1 :  1  time-scale  simulation  of  very  large 
systems  (e.g.,  simulation  of  a  space-vehicle  system  with  real  pilots 
and  instruments  in  the  loop) 

3.  Special  techniques  for  solving  partial  differential  equations  (see  the 
bibliography  for  Chap.  8) 

In  all  practical  applications,  general-purpose  analog  computation 
benefits  so  greatly  from  the  assistance  of  digital  techniques  that  few 
“pure”  analog  computers  survive.  Essentially  all  serious  applications 
employ  hybrid  analog-digital  computation. 

2-2.  Evolution  of  Iterative  Analog  Computation,  (a)  How  to  Benefit 
from  Analog-computer  Speed.  The  possibility  of  operating  many 
analog  computing  elements  in  parallel  permits  real-time  simulation  of 
large  dynamical  systems.  As  a  matter  of  fact,  computing-element 
bandwidths  make  it  possible  to  simulate  many  systems  on  a  speeded-up 
(“fast”)  time  scale.  Unlike  the  situation  in  digital  machines,  this 
computing  speed  is  difficult  to  trade  off  for  increased  accuracy;  how, 
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then,  can  we  benefit  from  analog  computing  speed?  Figure  2-1 
illustrates  some  possible  answers. 

In  iterative  parameter  studies  with  “slow”  analog  computers,  the 
operator  looks  at  the  solution  records  of  a  differential-equation-solving 


response  ,  , 
Iff) 


Periodicolly  reset 
onolog  computer 


I 


Periodicolly  reset 
onolog  computer 


Fig.  2-1.  Evolution  of  iterative  analog  computation :  repetitive  analog  computer  with  manual 
parameter  adjustments,  (a);  iterative  differential  analyzer  with  track-hold  analog  memory 
and  patched  logic  (Z>);  and  hybrid  analog-digital  iteration  (c). 


run,  adjusts  parameters  to  new  values,  makes  another  run,  etc.  For 
better  utilization  of  analog-computer  bandwidth,  repetitive  analog 
computers  (Fig.  2-1  a)  quite  early  repeated  the  solution  procedure 
rapidly  (10  to  50,  later  up  to  4,000  solutions  per  second)  by  periodically 
returning  the  integrators  to  initial  conditions  with  periodic  reset 
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pulses.  During  each  cycle,  all  machine  variables  vary  in  the  prescribed 
manner  and  are  then  reset  to  their  initial  values.  Results  can  now  be 
presented  on  an  ordinary  cathode-ray  oscillograph  whose  sweep 
frequency  equals  the  computer  repetition  rate.  The  rapid  operation  of 
such  machines  permits  immediate  observation  of  the  effects  of  param¬ 
eter  changes  on  solutions. 

The  primitive  repetitive  analog  computer  still  wastes  analog-computer 
bandwidth  because  the  machine  can  generate  new  solutions  faster  than 
the  operator  can  make  parameter  adjustments.  An  iterative  differential 
analyzer  will  automatically  perform  successive  analog-computer  runs 
which  can  utilize  stored  results  of  earlier  runs ,  so  that  iterative  computa¬ 
tion  becomes  possible.  Iterative  differential  analyzers  (and  practically 
all  modern  analog/hybrid  computers  belong  in  this  category)  add  a 
number  of  essentially  hybrid  analog-digital  computing  elements  to  the 
basic  analog  computer.  Track-hold  circuits  timed  by  digital  timing  and 
logic  circuits  sample  analog-computer  solutions;  analog  comparators 
sense  sign  changes  in  analog-computer  solutions  or  track-hold  outputs; 
patched  digital  logic ,  usually  brought  out  to  a  separate  control  or  digital 
patclibay,  can  logically  combine  comparator  and  timing  signals  to 
operate  integrator  mode-control  switches,  track-hold  circuits,  and 
electronic  switches  so  as  to  modify  the  analog-computer  program. 
Parameters  can  be  controlled  through  parameter-setting  integrators  or, 
preferably,  by  digital  circuits  (Figs.  2-1  b  and  2-2). 

With  the  availability  of  more  and  more  inexpensive  digital  computers, 
much  of  the  digital  logic  and  analog  circuitry  closing  an  iterative  dif¬ 
ferential  analyzer  loop  can  be  replaced  by  a  digital  computer,  which 
permits  much  more  convenient  and  elaborate  programming  of  the 
iteration  (Fig.  2-1  c).  We  now  have  a  true  hybrid  analog-digital 
computer.  This  will  require  addition  of  new  hardware,  viz.,  an 
analog/digital  interface  consisting  of  analog-to-digital  converters 
(ADCs)  and  digital-to-analog  converters  or  multiplying  digit al- to- 
analog  converters  (DACs  or  MDACs),  plus  digital  timing  and  control 
circuits  for  this  interface  (Secs.  5-6  to  5-15  and  7-8  to  7-12). 

(b)  Iterative-differential-analyzer  Operation  (see  Secs.  8-13  to  8-16, 
and  8-24  for  examples).  Iterative  differential  analyzers,  like  digital 
computers,  are  programmed  through  a  series  of  subroutines.  A 
subroutine  is  a  sequence  of  operations,  such  as  an  analog-computer  run 
or  a  number  of  repetitive  analog-computer  runs.  We  associate  each 
subroutine  with  a  digital  (binary)  control  variable  representing  the 
state  of  a  control  relay  or  flip-flop.  The  subroutine  proceeds  when 
JJi  =  1 ;  Uf  =  0  “resets”  the  computing  elements  involved  in  the 
subroutine  (e.g.,  integrators,  counters)  for  renewed  use.  Note  that  the 
complementary  control  variable  t7z  (0for  Ui  =  1,1  for  =  0)  may  also 
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Analog  computing  elements  brought  out  to  o nolog  potchboy 


Fig.  2-2.  Iterative-differential-analyzer  system.  Operations  are  mainly  analog-computer 
runs  “ordered”  by  electronic  switches  or  relays  controlled  by  binary  control  variables  £/<• 
Control-variable  states  are  preset  by  timers  and  counters  and/or  “computed”  by  analog 
comparators  and  digital  logic.  Switches  and  comparators  form  digital-analog  and  analog- 
digital  interfaces. 


define  a  subroutine.  Subroutines  can  be  nested;  i.e.,  they  may  involve 
component  subroutines. 

EXAMPLES:  An  ordinary  differential-analyzer  run  and  the  subsequent  reset  period  are 
subroutines  controlled  by  the  states  R  =  0,  R  =  1  of  the  compute  relay  or  switch  in  a 
“slow”  analog  computer  and  by  a  reset  flip-flop  in  a  fast  repetitive  computer.  A  preset 
sequence  of,  say,  1,000  repetitive-computer  runs  is  a  subroutine  controlled  by  the  output 
state  of  a  preset  run-counter  coincidence  circuit. 


Typical  analog-subroutine  changes  are  combinations  of  the  following 
operations: 

1.  Switching  a  group  of  integrators  from  reset  to  compute,  or  from 
reset  (track)  to  hold,  and  vice  versa  (complementary  sub¬ 
routines) 

2.  Switching  to  new  values  of  parameter  or  initial-value  settings  (e.g., 
parameter  optimization,  automatic  scale-factor  changes) 

3.  Switching  interconnections  to  produce  computer- set  up  changes 
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Subroutines  start  and  terminate  when  the  corresponding  binary 
control  variables  change  state  as  logical  functions  of: 

1.  External  control  (manual  switching,  commands  from  associated 
equipment) 

2.  States  of  preset  timers  and  run  counters 

3.  Analog-comparator  decisions 

Appropriate  Boolean  functions  and  sequences  of  these  inputs  will  be 
implemented  by  patched  electronic  logic  (Sec.  7-4). 

Figure  2-2a  illustrates  the  special  hybrid  analog-digital  structure  of 
an  iterative  differential  analyzer.  Relays  or  electronic  switches  imple¬ 
ment  analog-subroutine  changes  under  control  of  digital  (binary) 
control  variables  (/,•  and  constitute  the  digital-to-analog  interface  of  our 
hybrid  computer.  Analog  solutions,  in  turn,  can  modify  digital  control 
variables,  and  hence  the  computer  program,  by  way  of  analog  com¬ 
parators  actuating  digital  logic.  Finally,  track-hold  circuits  (or  other 
analog-memory  elements,  Secs.  5-6  and  7-4b)  make  computed  analog 
data  available  for  use  in  later  subroutines,  while  digital  variables  can  be 
stored  as  flip-flop  states. 

Figure  2-2  also  introduces  our  block-diagram  notation  for  hybrid 
analog-digital  computer  setups.  Digital  (binary)  variables  can  take  the 
symbolic  values  0  and  1  respectively  represented  by  deenergized  and 
energized  relays  or  digital-module  outputs  (typically  0  and  +4  volts). 
Binary  variables  can  be  stored,  complemented,  and  logically  combined 
by  digital  circuits.  Note,  in  particular,  that : 

1.  Each  SPST  relay  or  electronic  switch  has  a  binary  control  input 
equal  to  1  if  and  only  if  the  relay  or  switch  is  closed.  SPDT  relays 
have  an  arrow  to  indicate  the  closed  state. 

2.  Each  integrator  or  track-hold  circuit  has  a  binary  control  input 
(reset  input)  equal  to  0  if  and  only  if  the  circuit  is  in  reset  or 
track.*  Reset  pulses  or  levels  controlling  groups  of  integrators 
will  usually  be  labeled  R,  R' ,  R\  .  .  .  ;  R  is  the  only  control 
variable  in  simple  “slow”  or  repetitive  analog  computation. 

3.  Three-state  (compute/hold/reset)  integrators,  if  used,  have  a 
hold  control  input  V  as  well  as  a  reset  input  U. 

Comparator  decisions  can  be  made  in  the  course  of  analog-computer  runs  and  may,  for 
instance,  terminate  a  run,  command  sampling,  etc.  If  there  is  any  choice,  however,  both 
comparator  decisions  and  subroutine  changes  should  be  made  in  reset  or  hold  states  for 
improved  accuracy. 

*  Our  convention  is  the  opposite  of  that  adopted  in  the  journal  Simulation.  Our  reason 
is  that  R  =  0  in  reset  ensures  that  integrators  cannot  be  in  compute  (and  thus  cannot 
drift  into  overload)  when  no  logic  connection  is  patched  into  the  reset  terminal. 
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The  operation  of  iterative  differential  analyzers,  like  that  of  digital 
computers,  is  conveniently  represented  by  flow  charts.  The  flow  chart 
(Fig.  2-3)  indicates  a  sequence  of  switch-controlled  subroutines 
(rectangular  operation  boxes )  and  program-stepping  decisions  (oval  and 
diamond-shaped  decision  boxes).  We  shall  employ  oval  decision  boxes 
for  preset  decisions  determined  beforehand  by  digital  timers  and/or  run 

counters,  and  diamond-shaped  deci¬ 
sion  boxes  for  “computed”  decisions 
involving  analog  comparators  or 
comparator-actuated  digital  logic. 
The  flow-chart  structure  is  imple¬ 
mented  by  the  interplay  of  analog  and 
digital  components  in  the  machine. 
Flow-chart  loops  will  represent  cycles 
of  repetitive  or  iterative  computations. 

(c)  Analog  Memory:  Track-hold 
Pairs.  To  store  the  computed  value 
X{rf  of  an  analog-computer  voltage 
X(t)  ( point  storage ),  we  track  X{r)  or 
—  X(t)  with  a  track-hold  circuit  and 
switch  into  hold  at  the  computer 
time  t  =  tx  =  <xtti.  If  the  time 
derivative  PX  =  dXfdr  is  available 
in  our  computer  setup,  we  can  also 
store  A(tx)  by  switching  an  integrator 
with  input  —PX  into  hold.  The 
stored  voltage  X{rf  may  be  used: 

1 .  As  a  {constant)  input  or  parameter 
value  during  the  same  computer 
run.  The  storage  circuit  then 
becomes  again  available  for 
tracking  at  the  start  of  the  next 
reset  period. 

2.  To  set  an  initial  condition  for  the  following  computer  run.  The 
storage  circuit  will  be  available  for  renewed  tracking  at  the  start 
of  the  next  compute  period. 

3.  As  a  {constant)  input  or  parameter  value  during  the  following 
computer  run.  In  this  case,  the  storage  circuit  will  not  be  free  to 
track  again  until  the  end  of  the  next  compute  period. 

4.  During  a  later  reset  or  compute  period. 

Since  a  single  storage  capacitor  cannot  track  and  hold  simultaneously, 
we  shall  require  at  least  two  storage  circuits  to  transfer  information 


Go  to  next 

subroutine  ,  stop,  etc. 

Fig.  2-3.  Iterative-differential-analyzer 
flow  chart.  Rectangular  boxes  specify 
operations.  Oval  decision  boxes  refer  to 
preset  digital-timer  and/or  counter 
decisions,  while  diamond-shaped  deci¬ 
sion  boxes  involve  analog  comparators 
and/or  comparator-actuated  digital 
logic.  ( From  H.  R.  Eckes  and  G.  A. 
Korn,  Digital  Program  Control  for  Iter¬ 
ative  Differential  Analyzers ,  Simulation , 
February  1964.) 
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between  successive  compute  periods.  Figure  2-4  shows  a  memory  pair 
comprising  two  cascaded  phase-inverting  track-hold  circuits.  The 
control  pulses  S'  for  track-hold  2  are  delayed  so  that  amplifier  2  tracks 
the  hold  output  of  amplifier  1  and  stores  or  “presents”  it  while  amplifier 
1  is  free  to  track  again.  The  memory-pair  output  is  a  delayed  sequence 
of  clean  sampled-data  steps.  Suitably  timed  pulses  can  be  obtained 
from  a  one-shot  multivibrator  or  from  a  digital  clock  (Sec.  7-3). 


5 

X,  Y 


S' 


z 


Trocks  when  J  T  Tracks  when 

5  =  0  5'=  0 


_ 


T  i  me 


Fig.  2-4.  Memory-pair  operation.  The  delayed  “resampling"  pulses  S’  are  often  replaced 
with  complementary  pulses  S.  This  is  permissible  because  most  track-hold  circuits  switch 
more  quickly  into  hold  than  into  track  (Sec.  5-17).  No  initial-reset  circuits  are  shown. 


Figure  2-5 a  illustrates  memory-pair  operation  for  information  transfer 
between  successive  analog-computer  runs.  The  track  pulses  S'  =  R  for 
track-hold  2  are  delayed  so  that  amplifier  2  tracks  the  hold  output  of 
amplifier  1  during  the  computer  reset  period  and  then  holds  or 
“presents”  the  stored  voltage  during  the  entire  subsequent  compute 
period.  Amplifier  1,  in  the  meantime,  is  free  to  track  again.  Un¬ 
fortunately,  this  scheme  breaks  down  whenever  the  sampling  time  rx  is 
shorter  than  the  period  Ts  required  for  tracking,  for  now  amplifier  1  is 
already  in  track  during  the  reset  period  (Fig.  2-5 b).  There  are  two 
ways  out: 

1 .  We  can  interpose  a  third  track-hold  circuit  between  track-holds  1 
and  2  to  resample  the  voltage  Y at  a  more  convenient  time  t2  >  Ts 
(Fig.  2-5 b). 
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t 

5 

Trock  X  when  /?'=1,S  =  0 
Track  °X  when  R'=  0,5  =0 


t 

S'  =  R 

Track 

when  R  = 0 


INITIAL 


Fig.  2-5 a.  A  simple  memory  pair  can  present  a  solution  sample  kX{rx)  during  the  entire 
following  iterative-differential-analyzer  run  if  T!  >  Ts.  Note  the  initial-reset-circuit 
operation;  integrator  1  tracks  the  initial-reset  input  when  S  =  0,  R'  =  0. 


2.  We  can  use  a  longer  computer  reset  period  (at  least  equal  to  2TS) 
and  switch  amplifier  2  into  hold  Ts  sec  after  the  start  of  the  reset 
period  (“three-period  control,”  Fig.  2-5c). 

Both  techniques  complicate  our  control  circuits  (Sec.  7-3).  Three- 
period  control  permits  flexible  operation  of  three-state  integrators  but 
tends  to  waste  possibly  valuable  computing  time. 

Frequently,  a  stored  voltage  X (rx)  is  required  only  during  the  subse¬ 
quent  reset  period,  e.g.,  for  setting  initial  values,  or  for  performing  an 
intermediate  subroutine.  In  this  case,  a  single  track-hold  circuit 
suffices  for  storage  if  rx  >  Ts  (Fig.  2-5 a). 
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Time 


(b) 

Time 


Fis  2-5 b  c.  For  r,  <  Ts,  the  simple  memory  scheme  of  Fig.  2-5a  breaks  down,  since  the 
S' and  s’ pulses  overlap.'  To  present  X(t1)  during  the  following  computer  run,  we  can 
either  use  an  extra  track-hold  circuit  with  delayed  sampling  ( b )  or  employ  three-period 
control  (c).  No  initial-reset  circuits  are  shown. 


(d)  The  INITIAL  RESET  Mode.  In  many  applications  (for 
examples  see  Sec.  2-5),  the  memory-pair  output  Z  in  Fig.  2-5 a  must 
assume  a  specified  initial  value  during  the  first  compute  period.  This 
is  achieved  by  the  initial-reset  circuit  shown  in  Fig.  2-5 a.  The  initial 
reset  mode  established  by  R'  =  0  implies  R  =  0,  S  —  0,SW\c  oses, 
and  the  memory  output  Z  assumes  the  correct  initial  value  Z  =  X.  t  o 
start  the  computation,  we  switch  to  R'  =  R  =  1  and  let  R  and  S  cycle 
normally. 
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TRACK-HOLD  OPERATIONS  WITH 
SAMPLED  DATA  AND  SIMULATION 
OF  DIGITAL  COMPUTERS 

2-3.  Sampled-data  Sequences  and  Solution  of  Difference  Equations 

(see  also  Sec.  2-4).  Let  r  represent  real  time,  and  let 

X(t)  =  X(rt)  =  X{  (t4-  <  t  <  t f+1 ;  /  =  0,1,2,  .  .  .)  (2-1) 

be  the  stepwise  output  of  a  track-hold  circuit,  memory  pair,  or  digital- 
to-analog  converter.  The  step-function  voltage  X(t)  represents  a 
sampled-data  sequence  X0,  Xx,  X2,  . .  .  ;  X{  may  be  regarded  as  a 
function  of  its  integral-valued  subscript  1  =  0,  1,2,....  Recursion 
relations  ( difference  equations )  relating  such  data  sequences  are  often 
encountered  in  iterative  analog  computation  (Secs.  2-2  and  8-14)  and 
especially  in  control-system  studies  requiring  simulation  of  digital 
controllers.  In  either  case,  the  best  approach,  usually,  is  to  represent 
data  sequences  and  recursion  relations  digitally  on  a  hybrid  computer. 
Sometimes  however,  it  is  expedient  to  have  a  method  for  implementing 
sampled-data  recursion  relations  on  an  analog  computer  (especially  if  no 
digital  computer  is  available,  or  if  the  available  digital  computer  is  too 
small  and/or  too  slow).  Unlike  actual  digital  data,  data  sequences 
represented  as  analog  step-function  voltages  can  be  neatly  added, 
multiplied,  etc.,  with  analog  computing  elements;  and  important 
difference  operations  can  be  implemented  with  the  aid  of  memory  pairs 
(Sec.  2-4). 

Reference  to  Fig.  2-6  shows  that  the  stepwise  output  Y(t )  of  a  suitably 
timed  memory  pair  with  input  (1)  will  represent  the  input  sampled-data 
sequence  delayed  by  one  step,  i.e., 

Yi  =  Y{rt)  =  X{T{_f)  =  X{_!  =  Y~xXi  (i  =  0,1,2,  .  .  .  ;  X_x  =  0) 

(2-2) 

The  track-hold  pair  of  Fig.  2-6 a  implements  the  linear  discrete-delay 
operator  E_1  defined  by  Eq.  (2)*  exactly  like  an  analog  integrator 
implements  the  linear  reciprocal-derivative  operator  —  P~l  =  —(d/dr)-1. 
A  cascade  of  memory  pairs  synchronized  in  the  manner  of  Fig.  2-6 b  will, 
then,  produce  successively  delayed  data  sequences 

E-'Xi  =  X(_x 

E-1^-,!  =  E-*X{  =  X.A  (i  =  0,1,2,  .  .  .  ;  X,  =  0  for  k  <  0) 

. J  (2-3) 

*  In  the  Laplace  transform  domain,  the  operator  P  l  corresponds  to  multiplication  by 

OO 

s'1.  Similarly,  if  we  introduce  z  transforms &[X{s)}  =  ^  Xkz~k  of  our  data  sequences  Xu 

*=o 

then  the  operator  E  1  corresponds  to  multiplication  by  z_1. 
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and  the  input  data  sequence  X0,  Xu  X2, .  .  .  will  proceed,  step  by  step, 
through  the  memory  chain  (analog  shift  register,  “bucket-brigade”  time 
delay). 

We  next  employ  a  track-hold  pair  to  solve  a  first-order  difference 
equation  or  recurrence  relation 

EF,  =  Yi+1  =  FfYd  (/  =  0,1,2,  .  .  .)  (2-4) 


E 

•WW,  '  *  '  Y*Y,  *X,-y 

1  j- 

ol 

1  n 

ol 

..m 

5,  Sz  (or  /? ) 

(0) 

X(T)0  - 

£•’  f 1 

X,  X,. , _  X,-z _ _ ,  F-3 

I/(t)0  - 

1 1  1 1  1 1 

S|  52  5,  S2  5,  Sz 
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(or  R)  (or  R )  (or  R) 
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|T'+’  I"'"2  T 


I  t  t 

"T  /  Yf  Tf+  2 


Fig.  2-6.  Memory  pair  with  sampled-data  input  (a),  and  cascaded  memory  pairs  ( b ). 


for  the  unknown  data  sequence  Fi5  given  70  (initial  value )  and  Ff  Yf  as  a 
function  of  7*  and  /.  We  implement  Eq.  (4)  with  a  feedback  loop  (Fig. 
2-la)  quite  analogous  to  those  customarily  employed  for  analog-com¬ 
puter  solution  of  differential  equations.  The  circuit  of  Fig.  2-1  c,  for 
example,  implements  the  simple  difference  equation  EYt  =  aYt  +  X{. 
The  correct  initial  memory-pair  output  70  must  be  established  with  an 
initial-reset  circuit  (Fig.  2-5 a). 

Figure  2-lb  similarly  solves  a  system  of  first-order  difference  equations 


e  y,tl 


=  Yt, 


i+1 


=  Fli(Y Y. 


2,i> 


lYr.d 


(/  =  0,1,2, 
j  =  1,2, 


/)  (2-5) 


for  the  r  unknown  sequences  Yjti(j  =  1,2,  ..  .  ,r).  An  rth-order  dif¬ 
ference  equation 

E rYi  =  Yi+r  =  FfYi,Yi+1, .  .  .  ,  Yi+r_f  (/  =  0,1,2,  .  .  .)  (2-6) 

reduces  to  the  form  (5)  if  we  introduce  Yi+1,  Yi+2, ...  as  new  variables 
related  by  the  first-order  difference  equations 


E7,  =  Yi+1  E  Yi+1  =  Yi+ 2 


(2-7) 
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U>) 


Fig.  2-7.  Implementation  of  recursion  formulas  (solution  of  difference  equations).  The 
“exponential  accumulator”  setup  in  Fig.  2-7 c  implements  E 7,  =  aYu  so  that  Y%  =  Y0a{ 
(/  =  0, 1 , 2, .  . .).  This  circuit  can  step  parameters  for  logarithmic-scale  plotting. 

in  exact  analogy  with  Sec.  1-5.  Note  that  the  number  of  initial  values 
given  with  Eq.  (5)  or  Eq.  (6)  must  again  equal  the  order  r  of  our  system ; 
each  memory  pair  requires  an  initial-reset  circuit. 

Note  that  these  procedures  apply  to  nonlinear  as  well  as  to  linear  dif¬ 
ference  equations,  and  that  they  do  not  necessarily  require  periodic 
sampling,  as  long  as  all  track-hold  pairs  are  synchronized  in  the  manner 
of  Fig.  2-lb.  This  technique  permits  analog-computer  simulation  of 
relatively  complex  digital-computer  and  digital-differential-analyzer 
operations. 

2-4.  Linear  Operations  on  Sampled  Data.  The  output  sequences 
Yi  (responses)  of  many  sampled-data  processors  are  related  to  their  input 
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sequences  X{  (stimuli)  by  linear  difference  equations  of  the  form 

Y{  +  an_x  Yi_x  +  *  •  *  +  o0  Y{_n  —  bmXi  +  bm__xXt_x  +  •  •  •  +  b0X{_m 

(2-8  a) 

with  given  constant  coefficients  ciu  bk\  current-data  processing  implies 
n  >  m.  Just  as  in  Sec.  1-7,  we  rewrite  the  input-output  relation  (8 a)  in 
terms  of  a  linear  operator  0(E)  operating  on  Xt  to  produce  Yp. 


Yt  =  0(E)Xi 


bn- lE"  1  -t~  bn-2 E"  2  +  •  •  •  +  bp  x 

En  +  u„_1E”-1  +  •  •  •  +  a0 


(2-8  b) 


Such  operators  commute  and  may  be  cascaded  and  added. 

Computer  setups  implementing  the  difference  equation  (8)  are  exactly 
analogous  to  the  computer  circuits  implementing  the  differential  equation 
(1-11);  it  is  merely  necessary  to  replace  every  integrator  operation  — P-1 
in  Figs.  l-5<7  and  1-5 b  by  the  memory-pair  operation  — E_1.  Note, 
however,  that  memory  pairs,  unlike  integrators,  do  not  usually  invert  the 
output-voltage  sign. 

The  difference  operator  0(E)  can  also  be  factored  or  expressed  as  a 
sum  of  partial  fractions  of  the  form 

1  A3  E  +  1 

AiE  A  2  a0E2  -f-  axE  -f-  oc3 

Partial-fraction  representations  may  reduce  switching- spike  accumula¬ 
tion,  and  each  partial-fraction  term  can  be  implemented  and  checked 
separately. 

Difference-equation  setups  conveniently  implement  relatively  complicated  sampled-data 
operations  and  are  especially  useful  for  simulation  of  digital  controllers. 

All  computer  setups  should  be  checked  for  switching-spike  accumulation  in  memory- 
pair  chains  and  feedback  loops.  Reed  relays,  while  slower  than  electronic  switches,  are 
more  satisfactory  in  this  respect;  a  chain  of  12  relay  track-hold  circuits  (six  memory  pairs) 
can  reproduce  its  input  within  25  mV. 


HYBRID  ANALOG-DIGITAL  COMPUTATION 

2-5.  Different  Roles  of  Digital  Computers  in  Hybrid  Computation.  We 

now  list  the  possible  jobs  of  a  general-purpose  digital  computer  working 
with  a  general-purpose  analog  computer  through  a  suitable  linkage; 
some  of  these  jobs  have  been  mentioned  earlier.  The  cost  of  a  dedicated 
small  digital  computer  or  of  a  time-shared  larger  digital  machine  is  low 
compared  to  the  engineering  costs  incurred  in  simulation  studies. 
Thus,  with  a  reasonable  work  load,  each  one  of  the  applications  listed 
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below  will  justify  the  use  of  the  digital  computer;  and  the  same  digital 
computer  can  implement  them  all. 

1.  Supervisory  Control  of  Analog-computer  Studies;  Storage  and 
Reduction  of  Results;  and  Report  Preparation.  These  jobs  define 
the  most  important  single  role  of  a  digital  computer  in  analog/ 
hybrid  computation.  The  digital  computer  controls  the  progress 
of  parameter  studies  by  selecting  successive  parameter  combina¬ 
tions,  either  according  to  a  predetermined  program  or  iteratively  in 
accordance  with  past  results ,  as  in  iterative  parameter  optimization 
(Secs.  2-2,  8-14,  and  9-13).  To  complete  its  supervisory  role,  the 
digital  computer  directs  the  selection,  sampling,  and  conversion  of 
analog-computer  results,  performs  digital  data  reduction,  plotting, 
cross-plotting,  and  printing.  It  can  prepare  complete  formatted 
reports. 

This  type  of  operation  realizes  the  full  benefit  of  analog-computer  speed, 
while  the  digital  computer,  which  performs  most  operations  only  once 
per  computer  run,  is  not  excessively  hurried.  An  especially  important 
application  of  this  kind  is  the  computation  of  statistics  compiled  from 
thousands  of  analog-computer  runs  with  random  forcing  functions ,  initial 
conditions,  andjor  parameters  (hybrid-computer  Monte  Carlo  studies). 
Modern  analog  computers  can  produce  100  to  4,000  differential- 
equation-solving  runs  with  statistically  independent  random  inputs  in  1 
sec,  so  that  statistically  significant  results  can  be  quickly  obtained. 
Such  high  computing  speeds,  moreover,  give  the  operator  intuitive 
insight  into  the  effects  of  parameter  changes  on  statistics,  just  as  the 
“slow”  differential  analyzer  provided  immediate  insight  into  the  results 
of  parameter  changes  on  the  solution  of  a  single  differential  equation. 

2.  Digital  “ Housekeeping”  Functions.  Digital-computer  lists  entered 
with  punched  or  magnetic  tapes  can  conveniently  store  the 
hundreds  of  coefficient  and  function-generator  settings  associated 
with  large  simulation  studies.  The  digital  computer  will  not  only 
set  these  quantities  into  an  analog  computer  within  seconds,  but  it 
will  also  perform  automatic  static  checks  measuring  the  propaga¬ 
tion  of  initial  conditions  throughout  the  analog-computer  setup  in 
the  reset  mode  (Sec.  7-6)  and  print  errors  and  diagnostic  messages. 
As  a  result,  substantial  “turnaround  time”  is  saved  when  an 
old  problem  is  brought  back  to  the  analog  computer.  Some  of 
the  newer  hybrid  computers  also  permit  digitally  controlled  patching, 
i.e.,  digital-computer  control  of  the  analog  interconnections 
(Sec.  7-4c).  The  digital  computer  can  also  implement  diagnostic 
programs  designed  to  pinpoint  analog-computer  malfunctions. 
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The  third  and  final  application  area  of  combined  analog/digital 
computation  was  historically  the  first  and  is  the  most  difficult  to  use: 

3.  Combined  Analog- Digital  Simulation.  The  digital  computer 
operates  on  some  of  the  problem  variables  (heretofore  only  seen  in 
analog  form)  during  a  differential-equation-solving  run;  i.e.,  the 
digital  computer  performs  function  generation,  coordinate 
transformations,  or  digital  integration. 

Combined  simulation  is  motivated  by  the  hope  of  combining  analog- 
computer  speed  in  some  parts  of  the  simulation  with  digital  accuracy  and 


Analog  Linkoge  A/D  Digital 

computer  converters  computer 


plotter 


(a) 


Analog  .  . 

computing  Linkoge  Digital 

circuits  D/A  converters  computer 


(A) 


Fig.  2-8.  Open-loop  combined  analog-digital  simulation:  digital  open-loop  integration  of 
trajectory  equations  (a)  and  use  of  analog  instrument  outputs  with  an  otherwise  all-digital 
flight  simulator  ( b ). 


function-generating  power  in  other  parts  of  a  simulation.  A  classical 
example  is  analog  simulation  of  an  aerospace-vehicle  control  system  and 
aeroelasticity  combined  with  digital  computation  of  the  relatively  slowly 
changing  trajectory  coordinates  (Fig.  2-8 a).  Digital  storage  and  analog 
output  of  several  complicated  functions  of  two  to  four  variables 
(frequently  required  in  aerodynamics)  is  another  frequent  application  of 
combined-simulation  techniques  (Fig.  2-8 b  and  Sec.  9-9). 
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Several  special  cases  of  combined  analog-digital  simulations  may  be 
distinguished : 

1.  Open-loop  Combinations  (Fig.  2-8).  (a)  Digital  operations  (in¬ 

tegration,  function  generation)  on  analog-computer  outputs  with¬ 
out  feedback  back  into  the  analog  computer  and  ( b )  analog 
operations  on  digital-computer  outputs  without  feedback  into  the 
digital  computer  (e.g.,  instrument  outputs  for  a  digital-flight 
simulator). 

These  applications  are  straightforward,  subject  to  the  usual  speed 
limitations  of  digital  computers. 

2.  Digital-computer  Simulation  of  a  Digital  Computer.  Here  the 
digital  computer  operates  with  analog  inputs  and  outputs  in  more 
or  less  direct  analogy  with  the  actual  digital  controller  being 
modeled. 

This,  too,  is  a  relatively  straightforward  problem  and  will  nicely 
reproduce  the  performance  of  the  sampled-data  control  system  being 
simulated. 

3.  Closed-loop  Combined  Simulation.  Here,  as  in  Fig.  2-9,  a  digital 
computer  not  only  accepts  analog  inputs  but  also  produces  outputs 


(<?)  ( b ) 


Fig.  2-9.  Closed-loop  combined  analog-digital  simulation:  space-vehicle  simulation  (a), 
and  digital  function  generation  ( b ).  {Based  on  Ref.  2.) 
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to  the  analog  computer  so  that  we  have  a  possibly  complicated 
sampled-data  feedback  loop;  some  dynamical  system  variables  are 
modeled  in  the  digital  computer. 

Applications  of  this  type  combine  not  only  the  best  features  of  analog 
and  digital  computation,  but  also  their  worst,  viz.,  analog-computer 
inaccuracy  and  the  sampled-data  bandwidth  limitations  of  the  digital 
computer.  Digital  operations  imply  sampled-data  operations,  digital 
processing  delays,  and  quantization,  all  of  which  produce  essential 
errors  in  the  representation  of  continuous  dynamical-system  variables. 
These  errors  must  be  evaluated  and  mitigated  through  careful  choice  of 
the  portion  of  the  simulation  carried  out  on  the  digital  computer. 
While  quantization  errors  rarely  cause  trouble,  digital  sampled-data 
operations  and  processing  delays  limit  the  digital  part  of  a  combined 
simulation  to  slowly  varying  variables.  Even  so,  subtle  loop-instability 
effects  are  encountered;  it  is  best  to  check  each  problem  on  a  reduced 
time  scale  to  see  whether  sampling  rates  are  fast  enough  for  stability 
(Secs.  9-2  to  9-6). 
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CHAPTER  3 


COMPUTER  ACCURACY.  DESIGN  OF 
NETWORKS,  COEFFICIENT 
POTENTIOMETERS,  AND 
OPERATIONAL  AMPLIFIERS 


COMPUTER  ACCURACY  AND  OTHER 
DESIGN  SPECIFICATIONS 

3-1.  A  Discussion  of  Analog-computer  Accuracy.  Electronic  analog 
computers  can  produce  true  solution  accuracies  varying  all  the  way 
between  0.01  and  15  percent;  and,  in  each  case,  such  results  may  or  may 
not  be  entirely  satisfactory.  True  solution  accuracies  can,  in  general, 
be  specified  only  for  special-purpose  computers  performing  a  precisely 
circumscribed  class  of  operations.  General-purpose  analog  computers 
are  applied  to  a  very  wide  class  of  problems,  and  solution  accuracies 
depend  so  radically  on  the  specific  problem  solved  that  one  is  restricted 
to  the  specification  of  component  accuracies  for  individual  computing 
elements.  Since  some  computing-element  errors,  such  as  those  due  to 
noise  and  d-c  offsets,  exist  even  when  the  component  output  voltages  are 
zero,  it  is  customary  to  specify  analog-computer  component  errors  in 
percent  of  half-scale  (i.e.,  in  volts  for  ±100-volt  analog  computers).* 

The  effects  of  component  accuracies  on  the  computer  solution  of,  say, 
a  system  of  differential  equations  are  not  easy  to  predict  in  general  and 
will  depend  strongly  on  the  problem  under  investigation.  Although  a 
general  theory  of  differential-analyzer  errors  exists,1  mathematical  error 
prediction  for  even  moderately  complex  problems  is  usually  more 
difficult  to  obtain  than,  say,  a  precise  solution  of  the  problem  by  a  digital 
computer.  Hence,  many  analog-computer  centers  rely  on  digital  check 
solutions  of  every  tenth  to  thirtieth  analog-computer  solution  unless,  as 

*  The  questionable  practice  of  specifying  analog-computer  component  accuracies  in 
percent  of  full-scale  (i.e.,  of  200  volts  for  ±  100-volt  analog  computers)  is  meaningful  only 
after  division  by  2  and  is  being  gradually  discarded. 
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is  often  the  case,  the  investigator  can  rely  on  his  professional  knowledge 
of  the  behavior  of  the  simulated  systems,  components,  or  subsystems. 
Checks  on  known  solutions  for  special  parameter  values  are  often 
helpful  (e.g.,  omission  of  air  resistance  and  perturbations  in  ballistic- 
trajectory  computations). 

A  perhaps  more  interesting  approach  to  error  estimation  is  the  use  of 
the  analog  computer  itself  for  the  prediction  of  component-error  effects 
on  the  final  solution.  Methods  of  this  type  should  disclose,  for 
instance,  whether  or  not  a  given  analog-computer  solution  is  “stable”  in 
the  sense  that  small  changes  in  coefficients  or  component  accuracies  will 
not  generate  large  departures  from  a  given  solution.  Basically,  such 
methods  involve  the  introduction  of  artificial  errors  such  as  bias  voltages, 
phase  shift,  increased  or  decreased  coefficients,  and  added  step  or 
impulse  functions  in  selected  computing  elements,  and  comparison  of 
the  resulting  changed  solutions  with  the  original  analog-computer 
solution.4  Judicious  use  of  such  methods  permits  an  investigator  to 
decide  whether  suspected  or  real  component  inaccuracies  can  produce 
serious  changes  in  the  analog-computer  solution.  As  an  example,  a  d-c 
drift  voltage  added  to  the  output  of  a  simulated  servomotor  will  be 
naturally  decreased  if  the  simulated  motor  forms  part  of  a  simulated 
high-gain  position-servo  loop.  On  the  other  hand,  initial-condition  or 
forcing-function  errors  in  the  open-loop  integration  of  a  ballistic 
trajectory  may  cause  substantial  errors  in  the  solution.  Even  more 
serious  error  effects  are  found  in  solutions  of  nonlinear  oscillation 
problems,  where  small  changes  in  initial  conditions  or  coefficients  can 
lead  to  a  mode  jump  with  radically  changed  solution  behavior.  In 
problems  of  the  latter  type,  no  single  analog-computer  solution  can  be 
relied  on.  It  is  necessary  to  show  the  mode-change  behavior  through  an 
entire  family  of  solutions  with  different  values  of  the  critical  parameter. 

More  sophisticated  versions  of  this  approach  have  led  to  various  per¬ 
turbation  techniques  and  to  the  theory  of  parameter-influence  coeffi¬ 
cients  (Secs.  8-2  and  8-4).  The  effects  of  insufficient  computing 
bandwidth  are  similarly  investigated  through  repetition  of  solutions  on 
different  time  scales  (< time-scale  check,  Sec.  7-6c). 

Solution  checks  by  resubstitution  of  computer  solutions  into  the  given 
differential  equations  have  been  suggested2-3  and  may  become  increas¬ 
ingly  practical  in  combined  analog-digital  computer  systems  (Sec.  8-5). 

3-2.  Component  Accuracy:  Static  and  Dynamic  Errors,  (a)  Static 
Accuracy,  Step  Response,  and  Small-signal  Frequency  Response. 

Analog  computing  elements  are,  in  general,  most  accurate  for  constant  in¬ 
put  or  inputs  (specified  static  or  d-c  component  accuracy)  and  exhibit  in¬ 
creasing  dynamic  errors  as  the  output  changes  more  rapidly.  The 
response  to  small  and  large  input-voltage  steps  is  generally  of  interest, 
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especially  in  the  case  of  iterative  differential  analyzers,  where  frequent 
switching  is  required  (Sec.  5-16).  Step-response  specifications  indicate 
how  quickly  a  computing-element  output  settles  to  within  a  stated 
percentage  of  the  correct  static  value  after  a  step  disturbance  and  also 
specify  percent  overshoot,  ringing,  etc. 

To  describe  dynamic  errors  for  small  input  changes  (up  to,  say,  10 
percent  of  half-scale),  we  note  that  a  small  sinusoidal  variation  of  one  of 
the  inputs  of  operational  amplifiers,  of  multipliers,  and  of  certain 
function  generators  will  produce  a  roughly  sinusoidal  output  variation. 
It  is  then  possible  to  plot  output  amplitude  and  phase  for  constant  input 
amplitude  against  frequency  {small-signal  frequency  response  to  the 
input  in  question). 

Honest  component  specifications  will  identify  error  percentages  measured  immediately 
after  component  adjustments  and  after  a  reasonable  period  of  time,  say,  8  hr  or  1  week. 
This  is  especially  true  for  electronic  analog  computers  comprising  solid-state  components 
subject  to  drift  with  time  and/or  with  temperature  changes. 

Whenever  possible,  both  static  and  dynamic  accuracy  measurements  are  made  by 
difference  or  null  methods;  i.e.,  the  difference  between  actual  and  desired  computing- 
element  outputs  for  specified  inputs  is  displayed  and/or  recorded  (see  Secs.  3-38  and  6-15 
for  examples). 

(b)  Phase  Errors.  The  small-signal  sinusoidal-error  frequency 
response  of  many  computing  elements  takes  the  form  shown  in  Fig. 
3- la.  We  note  that  the  phase  error  becomes  appreciable  long  before  the 
amplitude  error  can  even  be  measured.  Figures  3-1  b  and  c  indicate  that 
such  phase-shift  errors  can  cause  considerable  computing  errors  in  spite 
of  the  practically  ideal  amplitude  response;  for  small  errors,  the  true 
absolute  percentage  error  due  to  pure  phase  error  is  e  =  1005,  where  6  is 
the  phase  error  measured  in  radians,  or  about  1.8  percent  per  degree  of 
phase  error. 

For  the  typical  frequency  response  a/(/co/27r/i  +  1)(— 3  db  point  at 
f  i  Hz),  the  low-frequency  phase  shift  (lag)  is  arctan  (///\)  ^  fjfl  radians 
at / Hz;  note  that  we  already  have  0.51 -deg  or  1  percent  error  at  0.0 1/1  Hz. 
A  slightly  underdamped  second-order  frequency-response  function 
causes  less  phase  shift  at  very  low  frequencies  but  produces  step- 
response  overshoot  or  “ringing.” 

The  usual  computing  voltages  are  rarely  sinusoidal;  typically,  their 
high-frequency  components  are  smaller  in  amplitude  than  low-frequency 
components.  For  instance,  in  the  case  of  a  symmetrical  square  wave 
with  peak-to-peak  amplitude  2 A  and  period  T0, 

f{t )  =  —  A  (cos  (O0t  —  !/3  COS  3  (O0t  +  lA  COS  5  (O0t  —  •  •  •) 
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the  individual  sinusoidal  components  contribute  roughly  equal  absolute 
phase-shift  errors,  assuming  that  phase-shift  errors  are  small  and  pro¬ 
portional  to  frequency.  In  this  example,  some  of  the  individual  phase- 
shift  errors  cancel  partially;  but  a  conservative  if  somewhat  arbitrary  rule 
of  t humb  ensuring  adequate  step  response  might  be  to  specify  less  than  p  deg 
component  phase  error  for  50 /T  Hz,  where  p  is  the  specified  static 
component  accuracy  in  percent  of  half-scale,  and  T  is  the  duration  of  a 
typical  computer  run.  This  rule  is,  generally  speaking,  satisfied  by  the 
phase  inverters  of  existing  analog  computers,  but  less  often  by  their 
multipliers. 


Amplit ude  error 

Akfi 

and  phase  error  8 


Fig.  3-1.  Typical  small-signal  frequency  response  of  an  analog  computing  element  to  steady- 
state  sinusoidal  input  ( a),  and  comparison  of  ideal  and  actual  output  sinusoids  ( b )  and 
phasors  (c) .  Note  that  phase  shift  can  cause  substantial  dynamic  errors  while  the  amplitude 
response  is  still  essentially  ideal. 


(c)  Rate-limit  Specifications  and  Switch-timing  Errors.  Even  with 
adequate  small-signal  frequency  response,  the  working-frequency  range 
of  most  analog  computing  elements  is  bounded  by  output-voltage  rate 
limiting,  a  nonlinear  phenomenon  usually  associated  with  the  currents 
drawn  by  load  or  circuit  capacitances,  or  with  servo  velocity  limiting 
(Secs.  3-35  and  5-18).  A  given  output-rate  limit  of,  say,  r  volts/sec 
necessarily  restricts  the  frequency  /  of  an  undistorted  sinusoidal  output 
waveform  b  sin  h t/t  to  rjl^b  Hz,  where  b  is  the  sine-wave  amplitude. 
Note,  however,  that  the  absolute  output-voltage  rate  of  any  conven¬ 
tional  integrator  is  never  required  to  exceed  100<7  percent  machine  units 
(or  volts)  per  second,  where  a  is  the  sum  of  all  integrator  input  gains, 
since  no  input  can  exceed  one  machine  unit  in  absolute  value.  This  fact 
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determines,  for  instance,  the  maximum  output  rate  ever  required  of  a 
servomultiplier  driven  by  an  integrator.  Integrator  input  variables, 
however,  may  require  much  faster  rates  of  change  and  may,  in  par¬ 
ticular,  comprise  stepwise  changes. 

The  maximum  timing  error  due  to  a  switching  delay  TD  in  integrator 
mode-control  switches  or  relays,  operational  relays,  or  electronic 
switches  and  sample-hold  readout  devices  is  rTn,  where  r  is  the  maxi¬ 
mum  absolute  rate  of  the  voltage  being  switched.  We  note  here  that 


Voltage  Correct  woveform 


Fig.  3-2.  For  sinusoidal  signal  components  of  frequency  /,  a  time  delay  TD  causes  a  true 
percentage  error  of  <L  lOOjrfTj)  percent.  The  delay  TD  can  be  caused  by  delayed  mode- 
control  or  signal  switching,  delayed  sampling,  delayed  comparator  response,  or  digital- 
computer  processing  delays  (see  also  Secs.  5-16  and  9-4). 

timing  errors  rather  than  computing-element  bandwidths  may  constitute 
the  ultimate  speed  limitation  for  fast  analog  computation.  If,  for 
example,  a  group  of  ±  100-volt  computing  elements  producing  the  10-Hz 
output 

X0  =  100  sin  27t(10t)  volts  (r  >  0)  (3-1) 

are  switched  into  compute  only  0.1  msec  too  early,  the  resulting  voltage 
error  is  2tt-/10  volts,  or  over  0.6  percent  of  half-scale.  Again,  in  a 
±  10-volt  iterative  analog  computer  producing  the  5-KHz  waveform 

X0  =  10  sin  277(5, 000r)  volts  (r  >  0)  (3-2) 

a  switching  delay  of  only  0.25  /usee  can  produce  an  error  of  tt/40  volts,  or 
almost  0.8  percent  of  half-scale  (Fig.  3-2). 

3-3.  Other  Design  Specifications.  Data  needed  to  determine  the 
suitability  of  computing  equipment  for  a  given  application  (including  its 
compatibility  with  other  system  components)  comprise  specifications 
such  as  size,  weight,  and  power-supply  requirements,  and  design  limits 
on  temperature,  humidity,  shock,  etc.,  required  to  maintain  a  specified 
or  suitably  derated  performance. 
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In  the  writers’  opinion,  maintenance-free  operation  (few  or  no  periodic 
adjustments)  ranks  in  importance  with  accuracy  and  frequency  response, 
and  frequently  ahead  of  cost.  Generally  speaking,  .solid-state  devices 
show  smaller  aging  effects  than  vacuum  tubes  but  are  more  sensitive  to 
temperature  variations.  High-accuracy  computing-element  designs 
may  place  limiter  or  switching  diodes  and  transistors  into  small  tem¬ 
perature-controlled  ovens,  employ  compensation  by  temperature -sensi¬ 
tive  resistors,  or  mount  solid-state  devices  in  assemblies  of  high  thermal 
inertia  and  well  away  from  heat-generating  circuits. 


COEFFICIENT-SETTING  POTENTIOMETERS 

3-4.  Specifications  and  Construction  (see  also  Sec.  7-46).  A  poten¬ 
tiometer  is  an  adjustable  resistive  voltage  divider  consisting  of  a  fixed 
resistance  with  a  movable  sliding  contact.  In  a  simple  coefficient-setting 


Fig.  3-3.  Two-terminal  coefficient-setting  potentiometer  (a),  three-terminal  coefficient¬ 
setting  potentiometer  ( b ),  and  block-diagram  symbols  (c).  The  true  coefficient  a  indicated 
in  the  block  diagram  includes  the  effect  of  the  load  (Sec.  3-5).  The  load  resistance  rL 
is  most  frequently  due  to  the  input  resistor  of  an  operational  amplifier. 


potentiometer  (scale-factor  potentiometer,  attenuator),  one  end  of  the 
potentiometer  resistance  (lo  terminal )  is  grounded;  the  input  voltage  X1 
is  applied  to  the  other  end  (hi  terminal ),  so  that  the  slider  (arm  terminal) 
produces  the  adjustable  output  voltage  X0  =  a.Xu  where  0  <  a  <  1 
(Fig.  3-3<r/).  In  a  three-terminal  coefficient-setting  potentiometer,  two 
input  voltages  Xu  X2  are  applied  to  the  hi  and  lo  terminals,  so  that  the 
arm  terminal  produces  an  adjustable  output  of  the  form  X0  =  k[o.X1  + 
(1  —  a)X2],  where  0  <  a  <  1,  0  <  k  <  1  (Fig.  3-3 b;  see  also  Sec.  3-5). 

In  the  most  common  types  of  potentiometers,  a  wirewound  resistance 
wound  on  a  flat  card  or  on  a  cylindrical  mandrel  is  bent  into  circular 
shape,  with  the  sliding  contact  mounted  on  a  revolving  arm.  Resistance 
elements  consisting  of  carbon  or  metal  films  deposited  on  ceramic  are 
also  employed.  Slider  contacts  can  be  spring-mounted  precious-metal 
buttons  or  bars,  or  single  or  multiple  wire  contacts.3-6  Potentiometer 
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resistance  varies  between  1,000  and  100,000  ohms  and  must  be  de¬ 
termined  by  a  compromise  between  available  amplifier  power  and 
potentiometer  resolution,  which  favor  high  resistance,  and  resistance 
stability,  phase-shift,  and/or  loading  considerations  (Secs.  3-5  and  3-6), 
which  favor  lower  potentiometer  resistance.  The  resistance  of  a 
coefficient-setting  potentiometer  is  usually  specified  within  0.5  percent 
and  should  remain  stable  within  0.01  to  0.1  percent  in  a  given  en¬ 
vironment.  Most  practical  coefficient-setting  potentiometers  exhibit 
end  resistances  (about  3  ohms  at  the  hi  end  and  30  ohms  at  the  lo  end 


Fig.  3-4.  Ten-turn  potentiometer  with  helical  resistance  element  and  precious-metal 
contacts  (HELIPOT  precision  potentiometer).  ( Copyright  HELIPOT  Corporation ; 
reprinted  by  permission.) 


for  a  30K  potentiometer),  which  interfere  with  precise  realization  of 
coefficients  equal  to  one  and  zero. 

Computing  potentiometers  are  usually  rated  between  2  and  5  watts  to 
reduce  self-heating  effects,  even  though  much  less  power  is  actually 
dissipated.  It  is  wise  to  fuse  the  potentiometer-arm  connection  in  order 
to  avoid  potentiometer  failure  due  to  faulty  patching  (grounding  of  the 
potentiometer  arm  at  high  coefficient  settings) ;  K2-amp  fuses  adequately 
protect  30,000-ohm  5-watt  potentiometers,  which  have  current  ratings  of 
about  13  mA. 

The  conformity  of  the  actual  coefficient  set  with  a  (usually)  linear  dial 
calibration  is  of  interest  in  special  applications  (e.g.,  comparison  poten¬ 
tiometers,  Sec.  3-5).  In  electronic  analog  computers,  however,  most 
coefficient-setting  potentiometers  are  set  by  actual  measurement  of  their 
output  voltages  (Sec.  3-5);  so  that  potentiometer  conformity  and  linear¬ 
ity  are  not  as  important  as  in  connection  with  servo-driven  potentio¬ 
meters  used  for  multiplication  and  function  generation.  The  static 
accuracy  of  a  coefficient-setting  potentiometer  is,  then,  essentially 
determined  by  its  setting  stability  (ability  to  maintain  set  coefficients), 
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and  its  resetting  precision ,  which  involves  dial  readability  and  backlash 
as  well  as  potentiometer  setting  stability.  Both  these  specifications  are 
quoted  in  percent  of  the  total  potentiometer  scale;  0.01  to  0.1  percent 
are  obtainable.  Some  potentiometer  applications  require  mechanical 
ruggedness  to  maintain  settings  in  spite  of  vibrations  and  shock.  In 
addition,  freedom  from  microphonism  and  electrical  noise  is  desirable. 

The  resetting  precision  of  a  potentiometer  cannot  be  better  than  its 
resolution.  In  wirewound  potentiometers,  resolution  is  limited  by  the 


Fig.  3-5.  Typical  dials  for  multiple-turn  coefficient-setting  potentiometers,  (a)  Type  RB 
DUODIAL  turn-counting  dial  ( Copyright  HELIPOT  Corporation;  reprinted  by  per¬ 
mission.)  ( b )  Borg  model  1301  MICRODIAL.  ( George  W.  Borg  Corporation.)  Note 
the  dial-lock  levers.  Such  dials  can  be  read  and  set  to  1  part  in  10,000  or  better,  corre¬ 
sponding  to  the  resolution  and  linearity  attainable  with  high-quality  helical  potentiometers. 


resistance  of  one  wire  turn  on  a  card  or  mandrel.  For  increased  resolu¬ 
tion,  the  potentiometer-arm  contact  may  slide  along  a  single  resistance 
wire  {slide-wire  potentiometer).  More  frequently,  the  resistance  wire  is 
wound  on  a  helical  mandrel  having  2  to  20  turns;  so  that  the  potenti¬ 
ometer  arm  must  be  capable  of  axial  displacement  as  well  as  rotation 
{helical potentiometer ,  Fig.  3-4).  This  method  of  construction  is  the  one 
most  commonly  used  for  coefficient-setting  potentiometers  and  permits 
better  than  0.01  percent  resolution  for  a  30,000-ohm  potentiometer. 
Figure  3-5  shows  two  types  of  multiturn  dials  used  with  such  potentiom¬ 
eters. 

Another  type  of  potentiometer  has  a  rectilinear  resistance  element 
with  a  sliding  contact  positioned  by  a  lead  screw  turned  by  a  multiturn 
dial.  Deposited-film  potentiometers  have  practically  infinite  resolution. 
If  the  resolution  of  a  given  potentiometer  is  not  sufficient  for  a  given 
application,  one  may  add  variable  series  resistance  at  the  top  or  bottom 
of  the  potentiometer  to  permit  fine  adjustment;  special  dials  permit 
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alternate  fine  and  coarse  adjustments.  Inexpensive  computers  also  use 
one-turn  carbon-  or  metal-film  potentiometers  with  friction  drives;  it  is 
difficult  to  adjust  a  one-turn  potentiometer  to  within  better  than  about 
0.25  percent  without  some  sort  of  reduction  drive. 

3-5.  Loading  Considerations  and  Potentiometer  Setting.  Referring  to 
Fig.  3-3 a,  let  aSET  be  the  nominal  setting  or  fraction  of  the  total  po¬ 
tentiometer  resistance  r  between  the  arm  terminal  and  the  grounded  lo 
terminal  of  a  potentiometer  connected  to  a  load  resistance  rL.  The 
node  equation  for  the  arm  terminal  is  readily  solved  for  the  output 
voltage 

-  alx 


a, 


CSET^l 


1 


a, 


cs  etO 


The  effect  of  the  load  tends  to  make  the  true  coefficient  a  set  on  the 
potentiometer  smaller  than  the  nominal  setting  aSET;  specifically, 

_  _  kset0  aSET  )(rlrL) 

SET  1  +  “sEtO  -  aSET X'V'T) 


y  Y  Y 

^SEtO  aSET)  ^  a  (1  a)  fur  1 

rL  rL  rL  J 


(3-4) 


Equation  (4)  yields  exact  or  approximate  loading  corrections  to  be  added 
to  the  desired  coefficient  a  so  as  to  produce  the  correct  nominal  potenti¬ 
ometer  setting  aSET  (Fig.  3-6). 

In  the  case  of  the  three-terminal  potentiometer  of  Fig.  3-36,  the  nodal 
equation  for  the  arm  terminal  yields 

^0  [asET^l  T  (1  ^SEt)^2] 

1 _ aSET(l  °S3Et)(/  /f&) 

1  +  aSET(l  aSET  )(r/r£,) 


(0  ^  aSET  ^  1)  (3-5) 


Note  that  the  load  reduces  the  output  voltage  without  affecting  the  ratio 
of  the  coefficients  of  Xx  and  X2. 

Potentiometer  loading  effects  prevent  the  use  of  linear  dial  calibrations 
without  loading  corrections  depending  on  the  specific  potentiometer 
load  in  each  problem.  In  general-purpose  electronic  analog  computers, 
one  prefers  to  set  coefficients  by  direct  measurement  of  the  potentiometer 
output  corresponding  to  a  reference-voltage  input,  with  the  load  (succeeding 
computing  elements)  connected;  this  does  away  with  the  nuisance  of 
loading  charts  and,  incidentally,  with  the  necessity  for  adjusting  a 
possibly  large  number  of  potentiometer-dial  zeros  accurately.  The  dial 
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calibration  is  needed  only  for  rough  settings  and,  possibly,  for  resetting 
coefficients  used  earlier. 

Figure  3-7 a  shows  how  a  simple  double-pole/double-throw  push¬ 
button  switch  associated  with  each  potentiometer  connects  its  input  to 
the  computer  reference  power  supply  and  the  output  to  a  measuring 
device  (readout  bus)  without  disconnecting  the  load.  The  operator 
can  depress  the  readout  button  and 
set  the  dial  with  one  hand.  The 
simple  pushbutton  readout  system 
is  much  more  convenient  and 
foolproof  than  potentiometer¬ 
setting  schemes  employing  selector 
buttons  and  stepping  relays  to 
connect  potentiometers  to  the 
readout  bus;  in  the  writers’  opin¬ 
ion,  stepping-relay  systems  are 
justified  only  if  automatic  logging 
of  coefficients  by  a  printer  or  tape 
punch  is  contemplated  or  if  the 
potentiometers  are  to  be  set  by  an 
automatic  servosystem  (Sec.  7-4 b). 

Unquestionably,  the  most  con¬ 
venient  voltage-readout  device  for 
potentiometer  setting  is  a  digital 
voltmeter,  which  can  also  serve  for 
setting  initial  conditions,  static 
checks,  and  general  readout  (see 
also  Secs.  7-4  to  7-7).  In  inexpensive  analog  computers,  potentiometers 
are  set,  again  with  the  load  connected,  by  null  comparison  with  a  pre¬ 
cision  comparison  potentiometer  having  an  accurately  calibrated  dial 
(Fig.  3-7 b).  After  the  desired  coefficient  is  first  set  on  the  comparison 
potentiometer,  the  operator  depresses  the  potentiometer-readout  button 
and  rotates  the  dial  of  the  coefficient-setting  potentiometer  until  the 
meter  indicates  zero  current;  note  that  the  comparison  potentiometer  is 
not  loaded  at  this  point.  Accurately  linear  multiturn  helical  wire- 
wound  potentiometers  with  counter-type  dials  (Fig.  3-5 b)  are  useful  as 
comparison  potentiometers  and  permit  coefficient  settings  to  within 
better  than  0.05  percent. 

Very  small  potentiometer  settings  (below  0.1)  are  advantageously  set 
by  means  of  two  cascaded  coefficient-setting  potentiometers,  with  the 
one  closer  to  the  output  adjusted  first  to  avoid  changes  of  the  load  on  the 
first  one.  Three-terminal  potentiometers  can  be  set  with  the  lo  terminal 
temporarily  grounded,  or  by  an  output-voltage  measurement  depending 
on  the  specific  application. 


Fig.  3-6.  This  approximate  potentiometer¬ 
loading  correction  chart,  based  on  the  re¬ 
lation  ocg E T  —  a  a2(l  —  a)(rlrL)  ( r\rL 
1),  is  useful  for  r\rL  <  0.3  and  setting 
accuracies  down  to  0.1  percent.  To  use  the 
chart,  multiply  the  ordinate  corresponding 
to  the  desired  coefficient  a  by  rjrL  and  add 
the  resulting  correction  to  a  to  obtain 
aSET-  (Example:  For  r  =  20K,  rL  = 
100K,  a  =  0.4,  we  find  ocSet  =  0.4  + 
0.02  =  0.42.)  For  greater  accuracy,  one 
requires  separate  tables  based  on  the  exact 
formula  (3-4)  for  each  value  of  r/rL. 
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Fig.  3-7.  Pushbutton  potentiometer-setting  circuit  (a)  and  comparison  potentiometer  (b). 
It  is  customary  to  disconnect  and  ground  (or  feedback-ground)  all  amplifier  summing 
junctions  during  the  potentiometer-setting  operation  to  prevent  amplifier  overloads 
(potset  mode,  Sec.  7 -3a). 


Servo  setting  of  coefficient-setting  potentiometers  and  digital 
attenuators  will  be  discussed  in  connection  with  semiautomatic  and 
automatic  programming  systems  in  Sec.  7-46. 

3-6.  Dynamic  Errors  and  Capacitor  Compensation.  With  increasing 
computing  frequencies,  the  high-frequency  phase  shift  in  coefficient¬ 
setting  potentiometers  may  greatly  exceed  phase  shift  in  other  computing 
elements  and  can  introduce  serious  dynamic  errors  into  computations 
(see  also  Sec.  3-24).  Potentiometer  phase  shift  is  mainly  due  to  the 
capacitive  load  produced  by  computer  circuits  and  wiring,  and  by  the 
distributed  capacitances  of  the  potentiometer  resistance,  housing,  and/or 
copper  mandrel.  With  wirewound  potentiometer  resistance  elements 
wound  on  flat  cards  or  small-diameter  mandrels,  the  effects  of  po¬ 
tentiometer  inductance  are  not  ordinarily  felt  at  computing  frequencies 
below  1  MHz. 

Potentiometer  and  load  capacitances  cause  both  lag  and  lead  effects. 
Figure  3-8  shows  a  simplified  equivalent  circuit  which  matches  the  fre¬ 
quency-response  characteristics  of  helical  copper-mandrel  potentiom¬ 
eters  quite  accurately;9,13,14  Fig.  3-9  shows  typical  phase  shift  vs. 
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frequency  for  a  30K  potentiometer 
of  this  type.  While  an  ideal  voltage 
divider  would  not  introduce  any 
phase  changes  at  all,  the  wirewound 
potentiometer  is  seen  to  introduce  a 
lag  at  high  potentiometer  settings 
and  a  lead  at  low  potentiometer 
settings. 

.Potentiometer  phase  shift  decreases 
with  the  potentiometer  resistance, 
but  this  cannot  be  reduced  below 
a  minimum  value  determined  by 
amplifier  power  and,  in  wirewound 
potentiometers,  by  the  required  re¬ 
solution.  For  fast  (repetitive)  analog 
computers  which  do  not  require 
setting  stability  below  0.1  percent, 
the  best  type  of  coefficient-setting 
potentiometer  might  be  a  type  with 
a  linear  deposited-film  resistance 
element  with  the  slider  positioned 
by  a  multiturn  dial  turning  a  lead  screw.  Such  potentiometers  have 
negligible  inductance  and  distributed  capacitance;  note,  though,  that 
potentiometer  construction  can  do  nothing  about  the  effects  of  capaci¬ 
tive  loading  due  to  computer  circuits  and  wiring. 

Capacitor  compensation  permits  the  use  of  high-stability  wirewound 
helical  potentiometers  at  frequencies  as  high  as  20  KHz.  Suitably 


Fig.  3-8.  Simplified  equivalent  circuit  for 
a  10-turn  copper-mandrel  potentiometer 
(Beckman  Helipot),  useful  for  potenti¬ 
ometer  settings  aSET  between  0.05  and 
0.95,  r  between  10  and  100K,  and  fre¬ 
quencies  below  l/2477rC1(  For  type  A 
Helipots,  Cjequals  C2and  varies  between 
200  pF  (r  =  10K)  and  225  pF  (r  =  100K). 
CL  is  the  load  capacitance,  including 
wiring  capacitance.  The  potentiometer 
phase  shift  is 

dP  =  (orCi(  1  —  o^set) 

Cl  +  +  C/,\ 

<*SET  — 


{Based  on  Ref.  14.) 


Cx 


Fig.  3-9.  Normalized  potentiometer  phase  shift  SPlo)rC1  ^  (1  —  ocset)(1  —  Kocset), 
where  K  =  (C\  -f-  Cg  -b  C/,)/C i  —  2  ~f~  C^/Ci  and  r /,  ocg^  (1  ■  &setX •  The  approxi¬ 

mate  formula  for  Sp/corCx  is  valid  up  to  6.6  KHz  for  r  —  10K  and  up  to  600  Hz  for  r  = 
100K.  (From  Ref  14.) 
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Fig.  3-10 a,b.  Phase  compensation  of  a  potentiometer  (a)  and  effect  on  phase  shift  ( b ). 
Phase  compensation  is  designed  for  a  specific  resistance-capacitance  load.11 


chosen  compensating  capacitors  are  switched,  patched,  or  plugged 
between  the  arm  and  hi  terminals  for  high  potentiometer  settings,  and 
between  the  arm  and  lo  terminals  for  low  settings.  The  correct 
capacitance  values  for  different  potentiometer  settings,  load  resistances, 
and  load  capacitances  may  be  tabulated  for  each  type  of  potentiometer. 
One  can  also  select  compensating  capacitors  with  the  aid  of  an  oscil¬ 
loscope  displaying  the  potentiometer  output  for  a  square-wave  test 
input;  conceivably,  such  test  circuits  could  be  combined  with  the 
potentiometer-setting  system. 

If  the  resistive  and  capacitive  loads  on  the  coefficient-setting  poten¬ 
tiometers  are  known  or  can  be  standardized,  compensating  capacitors 
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Fig.  3-10c.  Effect  of  phase  compensation  on  potentiometer  step  response.14 
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could  be  switched  simply  in  accordance  with  the  potentiometer  setting. 
As  a  perhaps  more  practical  alternative.  Figs.  3-10  and  3-11  show  the 
application  of  compensating  capacitors  to  potentiometer  taps  and  illustrate 
the  remarkable  frequency-response  improvement  obtainable  by  this 
method. 8,9,13,14 


COMPUTING  RESISTORS  AND  CAPACITORS. 

PARASITIC-IMPEDANCE  EFFECTS 

3-7.  Computing  Resistors,  (a)  Resistance  Stability.  Wirewound 
Computing  Resistors.  Resistance  stability  is  the  ability  of  a  resistor  to 
maintain  its  nominal  resistance  value.  Note  that  many  committed 
summing  amplifiers  and  electronic  multipliers  require  accurate  resistance 
ratios ,  which  are  easier  to  establish  and  maintain  than  individually  ac¬ 
curate  resistance  values.  References  10  to  12  describe  detailed  practical 
methods  for  precision  measurement  or  matching  of  resistances  or 
resistance  ratios. 

Most  computing  resistors  are  wirewound  resistors  noninductively 
wound  on  ceramic  or  thermosetting-plastic  rods.  The  resistance 
winding  undergoes  a  temperature-  and  current-recycling  process  to 
eliminate  instability  (relaxation  effects  due  to  stresses  in  the  wire).  The 
initially  intentionally  high  resistance  is  then  trimmed  to  its  nominal 
value.  To  obtain  a  stable  resistor,  one  must  carefully  maintain  the 
insulation  between  windings,  which  are  usually  separated  into  individual 
subwindings  or  pies;  prolonged  baking  and  immediate  impregnation  or 
encapsulation  with  plastic  or  ceramic  keeps  out  moisture. 

Wirewound  resistors  stable  to  within  50  to  1,000  ppm  at  constant 
temperature  are  commercially  available;  and  suitable  resistance-wire 
alloys  yield  temperature  coefficients  less  than  10  ppm/deg  C.  Resistors 
should,  of  course,  be  trimmed  at  or  near  their  typical  operating  tem¬ 
perature.  One  attempts  to  minimize  the  effects  of  self-heating  due  to 
the  current  in  the  resistor  by  using  the  largest  power  rating  (wire 
diameter  and  radiating  surface)  practical  for  a  given  physical  size,  and  by 
providing  suitable  air  circulation.  Resistance  changes  due  to  self¬ 
heating  may  vary  between  3  and  3,000  ppm/watt  at  rated  current  and 
constant  ambient  temperature.  Plastic  encapsulation  tends  to  increase 
the  thermal  inertia  of  a  resistor,  but  may  aggravate  self-heating  effects. 
Resistor  installation  should  also  guard  against  generation  of  spurious 
voltages  due  to  thermal  gradients  and  contact  potentials. 

Constant-temperature  ovens  used  with  some  larger  analog  computers 
maintain  resistance  values  within  ±15  ppm  for  ambient  temperature 
changes  of  ±20  deg  C  (see  also  Sec.  3-8).  Resistors  for  electronic 
analog  computers  operating  in  a  reasonable  indoor  environment  will,  in 
the  writers’  opinion,  not  really  require  constant-temperature  ovens;  but 
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such  ovens  are  often  provided  in  any  case  for  computing  capacitors,  and 
the  use  of  an  oven  may  permit  the  designer  to  specify  slightly  less 
expensive  resistance  wire. 

Resistors  used  to  make  up  resistance  ratios  are  often  encapsulated 
together  in  plastic  or  installed  in  a  common  oil  bath,  so  that  some  tem¬ 
perature  effects  are  effectively  canceled  out. 


(b)  Parasitic  Inductance  and  Capacitance.  Film  Resistors.  Figure 
3-12  shows  a  simple  a-c  equivalent  circuit  for  a  physical  resistor.  The 
equivalent  impedance  ZR(jco)  of  the  resistor  is 
given  by 

7-  ( ;,  A  _  T>  j(0(^Rl^Dc)  T  1  n 

Zr{jw)  —  RDc  7775  —  —j ~7R~  V3'6) 


l 


jcoRdcC  r  +1  —  co2LRC 


R 


R, 


where  RDC  —  ZR{ 0)  is  the  nominal  (d-c)  resist-  L  L  T 

ance  value.  The  physical  resistor  effectively  c 

constitutes  a  low-Q  resonant  circuit,  which  can  '—t— 

be  tested  by  pulse  excitation. 

Wirewound  computing  resistors  should  have 
noninductive  windings,  not  just  to  minimize  equivaIent  circuit  for  a 
the  parasitic  inductance  LR  but  also  to  reduce  wirewound  resistor, 
inductive  pickup  and  crosstalk  at  high 

frequencies.  For  noninductively  wound  wirewound  resistors,  the  values 
of  parasitic  inductance  LR  will  be  below  lOOR^  mH,  if  RDC  is  measured 
in  megohms.  For  RDC  >  25K,  the  effect  of  the  inductance  LR  is 
essentially  negligible  at  signal  frequencies  below  1  MHz,  in  which  case 


ZiAjoj) 


R 


DC 


j(oRDCCR  +  1 


(3-7) 


Typical  values  of  the  resistor  distributed  capacitance  CR  range 
between  1/2 RDC  and  AjRDC  pF,  if  RDC  is  measured  in  megohms. 
Resistor  distributed  capacitance  has  no  adverse  effect  in  properly 
designed  summing  amplifiers  at  computing  frequencies  up  to  1  MHz 
(Sec.  3-19).  In  integrators,  however,  errors  due  to  resistor  distributed 
capacitance  prevent  the  use  of  wirewound  resistors  greater  than  105 
ohms  at  about  100  Hz  (Sec.  3-20).11’12 

Fast  computing  circuits  employ  metal-film  resistors  with  practically 
negligible  inductances  (0.01  y<H)  and  distributed  capacitances  essentially 
independent  of  resistance;  0.5  pF  is  a  typical  end-to-end  capacitance  for  a 
i/2-\vatt  film  resistor.  Accurate  circuits  require  thin-film  resistors 
(evaporated  on  a  ceramic  substrate),  which  can  have  temperature 
coefficients  as  low  as  ±50  ppm/deg  C  ( — 70  to  +150  deg  C)  and 
stability  within  ±30  ppm/year.  Note  that  different  metal-film  resistors 
{especially  with  different  orders  of  magnitude  of  resistance )  will,  in 
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general,  have  different  positive  or  negative  temperature  coefficients. 
Selection  can  be  used  for  temperature  compensation  of  resistor  net¬ 
works.  Resistance  ratios  obtained  with  resistances  of  approximately 
similar  magnitude  can  track  within  1  ppm/deg  C  (0  to  60  deg  C). 
Thin-film  elements  are  also  recommended  for  variable-resistance 
trimmers. 

Thick-film  or  cermet  resistors  (metal  sprayed  on  a  ceramic  substrate) 
are  used  in  circuits  requiring  less  accuracy  (250  ppm/deg  C;  at  most 
0.1  percent  of  half-scale),  and  especially  in  hybrid  integrated  circuits. 
Complete  resistance  networks  can  be  either  evaporated  or  sprayed  on  a 
common  substrate  to  improve  temperature  tracking  and  to  reduce 
manufacturing  costs  (see  also  Sec.  5-7).  Carbon  film  has  a  relatively 
large  negative  temperature  coefficient  (up  to  500  ppm/deg  C)  and  is 
recommended  only  for  temperature  compensation. 

3-8.  Computing  Capacitors:  Stability.  The  nominal  capacitance 
value  for  a  given  capacitor  depends  somewhat  on  the  method  of  meas¬ 
urement  (Sec.  3-9).  Assuming  that  a  capacitance-measurement  method 
suitable  for  definition  of  computing  capacitances  is  agreed  on,  one  finds 
that  capacitance  values  not  only  vary  with  temperature  but  are  affected 
by  their  recent  history  with  respect  to  temperature  changes  and  mechani¬ 
cal  stresses.  Table  3-1  lists  temperature  coefficients  of  capacitance  for 


Table  3-1.  Properties  of  Dielectrics  Used  for  Computing  Capacitors 

(Typical  Values) 


Dielectric 

Dissipation  coefficient  D 
(at  10  Hz  and  25  deg  C) 

Insulation  resistance 
rDC  (megohms/yuF) 

Temperature  coeffi¬ 
cient  of  capacitance 

Mylar . 

8  x  10"4  to  14  x  10-4 

2  x10s  (20  deg  C) 
103  (100  deg  C) 

+  250  ppm/deg  C 
(20  to  80  deg  C; 
larger  at  high  and 
low  temperatures) 

Polystyrene . . . 

1.4  X  10-4  to  2  X  10-4 
(decreases  from  this 
figure  with  increasing 
frequency  up  to  about 
70  KHz,  then  increases 
again) 

2  X  106  (20  deg  C) 

2  x  105  (60  deg  C) 

—  50  to  —100  ppm / 
deg  C  (—60  to 
+  60  deg  C) 

Teflon  . 

0.7  x  10-4  to  1.2  x  10-4 

106  (0  deg  C) 

100  (160  deg  C) 

—250  ppm/deg  C 
(-60  to  +160 
deg  C) 

various  types  of  capacitors.  If  one  desires  to  maintain  nominal  capaci¬ 
tance  value  within  0.05  percent,  a  constant-temperature  oven,  main¬ 
tained  at  a  temperature  somewhat  above  room  temperature,  may  be 
required ;  a  fast-cycling  oven  will  stabilize  capacitor  temperatures  within 
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a  narrower  range  than  a  slow-cycling  oven.12  In  addition,  any  apprecia¬ 
ble  temperature  transient  will  necessitate  capacitor  readjustment  (tem¬ 
perature-retrace  error).1*  Retrace  accuracy  for  one  to  five  temperature 
cycles  between  — 71  and  +120  deg  C  can  be  within  0.03  percent  for 
high-quality  plastic-1 — :  capacitors,  with  a  maximum  capacitance  change 
below  0.1  percent.  -Adjustment  of  capacitors  located  in  an  oven  must 
be  made  without  temperature  transients  after  adjustment.  It  may  be 
best  to  locate  trimmer  capacitors  outside  the  capacitor  oven.  Ovens 
refrigerated  to  just  below  room  temperature  are  also  an  attractive  possi¬ 
bility. 

3-9.  Capacitor  Leakage  and  Dielectric  Absorption  (see  also  Secs.  3-20 
and  3-24).96  (a)  Resistive  Leakage.  The  effects  of  resistive  leakage 


C{  00) 


CEFF 


(o)  (Z>) 

Fig.  3-13.  Linear  capacitor  model  ( a )  and  nonlinear  model  ( b ).  For  a  typical  1-//F 
200-volt  polystyrene  computing  capacitor1344  C(oo)  =  1  jti F.  rDQ  =  106  M  with  the  rk ,  Ck 
combinations  60  pF,  2.65xl06M;  132pF,  1.21x105M;  204  pF,  7.80xl03M; 
216  pF,  737  M;  219  pF,  72.7  M;  234  pF,  6.80  M.  The  resulting  linear  model  is  valid 
between  0  and  100  Hz. 

shunting  a  computing  capacitance  can  be  reduced  completely  to  leakage 
in  the  capacitor  dielectric  proper  through  installation  of  grounded  con¬ 
ductors  surrounding  all  capacitance  terminations  (“insulation  with 
metal”;  see  also  Sec.  3-20).  The  remaining  leakage  resistance  rDC  in 
high-quality  polystyrene  capacitors  will  exceed  5  x  105  M/^F  at  100 
deg  F.*  The  time  constant  of  the  resulting  parallel  resistance-capaci¬ 
tance  combination  will,  then,  exceed  5  x  105  sec,  so  that  purely  resistive 
leakage  will  affect  computer  accuracy  noticeably  only  for  relatively  long 
computing  or  holding  times  or  low  frequencies  (see  also  Fig.  3-13). 

(b)  Dielectric  Absorption.  Capacitor  Models.  Unfortunately,  re¬ 
sistive  leakage  does  not  cause  the  only  energy  loss  in  capacitors.  Acti¬ 
vation-energy  thresholds  delay  the  dielectric  polarization  associated  with 
capacitor-voltage  changes  and  thus  cause  frequency-dependent  energy 
dissipation  commonly  referred  to  as  capacitor  dielectric  absorption. 
This  “relaxation”  effect  can  be  represented  to  a  good  approximation  by 
a  set  of  fixed  leakage  resistances  ru  r2,  .  .  .  ,  rn  respectively  in  series  with 

*  Leakage  tends  to  increase  with  temperature.  Where  capacitor  ovens  are  used,  their 
temperatures  should  not  greatly  exceed  room  temperature;  100  deg  F  is  a  reasonable  value. 
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small  capacitances  Cx,  C2, ...  ,Cn  (Dow’s  capacitor  model,  Fig.  3-13a); 
values  of  n  between  1  and  10  have  been  used.1013-18  The  capacitor 
impedance  operator  given  by  the  equivalent  circuit  of  Fig.  3-13a  can  still 
be  written  in  the  form  ZC(P )  =  l/C(P)P,  where  the  “capacitance”  C(P) 
is  no  longer  a  constant  but  an  operator 


C(P)  =  C(oo)  + 


1 


+  2 


c* 


f  DcP  k  1  1  " '  rkCkP 


(3-8) 


For  steady-state  sinusoidal  voltages  and  currents,  one  has  the  complex 
impedance  Zc( joj>)  =  l/jo)C(jco),  where  C(jco)  is  the  complex  capacitance 


C(jco)  =  C(co)  — 7 - 

j(orDC 


n 

+  2 


k= 1 


Cfc 

1  +  jcorkCk 


=  C(co ) 


1 


where 


jiorDC 
D(oj)  =  —  arg  C(jco)  = 


+  t  1  ,  fffk  C*  =  \C(j<o)\e-‘m“’ 

k=l  1  +  CO  tkL,k 

1  energy  loss  per  cycle 


2-tt  peak  energy  stored 


(3-9) 

(3-10) 


is  the  capacitor  dissipation  coefficient ,  which  measures  both  dielectric 
absorption  and  resistive  leakage.  In  properly  installed  polystyrene 
capacitors,  resistive  leakage  is  negligible  compared  with  dielectric  ab¬ 
sorption  above  0.001  Hz,  so  that  D(co)  is  essentially  identical  with  the 
coefficient  of  dielectic  absorption  at  higher  frequencies. 

One  may  also  write  the  admittance  Yc(j(o )  =  1  jZc(jco)  of  the  physical 
capacitor  as 

Yc(M  =  ^---r  ,  =jcoC(j(o)  =  — +  j(oCKFF(oj)  (3-11) 

zeV  J(0)  J<rA  a>) 


in  terms  of  the  real  but  frequency-dependent  resistance  RD  (to)  and 
capacitance  CEFF(<o)  of  an  equivalent  resistance-capacitance  shunt 
circuit  (Fig.  3-136),  where 

1  T  *  \  1  ^  N 

(/“)=  —  +  2  ,  +  ...vjCI 


C« 


so  that 


with 


0Eff(°->)  —  Re  C(j(o)  —  C(co)  +  2  p— - — 2.2Z2 

k=l  1  T"  O)  rkLk 


1 


D(oj)  =  —arg  C(joj)  = 

1 


(tiP  /)(  &>)  CEFF  ( to) 

_|_  2  (OI'lZ'k  Ck 


wr^C eFF(o>)  k=\  1  +  oPr\C\  Ceff(<o) 


(3-12) 


C(J(d)  —  Ceff(<*>)  +  Jffff  ~  CEFF(«>)[1  — jD(co )]  (3-13) 

1 


(3-14) 
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CeffC^)  is  the  “effective”  capacitance  actually  measured  by  bridge  or 
oscillator  test  circuits  with  sinusoidal  excitation  at  the  circular  frequency 
(o;  note  that  CEFf(^)  is  a  function  of  frequency.  For  all  high-quality 

capacitors,  2  Ck  <  C( oo),  so  that  CEffO)  C(oo)  varies  only  slightly 

with  frequency  (about  —0.02  percent  per  decade  of  frequency  increase 
for  polystyrene  between  0.1  and  100  Hz). 

With  suitably  chosen  parameters  C( oo),  rDC ,  Ck,  rk ,  Dow’s  capacitor 
model  matches  actual  phase-shift  measurements  very  accurately  (Fig. 
3-14).  For  practical  dielectrics,  one  finds  that  the  dissipation  coefficient 


O.OOI  O.OI  0.1  I  10  100 

Frequency,  Hz 

Fig.  3-14.  Capacitor  dielectric  absorption  vs.  frequency  for  polystyrene  and  Teflon 
capacitors.  ( From  Ref \  14.) 

D(co)  is  practically  constant  between  0.1  and  1,000  Hz.  Table  3-1  lists 
dissipation  coefficients  for  various  dielectrics;  dielectric  absorption  in 
actual  plastic  films  will  depend  mainly  on  the  dielectric  grains  and 
impurities  obtained  in  each  specific  manufacturing  process.15,18  Poly¬ 
styrene  capacitors  are  most  commonly  used  in  high-quality  electronic 
analog  computers.  Production  of  improved  polyethylene  and  Teflon 
films  is  still  experimental  but  holds  promise  for  the  future.  Mylar  is  a 
reasonable  substitute  for  polystyrene  in  low-cost  applications. 

(c)  Effects  of  Dielectric  Absorption.96  The  capacitor  model  of  Fig. 
3- F3 a  correctly  accounts  for  the  following  effects  of  dielectric  absorption 
in  physical  capacitors: 

1.  Sinusoidal  current  leads  voltage  by  tt/2  —  D(co)  radians,  as  com¬ 
pared  with  the  7r/2  lead  angle  of  ideal  capacitors. 

2.  An  initially  charged  and  discharged  capacitor  will  gradually 
recover  a  fraction  of  its  earlier  charge;  the  linear  model  reproduces 
this  effect  as  the  various  capacitor  charges  redistribute  themselves 
in  a  manner  depending  on  the  past  charging  history  (“ soakage ”  or 
memory  effect  of  dielectric  absorption). 
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3.  Results  of  accurate  capacitance  measurements  will  depend  on  the 
method  of  measurement.  In  particular,  the  results  of  bridge  and 
oscillator  measurements  depend  on  the  frequency  components  of 
the  test  signals  used  (see  also  Sec.  3-20) ;  and  capacitance  measure¬ 
ments  based  on  timed  charging  or  discharging  are  affected  by  the 
past  charging  history  of  the  capacitor  under  test.10 

For  purposes  of  analog  computation,  Single14  suggests  successive 
adjustment  of  three  similar  integrating  capacitors  in  an  accurately 
timed  computer  setup  for  d2x/dt2  —  —  w2x  (Fig.  1-4 d)  with  accurately 
known  computing  resistors;  w2  is  a  power  of  10  chosen  so  as  to  yield  a 
sinusoidal  frequency  (oj2ir  near  the  center  of  the  computer  working- 
frequency  range.  <o2  =  1  would  be  a  suitable  choice  for  a  “slow” 
electronic  analog  computer. 

THE  PARALLEL-FEEDBACK 
OPERATIONAL  AMPLIFIER 

3-10.  Introduction.  The  general  parallel-feedback  operational-ampli¬ 
fier  circuit  of  Fig.  3-15  is  usually  designed  with  the  aid  of  the  “ideal” 
performance  equation 


X0  =  -ZIP) 


(3-15) 


already  derived  in  Sec.  1-10  on  the  assumption  of  infinite  loop  gain. 
Here,  Z0,  Z1}  Z2,  .  .  .  ,  Zn  are  short-circuit  transfer  impedances  computed 
for  each  four-terminal  network  as  the  operational  ratio  between  input 
voltage  and  short-circuit  output  current,  as  in  Fig.  1-8;  expressions  for 
the  transfer  impedances  of  many  networks  are  available  in  published 
tables  like  Table  A-l. 

The  performance  equation  (15)  neglects  d-c  offset  and  noise  effects  and 
holds,  in  any  case,  exactly  only  if  the  feedback  loop  gain  is  sufficiently 
large  to  make  the  summing-point  voltage  EG  practically  negligible.  In 
this  case,  Eq.  (15)  follows  from  the  summing-point  node  equation.  It 
is  the  purpose  of  the  following  sections  to  derive  more  exact  perform¬ 
ance  equations,  which  will  permit  the  designer  to  estimate  errors  due  to 
the  use  of  Eq.  (15)  in  the  more  realistic  case  of  finite  loop  gain.  The 
effect  of  the  output  load  on  the  loop  gain  will  also  be  investigated.  In 
addition,  Secs.  3-15  and  3-16,  respectively,  treat  d-c  offset  and  noise 
effects  and  the  effects  of  gain  changes  and  distortion.  Errors  due  to 
parasitic  impedances  in  the  computing  networks  are  discussed  in 
Secs.  3-18  to  3-21. 

3-11.  Operational-amplifier  Performance  with  Finite  Gain  and 
Loading.19  Since  any  output  due  to  d-c  offset  and  noise  in  Fig.  3- 15a 
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will  be  simply  added  to  the  output  due  to  the  given  input  voltages 
X1}  X2,  .  .  .  ,  Xn,  we  can  leave  a  discussion  of  these  effects  safely 
for  Sec.  3-15  and  start  by  neglecting  the  oflfset/noise  voltage  Ed  and 
current  id.  This  results  in  the  simplified  equivalent  circuit  of  Fig. 
3-156,  while  Fig.  3-1 5c  includes  sources  introducing  Ed  and  id.  Refer¬ 
ring  to  Fig.  3-156,  elimination  of  all  node  voltages  except  for  Xu 
X 2 ,  ...  ,  xn,  Eg,  and  X0  will  yield  the  node  equations  for  the  summing 
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point  and  for  the  output  terminal  in  the  respective  forms 

Eg  =  v.i(P)Xi  +  a2(  P)X2  +  •••  +  a  n(P)Xn  +  p(P)X0  (3-16) 
and  =  aI(P)A'(P)Eo  +  aT(P)EG  =  A(P)EG  (3-lla) 

where  A'(P )  is  the  open-loop/open-circuit  gain  of  the  amplifier  used,  and 

A=A\a,+x)  (3-176) 


Combination  of  Eqs.  (16)  and  (17)  yields  the  exact  performance 
equation 


^0  = 


Aft  CC^Xi  +  <X2X2  +  *  *  *  +  an-^n 
T^Tp  p 


(3-18) 


or,  since  Eqs.  (15)  and  (18)  must  agree  as  \A'{jo))\  — >  oo  with  aTp  ^  0, 

*ll  «> 


In  practice,  the  transfer  impedances  Z0,  Zx,  Z2,  .  .  .  ,  Z„  can  be  found 
in  published  tables  (Table  A-l).  The  transfer  operators  ft,  aT,  and  aT 
must  be  obtained  for  each  specific  operational  amplifier  from  the  explicit 
node  equations  (16),  (17).  /?,  az,  and  aT  admit  an  intuitively  suggestive 

interpretation : 

P  is  the  feedback  ratio  (output  terminal  to  summing  point),  so  that 
Ap  is  the  loop  gain  of  the  operational  amplifier. 

aI  is  the  attenuation  of  the  open-circuit  forward  gain  A'  due  to 
amplifier  loading  by  computing  networks  and  load  («7  =  1 
if  Zj  =  0). 

aT  is  the  “feedforward”  transfer  function  from  summing  point  to 
output;  aT/A'  measures  an  undesirable  lack  of  isolation  between 
inputs  and  output. 

In  certain  transistor  amplifiers,  the  output  voltage  X0  is  proportional  to  the  current  into 
Z0,  and  Za  is  small  compared  with  the  computing  impedances.  In  this  case.  A'  =  K/Za, 
P  bZ0,  and  A' ft  Kb  is  practically  independent  of  Z0  (current  amplifier). 

3-12.  Error  Calculations.  The  exact  performance  equation  (19)  per¬ 
mits  convenient  separation  and  estimation  of  the  error  or  difference 


e  = 


1 


1  -  Ap 


:°{tX  k  +  " ' M  t)  (3-20) 


between  the  actual  amplifier  output  (19)  and  the  output  predicted  by  the 
approximate  performance  equation  (15),  which  is  commonly  used  to 
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design  the  amplifier  circuit.  Substitution  of  jco  for  P  in  Eq.  (19)  yields 
the  phase  error  d(oo)  for  steady-state  sinusoidal  inputs  at  the  circular 
frequency  co: 

<5(co)  =  arg  -  =  — arg(l  -  —j  radians  (3-21) 


for  the  usual  large  values  of  \A\  =  \A(jio)\  and  \Ap\ 
one  has 


AP  °\Z1fZ2+  +  Zn) 


\A(j(o)P{jm)\, 


(3-22) 


and  the  absolute  percentage  dynamic  error  |e(co)|  for  steady-state 
sinusoidal  inputs  may  be  estimated  from 


|e(co)|  fin 


100  \A(J(o)P(J(o)\ 


(3-23) 


Equations  (19)  to  (23)  specify  the  error  arising  from  the  use  of  the 
simplified  design  equation  (15)  in  the  face  of  finite  gain  and  amplifier 
loading.  Equation  (20)  or  (23)  may  be  used  to  define  the  working  fre¬ 
quency  range  of  the  operational  amplifier  for  a  given  percentage  error 
|e(co)|.  Near  the  limits  of  the  working  frequency  range,  |<r(co)|  is  often 
numerically  practically  equal  to  100|<5(co)|;  i.e.,  most  of  the  dynamic 
error  is  due  to  phase  shift  (see  also  Secs.  3-1,  3-6,  3-19,  and  3-20). 

Quite  frequently,  \aTjA'\  can  be  neglected  compared  with  ax,  so  that 
the  steady-state  absolute  fractional  dynamic  error  100|e(co)|  is  simply  the 
reciprocal  of  the  absolute  loop  gain  \A'aIfi\  and  can  be  studied  very  con¬ 
veniently  by  means  of  the  open-loop  Bode  plot  for  the  operational 
amplifier  (see  also  Secs.  3-19  and  3-20). 

3-13.  Effect  of  Amplifier  Internal  Impedance  and  Loading.  The 

equivalent-generator  impedance  (source  impedance)  ZS(P)  of  the 
operational  amplifier,  as  seen  by  the  load,  is  given  by 


Xn  = 


Zs  +  Z, 


*0 


(3-24) 


where  X0  is  given  by  Eq.  (19),  and  X0  is  the  same  expression  with  ZL  = 
oo  (no-load  output  voltage).  Equations  (19)  and  (24)  yield 


(Xo  ,\y  ( 

i  -  lM/s  .) 

I*,  -  X)Zl  =  \ 

1  -  1  fAP  ) 

(3-25) 


where  barred  terms  refer  to  the  no-load  condition  ( ZL  =  co).  Intro¬ 
ducing  Eq.  (176)  and  neglecting  terms  of  higher  order  in  l [A’,  one  finds 

1/1  1 
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where 


a  i  = 


zTz, 


ZjZj?  +  ZLZ,  +  Z{ZB 


a  i  = 


' F 


Z/+Z. 


F 


if  ZF  is  the  load  due  to  the  feedback  network.  It  follows  that 


ZS  fit! 


Z, 

A'fi 


(3-26) 


3-14.  Operational  Amplifiers  with  Two-terminal  Computing  Im¬ 
pedances.  Input-source  Loading,  (a)  In  the  important  special  case  of 
operational  amplifiers  with  simple  two-terminal  computing  imped¬ 
ances  Z0,  Zly  Z2, .  .  .  ,  Zn  (Fig.  1-156),  the  transfer  impedances  are 
ordinary  impedances.  The  summing-point  node  equation  (16)  becomes 


~  (E„  -  X„)  +  1(E0-  X ,)  +  L(Ea-  Xt)  + 

Z/0  Z^\  Zj  2 


+  3-  (E0  -  Xn)  +  Ec  =  0  (3-27) 

and  the  output-terminal  node  equation  (17)  is  now 

i-  (*„  -  £0)  +  ^  -  ^'£0)  +  ^  =  0  (3-28) 

Zjj  Z.JT 


By  comparison  of  Eqs.  (16),  (17),  and  (27),  (28),  it  follows  that 


a. 


aT  — 


z0lz0  +  zx  +  z2  +  ' 

”  +z 

•^1 

Z,ZL 

zB 

Z/Z0  +  Z{ZL  +  Z0Zz 

Z1 

Z!Zl 

ZB 

ZiZ,  +  Z{ZL  +  z^zL 

1 

oN| 

(3-29) 


Zs  = 


(1  -  A'flZ,  +  (1  -  f)Z, 


-  if  \A'(Jo>)fi(Jai)\  >  1 

(3-30) 


where  ZA  is  the  combined  parallel  impedance  of  all  branches  terminating 
at  the  summing  point  (Z0,  Zx,  Z2, .  .  . ,  Z„,  and  ZG),  and  ZB  is  the  com¬ 
bined  parallel  impedance  of  the  branches  terminating  at  the  output 
terminal  (Z0,  Z7,  and  Zx).  The  expressions  (29)  and  (30)  must  be 
substituted  into  the  design  equations  (19)  to  (26). 

(b)  Input-source  Loading.  If  Zx  (but  not  necessarily  Z0,  Z2,  Z3, 
.  .  .  ,  Z„)  is  a  two-terminal  impedance,  then  the  source  of  the  input 
voltage  Xx  sees  the  impedance  Zx  grounded  in  series  with  the  voltage 


67 


EFFECTS  OF  D-C  OFFSETS  AND  NOISE 


3-15 


Eg  =  XJA,  or  an  equivalent  input  impedance 

Zi 


Z[  =  - 


1  — 


P  Z0 


1  -ApZ1 


grounded  in  series  with  the  voltage 


P 


1  -  Ap 


^  IX,  X,  Xn\ 

\Zj<>  Zj 3  Zn/ 


(3-31) 


For  sinusoidal  components  such  that  \A(jco)(3(jio)\  >  1,  the  Xx  source 
sees  essentially  the  grounded  impedance  Zx;  the  summing  point  of  a 
high-gain  parallel-feedback  operational  amplifier  acts  as  a  “virtual 
ground”  which  effectively  isolates  each  input  from  all  others  and  from 
the  amplifier  output. 


3-15.  Effects  of  D-c  Offsets  and  Noise.  In  Fig.  3-1 5a,  the  voltage 
Ed  represents  the  combined  effect  of  d-c  unbalance  due  to  initial  un¬ 
balance  or  drift  and/or  noise  due  to  vacuum  tubes,  transistors,  resistors, 
choppers,  and  stray  pickup,  all  referred  to  the  amplifier  input.  The 
current  id  represents  similar  effects  described  in  terms  of  currents  into  the 
amplifier  summing  point;  id  is  mainly  direct  offset  current  due  to  grid  or 
base  current  in  the  amplifier  input  stage,  and  leakage  from  various 
terminals  into  the  summing  point.  The  latter  effect  can  be  eliminated 
by  grounded  conductors  surrounding  all  summing-point  terminations 
(see  also  Sec.  7- 4a). 

The  effects  of  Ed  and  id  must  be  added  to  the  output  (19)  computed  in 
Sec.  3-1 1.  Referring  to  the  equivalent  circuit  of  Fig.  3-15c,  we  repeat 
the  analysis  of  Sec.  3-1 1  to  find  that  Eq.  (19)  for  the  amplifier  output 
voltage  is  now  replaced  by 


Z0 


1 

i  -  Ap 


ajA' 

1  -  Ap 


Ed  + 


Ap 

1  -  Ap 


XqIcL 


(3-32) 


By  virtue  of  the  superposition  principle,  the  absolute  error  due  to  Ed 
and  id,  viz., 


— 


ajA' 

1  -  Ap 


Ed  + 


AP 


1  -  Ap 


Z0id 


(3-33) 


is  simply  added  to  the  error  (20)  due  to  finite  gain  and  loading.  For  d-c 
offset,  and  for  low-frequency  noise,  one  has  usually  \A(J(o)P(Jo))\  >  1, 
ajA1  &  A,  so  that 


ed 


Z(/d 


(3-34) 


3-19 


COMPUTER  ACCURACY 


68 


3-16.  Effects  of  Gain  Changes  and  Distortion.  The  inverse  feedback 
inherent  in  the  operational-amplifier  circuit  helps  to  reduce  the  effects  of 
gain  changes  in  the  d-c  amplifier  on  the  output  voltage  X0;  the  range  of 
permissible  gain  changes  may  be  investigated  with  the  aid  of  Eqs.  (19) 
and  (22). 

For  pure  sinusoidal  voltages,  the  fractional  effect  of  a  steady-state 
gain  change  dA(j(o)  on  the  output  amplitude  is  reduced  in  the  ratio 
1 :  1 1  —  A(jo))f>(jfo)\.  A  similar  reduction  applies  to  the  fractional 
amplitude  of  each  separate  sinusoidal  distortion  and  intermodulation 
component  originating  in  the  d-c  amplifier,  but  the  effect  of  feedback  on 
the  total  distortion  error  depends  on  the  vector  sum  of  the  distortion 
components  and  is  not  so  easily  computed. 

3-17.  Summary  of  Error  Analysis.  The  analysis  of  Secs.  3-10  to  3-16 
indicates  that,  with  ideal  network  components,  all  operational-amplifier 
errors  other  than  d-c  offset  are,  for  all  practical  purposes,  inversely  pro¬ 
portional  to  the  absolute  feedback  loop  gain  \A(jco)f}(ja))\.  With 
modern  high-gain  low-offset  d-c  amplifiers,  computing  accuracy  is 
therefore  limited  essentially  by  calibration  errors  and  by  parasitic- 
impedance  effects,  which  will  be  further  investigated  in  Secs.  3-18  to 
3-20. 

An  additional  consideration  is  the  accumulation  of  errors  due  to  phase 
shift,  distortion,  d-c  offset,  and  noise  in  cascaded  strings  or  loops  of 
operational  amplifiers.  As  a  rough  general  rule,  one  obtains  the  best 
results  by  keeping  the  absolute  loop  gains  \A(Jco)p(jco)\  (and  hence  the 
closed-loop  forward  gains,  assuming  similar  d-c  amplifiers)  of  the 
various  amplifiers  approximately  equal  near  the  most  typical  working 
frequencies. 


DESIGN  OF  PHASE  INVERTERS,  SUMMING 
AMPLIFIERS,  AND  INTEGRATORS 

3-18.  Introduction.  The  design  of  specific  operational  amplifiers  such 
as  summers  or  integrators  requires  us  to  combine  the  design  criteria  of 
Secs.  3-10  to  3-17  with  due  consideration  of  parasitic  impedances  in 
physical  networks  (Secs.  3-7  to  3-9).  The  designer  is,  furthermore,  con¬ 
strained  by  system  considerations,  such  as  amplifier  power  and  poten¬ 
tiometer  loading  (Sec.  3-24). 


3-19.  Design  of  Phase  Inverters  and  Summing  Amplifiers,  (a)  Static 
Accuracy.  For  a  phase  inverter  or  summing  amplifier  (Fig.  3-16),  the 
d-c  feedback  ratio  is 


*0  |  |  .  *0 
R .  K  Rg 


l 

< - 

a  +  1 


(3-35) 
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where  a  is  simply  the  absolute  phase-inverter  gain,  or  the  total  absolute 
summer  gain  (phase-inverter  gain  with  all  summer  inputs  connected 
together)  at  d-c.  Referring  to  Eq.  (20),  we  see  that  absolute  static 
accuracy  within  e  percent  requires  a  d-c  gain  M(0)|  exceeding 

M(0)Imin  =  (ft  +  1)  ^ —  —  1^  —  ( a  +  1)  (3-36) 

in  addition  to  correspondingly  accurate  matching  of  the  resistance  ratios 
Ro/Ri  and  low  amplifier  drift.  Modern  chopper-stabilized  d-c  amplifiers 


Fig.  3-16.  Phase-inverting  amplifier  ( a )  and  summing  amplifier  ( b ). 


*0 


exceed  the  low-frequency  gain  requirement  (36)  by  a  wide  margin  and 
have  very  low  drift  (Sec.  3-36).  The  static  accuracy  of  phase  inverters 
and  summers  in  general-purpose  analog  computers  is,  then,  essentially 
determined  by  resistance-ratio  accuracy. 

EXAMPLE:  For  absolute  static  accuracy  within  0.01  percent,  a  summing  amplifier  with 
1,  1,  1,  10,  10,  10  inputs  ( a  =  33)  requires  a  d-c  gain  |/1(0)|  >  34  X  101.  |/1(0)|  >  107 

and  d-c  offset  below  100  pW  (i.e.,  3.4  mV  at  the  amplifier  output.  Sec.  3-15)  are  easy  to 
obtain. 

(b)  Dynamic  Accuracy  and  Phase-equalizing  Capacitors.  Figure 
3-1  la  shows  the  open-loop  frequency  response  of  a  typical  computer  d-c 
amplifier  (see  also  Sec.  3-31).  Although  the  newer  amplifiers  maintain 
open-loop  gains  \A(jco)\  above  1,000  well  beyond  10  KHz  (Secs.  3-31  and 
3-35),  phase  shift  due  to  the  parasitic  capacitances  Cc„  C0,  Cx,  C2,  .  .  .  ,  Cn 
indicated  in  Fig.  3-16  affects  phase-inverter  or  summer  accuracy  at  much 
lower  frequencies.  In  the  following,  we  can  restrict  explicit  analysis  to 
the*case  of  the  phase  inverter,  since  the  summing-amplifier  performance 
will  be,  essentially,  that  of  a  phase  inverter  with  the  input  resistance 

(k +  k  +  ’ ' ' + 

paralleled  by  the  capacitance  Cx  +  C2  +  •  •  •  +  Cn. 
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Fig.  3-17tf.  Open-loop  frequency  response  of  a  computer  d-c  amplifier.  In  the  low- 
frequency  region,  stabilizer-channel  filters  and  rolloff  networks  shape  a  more  or  less 
conservative  amplitude  and  phase  response.  In  the  intermediate-frequency  region, 
rolloff  networks  and/or  feedforward  circuits  reduce  slope  and  phase  shift.  Circuit  and 
load  capacitances  cause  the  response  to  drop  sharply  after  unity  gain  (0  db)  is  reached 
(see  also  Sec.  3-34). 
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Fig.  3-17Z>.  Unity-gain  phase-inverter  response  with  and  without  phase-compensating 
capacitors.  ( University  of  Arizona .) 
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Fi".  3-17c.  Modern  fast  summers  and  phase  inverters  substitute  T-network  equalization 
for  the  shunt  capacitors  in  Fig.  3-176.  The  T  circuit  is  cheaper,  easier  to  adjust,  and 
eliminates  the  extra  capacitive  load  on  preceding  amplifiers.  Capacitors  are  usually 
selected  by  trial  and  error.  (University  of  Arizona,  Ref.  65.) 


Referring  to  Fig.  3-16,  we  write  the  amplifier  open-loop  gain  as 

:  'F—'  (3-37) 

1  +j6a(g>) 

where  A0  is  the  absolute  d-c  gain ;  d 4(a>)  is,  in  general,  complex,  but  most 
frequently  real  and  approximately  proportional  to  co  over  a  wide 
frequency  range  (Fig.  3-\la).  The  shunt  capacitance  CG  is  due  to 
wiring  and  interelectrode  capacitances,  including  Miller  effect  (Refs.  34 
and  36).  Ci  and  C0  are  resistor  capacitances  (Sec.  3-7)  combined  with 
added  equalizing  capacitances. 

Figure  3-16  yields  the  phase-inverter  (or  summer)  frequency  response 


£o 

with  /S  (j)  = 


Rp  jcoR1C1-\- 1 
jojR0C0  +  1 


1  -  A(Jm)P(ja))J 


1 


jcoRpCp  +  1 


RJR' + 1  jm  rrm (Co  +  Ci  +  Co)  + 1 


(3-38a) 


(3-38  b) 


either  directly  or  by  reference  to  Sec.  3-14.  The  desired  response  is 
—RpjRi.  We  expand  Eq.  (38)  with  the  aid  of  the  relation 


1  +  A 

1  + 


=  (1  +  A)(l  —  n  +  /n2  T  •  •  0  (l/*l  <  1)  (3-39) 


At  frequencies  sufficiently  low  for  us  to  neglect  higher-order  terms, 

$  »  -  TT  {>  +  ^RoCo(RtC,  -  RoCo)  -  7-d2  +  l) 

Xl  Rl  {  A0  \Rl  > 

R0 


+  7°° 


R1C1  —  RpCp  -j — - — —  (RpCp  R\ C\  R\Cq ) 


ApR\ 


-a,*') 


(oA0  . 


(3-40) 
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This  analysis  yields  important  and  practical  design  information: 

1.  Dynamic  as  well  as  static  errors  increase  with  the  closed-loop  gain 
a  =  Ro/Rx.  This  applies,  in  particular,  to  the  output  amplifiers  of 
electronic  function  generators  and  multipliers. 

2.  We  can  often  extend  phase-inverter  or  summer  frequency  response  by 
at  least  a  decade  if  we  pad  the  resistor  shunt  capacitances  C0,  Cx  so  as 
to  cancel  error  terms  in  Eq.  (40)  (Fig.  3-17). 

We  shall  try  to  make  RXCX  slightly  larger  than  R0C0  to  partially  compen¬ 
sate  the  effects  of  CQ  and  d A((d).  R\Ci  —  7?0C0  is  reduced  to  the  order  of 
magnitude  of  1  jA0,  so  that  Eq.  (40)  is  replaced  by 


The  corresponding  phase  error  is 

3sO)  =  arg  (-  fj  «  «(r,C,  -  R„C,  -  Iff) 

+  (3-416) 

where  ds  >  0  signifies  phase  lead. 

Padding  of  C0,  Cx  can  benefit  older  existing  computers  as  well  as  new 
designs.13,14  In  general,  both  C0  and  Cx  must  be  increased ;  note  that  the 
resulting  pole-zero  cancellation  in  the  feedback  ratio  (386)  also  benefits 
amplifier  stability  (Sec.  3-34)  and  may  thus  permit  increased  gain. 
Single13,14  recommends  about  40  pF  shunt  capacitance  for  1M  resistors 
in  “slow”  analog  computers.  The  corresponding  400  pF  shunt  capaci¬ 
tance  for  100K  resistors  is  already  a  rather  uncomfortable  load  on  pre¬ 
ceding  amplifiers  and  especially  on  coefficient-setting  potentiometers 
(Sec.  3-6).  In  wideband  computing  amplifiers  operating  above  1  KHz, 
frequency  response  depends  so  critically  on  shunt-capacitance  adjust¬ 
ments  that  individual  trimmer  capacitors  and/or  (preferably)  lower  com¬ 
puting-resistance  values  are  a  practical  necessity.  Resistances  in  series 
with  Ci  and  C0  can  be  useful  for  “stopping”  the  capacitive  loading  at 
high  frequencies.  Such  frequency-dependent  loads,  however,  cannot 
usually  be  connected  to  coefficient-setting  potentiometers. 

3-20.  Electronic  Integrators:  Effects  of  Finite  Gain,  Loading,  and 
Parasitic  Impedances  on  the  Integrator  Frequency  Response.  Figure 
3-1 8a  shows  an  electronic-integrator  model  without  many  of  the 


Fig.  3-18a.  Electronic  integrator  with  finite  gain,  loading,  parasitic  impedances,  and  d-c 
offset. 


Cr\  C  rz 


Fig.  3-186.  A  simple  way  to  reduce  integrator  phase  error  due  to  the  parasitic  capacitance 
Cj i  is  to  use  a  series  combination  of  two  or  three  metal-film  resistors  for  R.  For  more 
precise  phase  compensation,  a  trimmer  CT  is  added;  CR2  is  of  the  same  order  of  magnitude 
as  CR1  (typically  0.5  to  2  pF),  so  that  O.OSi^C^a  RCri. 
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Fig.  3-18c.  Compensation  of  capacitor  dielectric  absorption  in  an  accurate  integrator 
RC  feedback  circuits  with  time  constants  equal  to  those  of  the  Dow  capacitor  model 
(Fig.  3-13 a)  are  driven  by  an  inexpensive  inverter.  Attenuation  in  the  inverter  circuit 
permits  one  to  use  more  convenient  resistance  and  capacitance  values.  The  effective 
dielectric  absorption  can  be  reduced  by  a  factor  of  at  least  10.  (C.  H .  Sing  c.  ) 
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idealizing  assumptions  made  in  Sec.  1-2: 


1.  A  suitably  given  expression  for  the  amplifier  gain  A  =  A(P )  will 
account  for  effects  of finite  gain  and  can  be  written  in  the  form  (37) 
to  account  for  the  effect  of  the  amplifier  load. 

2.  The  “capacitance”  C  =  C(P )  is  not  a  constant,  but  is  given  by  the 
capacitor  model  of  Sec.  3-9  as 


or 


C(P)  =  c(co)  +  A—  +  I 

rT)C*  *=l 

C(joS)  =  CEFF(o>)  +  .  J  . 

J  j(oRd{co) 


1  +  rkCkP 
=  CeFF(<*>)[1 


(3-42a) 


-jD(oj)] 

(3-42  b) 


to  account  for  both  resistive  leakage  and  dielectric  absorption. 

3.  The  distributed  capacitance  CR  of  the  integrating  resistor  and  the 
summing-point  capacitance  CG  are  explicitly  included.  Resistor 
inductance  can  safely  be  neglected  below  200  KHz  (Sec.  3-7). 


The  purely  additive  effects  of  d-c  offset  and  noise  (Ed  and  id  in  Fig. 
3-1 8a)  will  again  be  considered  separately  (Sec.  3-21).  And,  as  in  Sec. 
3-19,  our  frequency-response  analysis  also  applies  to  summing  integra¬ 
tors  (Sec.  1-10)  if  R  is  regarded  as  the  parallel  combination  of  all 
summing  resistors,  and  CR  is  the  sum  of  their  shunt  capacitances. 

For  Ed  =  id  =  0,  Fig.  3-18a  yields  the  summing-point  node  equation 


+  CRP 


"  1 
Jm 


+  W)X°  +  c(p)p 


IA(P) 


—  x2  =  0  (3-43) 


and  hence  the  integrator  performance  equation 


Y  _ _ +  1 _ 

0  RC(P)P  -  [ RP/A(P)][C(P )  +  CG  +  CR]  -  [1  /A(P)]  Al 

(3-44  a) 

We  can  substitute  the  proper  expressions  for  C(P )  and  A(P)  into  this 
equation  to  compare  our  integrator  performance  with  ideal  integration 
(X0  =  const  /P). 

For  steady-state  sinusoidal  signals,  we  introduce 
C(jco)  =  CEFF(co)  [1  — jD(o))] 
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where  CEFF(cy)  is  the  “effective”  or  “nominal”  integrating  capacitance 
measured  with  sinusoidal  signals  at  the  circular  frequency  <x>.  Substitu¬ 
tion  of  jco  for  P  in  Eq.  (44a)  yields  the  integrator  frequency-response 
function 


2 


1 


yco7?CEFF 


ja>RCR  +  1 


1  -JD(co) 


A(ja> ) 


1  —jD(co)  + 


Cq  +  c 


I{ 


c 


+ 


(3-446) 


EFF 


jioRC 


EFF- 


which  must  be  compared  with  the  frequency  response  —  1  lja>RCEFF  of 
an  ideal  integrator  whose  capacitance  equals  the  “effective”  capacitance 
CEFF  =  CEFF(a>)  at  the  frequency  in  question.  At  this  point,  it  is  again 
expedient  to  write  the  amplifier  again  A(jco)  in  the  form  (37).  For 
reasonably  small  errors,  we  can  now  expand  the  frequency-response 
function  (446)  with  the  aid  of  the  relation  (39)  and  find 


£o 
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l'+J 

i 

jcoRCEFF 

jx>A  qRC^yf 

hi 
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1 

A  o  \ 
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)  —  jD(co)  +jdA(co)  R 


coRC 
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c 
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(3-45) 


The  terms  obtained  from  the  last  bracket  can  be  conservatively  neglected 
compared  with  the  other  error  terms  in  Eq.  (45)  for  essentially  every 
practical  integrator  circuit;  this  fact  should  be  checked  in  each  par¬ 
ticular  case  (Sec.  3-24).  The  frequency  response  of  a  practical  electronic 
integrator  is,  then,  given  by 


£o 


7  WT  (l  j 

j  coRC^yf  ' 


1 


_coA  qRCeff 


+  D(co) 


-f-  (joRCr  — ■ 


(3-46) 


throughout  the  integrator  working  frequency  range.  The  resulting 
integrator  phase  error  is 


Xa 


=  arg  y  - 
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(phase  lead  for  8j  >  0),  and  the  absolute  percentage  error  for  sinusoidal 
components  at  the  circular  frequency  a>  is  |£7(co)|  =  100|<57(co)|  (see  also 
Sec.  3-2).  The  error  in  Eq.  (46)  is  seen  to  be  a  sum  of  terms  respectively 
due  to  finite  amplifier  gain  (at  d-c  or  at  the  computer  repetition  rate), 
capacitor  leakage  and  dielectric  absorption ,  distributed  capacitance  of  the 
integrating  resistor,  and  amplifier  high-frequency  bandwidth  limitations . 

In  practice,  CG/CEVF  is  small  for  all  but  very  fast  integrators.  The 
capacitor  dissipation  coefficient  D(«>)  is  usually  almost  constant  except 
at  very  low  frequencies,  where  it  is  given  by  \f(orDCC{cd)  (Sec.  3-9). 
The  phase  shift  due  to  CR  precludes  the  use  of  1M  integrating  resistors 
above  about  50  Hz.  Figure  3-186  and  c  show  possible  compensation 
schemes.96  Table  3-2  illustrates  the  relative  importance  of  the  various 
error  sources  with  two  numerical  examples. 

3-21.  Electronic  Integrators:  Errors  Due  to  Calibration,  D-c  Offset, 
and  Noise.  In  addition  to  the  dynamic  errors  discussed  in  Sec.  3-20, 
integrators  exhibit  a  constant-percentage  calibration  error  mainly  due  to 
changes  in  the  effective  capacitance  CEFF  with  temperature  (and  also 
with  frequency,  Secs.  3-8  and  3-9).  Finally,  d-c  offset  voltage  and/or 
current  (Fig.  3- 18a)  produce  an  additive  error  output 

=  ~pr,^d  (3-48) 


Table  3-2.  Examples  of  Error  Sources  in  Electronic  Integration 

(Secs.  3-20  and  3-21.)  For  comparison  purposes  note  that  unity-gain  phase-inverter  errors 
are  usually  readily  made  less  than  integrator  errors  (Sec.  3-19),  while  errors  due  to  potentiom¬ 
eter  phase  shift  might  exceed  the  figures  quoted  for  IOOoeKQ,  percent  by  a  factor  of  10 
without  careful  phase  compensation  (Sec.  3-6). 


Source 

A  typical  “slow” 
integrator 

A  low-cost  repetitive- 
computer  integrator 

A  high-quality 
wideband  integrator 

Half-scale . 

Calibration  error . 

C,R . 

AQ,8A(a>) . 

D . 

CR . 

c* . 

Ed>  U . 

10  or  100  volts 

0.025  percent 

1  ptF,  1M 

107,  lOto 

2  X  10-4 

4  pF 

500  pF 

50  piV 

10  or  100  volts 

0.5  percent 

0.001  pi F,  50K 

104,  co / 100 
<10~3 

2  pF 

20  to  100  pF 

200  fiV,  20  nA* 

10  volts 

0.3  percent 

0.005  /uF,  2K 

106,  co/ 100 
<10“3 

1  pF 

20  to  50  pF 

100  piV,  10  nA* 

Frequency . 

0.01  Hzf  |  100  Hz 

100  Hzt 

10  KHz 

1  KHzf 

100  KHz 

100  , 

— — —  (percent) . 

wAqRC 

<5yl(a>)  , 

— 100  - -  (percent). . . 

A  0 

100D  (percent) . 

lOOcojRCg  (percent) . 

r  (per  cycle) . 

r  (per  cycle) . 

1.6  X  10"4 

-6.3  X  10“6 

2  X  10"  2 

2.5  X  10~5 

5  mV 

0 

1.6  X  10“8 

-6.3  X  10~2 

2  X  lO-2 

0.25 

0.5  ptV 

0 

3.2  X  10"2 

-6.3  X  1(T2 

<0.1 

6.3  X  10“ 2 

4  mV 

200  mV 

3.2  X  10-4 

-6.3 

<0.1 

0.63 

40  piV 

2  mV 

1.6  X  10“3 

—  6.3  X  10-3 

<0.1 

1.25  X  10“3 

10  mV 

2  mV 

1.6  X  10“5 

-0.63 

<0.1 

0.125 

100  ^V 

20  pi  V 

*  From  electronic  switch  and/or  transistor  amplifier. 

t  One  cycle  at  this  frequency  is  one  typical  computer  run  with  the  R ,  C  values  quoted. 
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where  r  is  the  computing  time.  Effects  of  high-frequency  noise  are 
largely  “integrated  out.” 

For  modern  high-quality  d-c  amplifiers,  Ed  will  be  between  10  and 
100  //V,  while  id  is  of  the  order  of  nanoamperes  even  in  the  case  of 
transistor  amplifiers  (Sec.  3-33).  The  integrator  drift  error  (48)  is,  then, 
usually  appreciable  only  in  instrumentation  applications  requiring  long 
integration  times;  in  general-purpose  analog  computers,  integrator 
accuracy  is  most  frequently  limited  by  capacitance  calibration  and 
dielectric  absorption  (see  also  Table  3-2). 


ERRORS  IN  SOLUTIONS  OF  LINEAR 
DIFFERENTIAL  EQUATIONS  WITH 
CONSTANT  COEFFICIENTS. 

SYSTEM-DESIGN  CONSIDERATIONS 

3-22.  Introduction.  Consider  a  set  of  potentiometers,  summer/phase 
inverters,  integrators,  and/or  more  general  operational  amplifiers  inter¬ 
connected  to  solve  a  linear  homogeneous  differential  equation  with  con¬ 
stant  coefficients, 

F{P)  Y  =  {anPn  +  a^P^  +  ■  ■  ■  +  a0)  Y  =  0  (P  =  £)  (3-49) 

To  assess  the  effects  of  errors  in  the  various  computing  elements,  we 
replace  their  idealized  performance  equations  by  the  corresponding 
more  realistic  relations  from  Secs.  3-6,  3-11,  3-19,  and  3-20.  The 
analog-computer  setup  will,  then,  implement  a  linear  differential  equa¬ 
tion 

F(P)  Y  =  (^P*  +  a^P*-1  +  •  •  •  +  a0)  Y  =  0  (e  s  (3-50) 

different  from  the  desired  given  differential  equation  (49)  and,  in  general, 
of  higher  order  than  the  given  equation  (n  >  n).  In  particular,  the  n 
roots  Ji,  s2,  .  .  .  ,  sn  of  the  characteristic  equation 

F(s )  =  ansn  +  +  •  •  •  +  a0  =  0  (3-51) 

which  determine  the  normal  modes  of  the  correct  solution  Y  =  T(r)  are 
replaced  by  the  h  roots  su  s2,  ...  ,sn  of  the  new  characteristic  equation 

F(s)  =  +  a^s*-1  +  •  •  •  +  d0  =  0  (3-52) 

associated  with  the  actual  computer  setup.  Small  phase  and  amplitude 
errors  in  the  various  linear  computing  elements  tend  to  produce  a  two¬ 
fold  effect : 

1 .  n  of  n  roots  of  Eq.  (52),  say  su  s2,  ,  sn,  will  correspond  to  the  n 

correct  roots  su  s2,  .  . . ,  sn,  but  will  be  slightly  shifted;  this 
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expresses  errors  in  the  corresponding  normal  modes  of  the 
computer  solution  Y  =  F(r). 

2.  The  n  —  n  remaining  roots  5„+1,  sn+2,  .  .  .  ,  sn  represent  spurious 
modes  due  to  parasitic  energy-storage  elements  and  have  no 
counterpart  in  the  correct  solution. 

The  spurious  modes  are  usually  caused  by  high-frequency  phase  shift. 
In  practice,  the  spurious-mode  roots  often  have  large  negative  real  parts, 
so  that  the  corresponding  false-solution  modes  damp  out  very  quickly 
and  will  not  affect  the  solution  appreciably.  But  in  certain  high-gain 
computing  loops,  or  in  “algebraic”  feedback  loops  without  integrators, 
phase  shifts  of  cascaded  amplifiers  may  add  and  cause  spurious  high- 
frequency  oscillatory  modes  which  render  the  computer  setup  useless. 
A  suitable  setup  modification  can  often  remedy  such  a  situation  by 
effectively  damping  the  spurious  high-frequency  modes. 

3-23.  First-order  Mode-error  Calculations  (see  also  Sec.  3-24).  Al¬ 
though  formulas  permitting  explicit  computation  of  mode  errors  and 
spurious  modes  exist,27-29  they  are  based  on  none-too-realistic  standard 
computer  setups  and  on  greatly  simplified  formulations  of  computing- 
element  frequency-response  functions.  The  following  simplified  pro¬ 
cedures  often  permit  approximate  mode-error  calculations  without 
restriction  to  a  standard  computer  setup.  In  particular,  the  method  of 
Sec.  3-23 b  permits  comparisons  of  mode  errors  in  different  computer 
setups  for  the  same  problem. 

(a)  Low-frequency  Errors.27  In  low-frequency  computations,  espe¬ 
cially  with  inexpensive  (low-gain)  integrators,  phase-shift  errors  are 
essentially  due  to  imperfect  integration  at  low  frequencies  (Secs.  1-10 
and  3-20).  Reference  to  Sec.  3-20  indicates  that  at  low  frequencies  the 
transfer  operator  —  1  /RCP  of  an  ideal  integrator  is  approximately 
replaced  by  —\/RC(P  +  2)  with  2  =  \jrDCC  +  1  /A0RC.  The  given 
differential  equation  (49)  is  then  replaced  by 

F(P  +  2)F  ==  [an(P  +  2)”  +  an^{P  +  2)”-1 

+  •••+a„]f  =  0  (p  =  (3.53) 

so  that  each  real  or  complex  root  sk  of  Eq.  (49)  is  sjmply  reduced  by  the 
same  real  quantity  2.  The  computer  solution  F(r)  is  related  to  the 
desired  correct  solution  Y(r)  by 

y(r)  =  e-^Y(r)  (3-54) 

The  resulting  error  could  be  corrected  through  multiplication  by  eXr 
prior  to  recording  of  solutions. 
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(b)  Assuming  that  the  spurious  modes  can  be  neglected,  the  following 
procedure26  permits  approximate  calculation  of  the  mode  changes.  Let 
F(s)  =  F(s)  +  A F(s)  and  sk  =  sk  +  A sk,  where  A F(s)  and  the  A sk  are 
small.  Then,  since  F(sk)  —  F(sk )  =  0, 

F(Sk)  =  A F(sk)  **  -F'(sk)  A.vfc  (3-55) 


so  that  the  error  A sk  in  the  A'th  root  sk  is  approximately  given  by 


A  sk 


A  F(sk)  A  F(sk) 
F'(sk)  **  F'(sk) 


(3-56) 


ib) 

Fig.  3-19.  (a)  Analog-computer  setup  for  the  differential  equation 
(P3  +  a2P2  +  ajP  -  a0)Y  =  0 

and  (b)  a  block  diagram  showing  the  effects  of  small  linear  errors. 

Consider,  for  example,  the  computer  setup  of  Fig.  3-19a  for  the 
differential  equation 

F(P)  Y  =  (P3  +  a2P2  +  axP  -  a0)Y  =  0  (3-57) 

In  Fig.  3-196,  the  ideal  integrator,  summer,  and  potentiometer  transfer 
operators  —  1/P,  —1,  and  cik  have  been  replaced  by  the  corresponding 
more  realistic  operators 


p  [1  +  b,(P)] 


[1  +  *s(01  a.[l  +  b„(P)] 
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where  bfP),  bs(P),  and  bk(P)  are  small  error  terms  respectively  obtained 
from  Secs.  3-20,  3-19,  and  3-6.  The  actual  differential  equation  imple¬ 
mented  by  the  computer  setup  of  Fig.  3-19  is 


F(P  )  Y 


P 3 


(i  +  b,y 


+  a2(  1  +  b 2) 


Pz 


+  0  +  bs) 


af\  +  b 0 


(1  +  bjy 

p 


1  bj 


o0(l  +  ^0) 


0  (3-58) 


If  terms  of  the  second  and  higher  order  in  the  various  b(Pys  can  be 
neglected,  we  have 

F(s)  =  F(s)  +  A F(s)  «  F(s)  -  sbfsjFfs)  +  bs(s)(alS  -  a9) 

+  a2b2(s)s 2  +  af^s  —  a0b0(s ) 

and  our  first-order  error  estimate  (56)  for  the  root  sk  is 

&s  ^  sjj  \  _  bs(sk)(a^k  ~  a,)  +  a2b2(sk)sl  +  gib^s^s*  —  Opb^) 

3  $1  +  2a2sk  +  cix 

(3-59) 

An  analogous  procedure  yields  the  root  shifts  A sk  for  every  computer 
setup  implementing  a  given  differential  equation  (49)  with  integrators, 
summer/phase  inverters,  and  coefficient  potentiometers.  In  each  case, 
the  first-order  contribution  of  the  integrator-frequency-response  error  to 
A  sk  will  be  +skbj(sk),  provided  that  the  same  error  factor  [1  +  bfP)] 
applies  to  every  integration. 


3-24.  Errors  in  Sinusoidal  Modes.  Circle  Test  and  System  Design, 
(a)  The  Circle  Test.  Mode-shift  errors  are  most  noticeable*  when 
Re  sk  =  0  and  A sk  is  real,  i.e.,  when  component  errors  cause  a  decay  or 
increase  in  a  supposedly  sinusoidal  (or  constant)  computer  solution. 
The  well-known  computer  setup  for  the  harmonic-oscillator  equation 

F(P)  Y  =  (P2  +  a>2)Y  =  0  (3-60) 

(Fig.  3-20 d)  demonstrates  such  a  situation  and  serves  as  a  sensitive  test 
for  phase  shift  in  the  computing  elements  used  (1 circle  test).  Since 
Si  =  ja),  s2  =  — ja ),  the  correct  solution  for  T(0)  =  B,  7(0)  =  0  is 


Y  =  B  cos  cot 


(3-61) 


*  This  does  not  mean  that  similar  component  errors  necessarily  cause  lamer  percentage 
errors  in  sinusoidal  solutions.  In  the  computer  solution  corresponding  to  Eq  (53)  for 
instance,  percentage  errors  are  constant  and  the  same  for  all  modes;  absolute  errors  increase 
or  decrease  with  the  solution.  Errors  in  sinusoidal  or  constant  solutions  are  simply  easier 
o  see,  especially  since  such  solutions  can  usually  be  observed  for  longer  periods  of  time 
than  increasing  or  decaying  solutions,  5  ^ 
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Referring  to  Fig.  3-20 b,  the  actual  computer  setup  solves  the  machine 
equation 

F(P)?  =  (ir+Xw  +  0,211  +  bs(P)]['  +  M/>)1) 7  =  0 

(3-62) 

where  b2(P),  bs(P),  and  bP(P )  are  small  error  terms  due,  respectively,  to 
the  integrator,  phase  inverter,  and  coefficient  potentiometer,  as  in 
Sec.  3-23.  Our  first-order  approximation  leads  to 

F(s)  =  F(s)  +  AF(s)  *  F(s)  -  2 s*bj(s)  +  a;2  [bs(s)  +  bP(s)] 

F\s )  =  2s 

and,  using  Eq.  (56), 

Asfc  ^  skbj(sk)  -  ^  [^(5fc)  +  6P(jfc)]  (3-63) 

where  sk  =  ±jco.  Since  b2(P),  bs(P),  and  bP(P)  are  real  transfer  opera¬ 
tors,  we  must  have  b(—jco)  =  —b(jco)  for  each  b  in  Eq.  (63),  so  that 

^■4Kfc)  +  WtW]  (3-64) 

for  both  Si  =  jco  and  s2  =  —jco. 

Expressions  for  bj(jco),  bs(jco),  and  bP(jco)  in  terms  of  circuit  param¬ 
eters  are  readily  obtained  from  Secs.  3-20,  3-19,  and  3-6;  these 
quantities  can  also  be  obtained  directly  from  frequency-response  data  as 
complex  (phasor)  fractional  component  errors  for  sinusoidal  excitation. 


(£) 


Fig.  3-20.  (a)  A  circle-test  setup  implementing  ( P 2  +  a>2)  Y  =  0,  and  ( b )  a  block  diagram 
showing  the  effects  of  small  linear  errors. 
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Assuming  accurate  gain  calibration,  component  errors  will  be  practically 
entirely  due  to  phase  shift  at  all  frequencies  where  our  first-order 
analysis  applies,  so  that 

biijo))  =  jdfao)  bs(joo)  =  j3s(o)  bp(Jo))  =  jdP(a>)  (3-65) 

where  3j(o),  3s(o),  and  3P(co)  are  simply  the  component  phase  errors 
(obtained  from  Secs.  3-20,  3-19,  and  3-6,  or  measured;  see  also  Sec. 
3-246).  Hence  the  root  shift 


A  sk  =  — o) 


<5/(oj)  + 


+  3P(co) 


=  —  0)6(0))  (3-66) 


is  real  and  equals  —oo  times  one-half  the  total  phase  shift  23(o)  around 
our  computer  loop.  The  resulting  shifted  roots  sk  obtained  from  our 
first-order  theory  are 


S  1}2  —  zLjOJ  —  CD 


di((o)  + 


bs(0J)  +  bp(oj) 


-  ±joj  -  O)d(oj)  (3-67) 


The  correct  solution  Y{r)  =  B  cos  cor  of  Eq.  (60)  is,  then,  replaced  by  the 
actual  computer  solution 


Y(t)  =  Be~Mr  cos  cot 


(3-68) 


The  solution  amplitude  decays  exponentially  with  time  for  a  positive  net 
phase  error  23(a)  =2  3  fa)  +  3s(o)  -f  3 P(a)  (lead),  while  a  negative  net 
phase  error  (lag)  will  cause  the  amplitude  to  increase.  The  fractional 
error  in  the  /7th  maximum  (r  =  2-n n/co,  n  =  1,2,..  .)  of  Y(t),  i.e., 


2 

B 


B 


=  1  —  e 


-2nnd(co) 


s»2i md(ai)  (n  =  1,2,...) 


(3-69) 

is  easy  to  measure  and  permits  convenient  study  of  the  various  sources  of 
phase  shift. 

(b)  Examples  and  System-design  Considerations.  Reference  to 
Secs.  3-6,  3-19,  and  3-20  shows  that  for  suitably  small  errors  (component 
phase  errors  below  10  deg  <  0.2  radian  are  reasonable) 

<S(co)  =  3  fa)  -f  +  1AbP(a)  fix  — -  - 1-  D(co) 

,  bjfo)  l  CG  \ 

+  0)RCn  ^  +  14.3 s(o)  +  ]43P(o)  (3-70) 

where  A0  and  3A(a)  are  assumed  to  be  the  same  for  all  three  amplifiers. 
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Fig.  3-21  a  and  b .  (a)  Individual  effects  and  (b  to  e)  combined  effect  of  various  sources  of 
phase  shift  on  circle-test  damping.  (Based  on  Refs.  13  and  14;  a  fairly  slow  ±100 -volt 
machine  was  used.)  Note  that  6  —  8  X  10  4  corresponds  to  approximately  0.5  percent 
amplitude  decay  per  oscillation  cycle. 


(Divergent)  Damping  factor  x  I04,  S  x  I04  (Convergent)  (Divergent )  Damping  x  I04,  S  xIO4  (Convergent) 


3-24 


COMPUTER  ACCURACY 


84 


Circuit  - 


IC  =  0  IC=F2  (0+) 


Oscillator  frequency,  Hz 


0.1  0.2  0.4  0.7  1.0  2  4  7  10  20  40  70  100 

Oscillotor  frequency,  Hz 
id) 


Fig.  3-21e  and  d 


The  potentiometer  phase  shift  dP(<x>)  can  be  found  from  Fig.  3-9  for  the 
correct  potentiometer  setting  a. 

Note  that  the  sum  (70)  for  the  damping  ratio  <$(co)  can  contain  negative 
as  well  as  positive  terms.  Figure  3-2 la  illustrates  the  individual  con¬ 
tributions  of  various  error  sources  for  a  typical  circle-test  setup  as  the 
oscillation  frequency  cjjlv  is  changed  by  the  potentiometer  setting,  and 
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Fig.  3-21e 


Fig.  3-216  indicates  their  combined  effect.  Figure  3-22  shows  similar 
plots  of  6(co)  for  different  combinations  of  integrator  input  gain  and 
phase-inverter  gain.  Finally,  Table  3-2  summarizes  the  effects  of 
various  error  sources  in  “slow”  and  wideband  electronic  integrators. 

Circle-test  data  taken  over  a  suitable  frequency  range  appear  to  give  a 
fairly  conservative  indication  of  combined  error  effects  on  computer 
solutions  of  linear  if  not  nonlinear  differential  equations.  The  data  of 
Fig.  3-21  were  taken  with  a  relatively  slow  electronic  differential  analyzer 
designed  for  moderate-speed  real-time  flight  simulation.  Figure  3-22 
applies  to  a  very  fast  analog/hybrid  computer  suitable  for  iterative 
computation  at  up  to  4,000  solutions  per  second.  Below  0.1  Hz, 
S(co)  =  1  /rDCC  +  l/A0RC. 

With  high-quality  equipment  (rDCC  >  5  x  105  sec,  A0  >  107),  the 
resulting  one-cycle  decay  is  between  0.05  and  0.1  percent.  At  higher 
frequencies  (100  Hz  to  1  MHz,  repetitive/iterative  and  hybrid  com¬ 
putation),  errors  begin  to  be  affected  by  d-c  amplifier  frequency  response 
{§a/A o  terms),  but  this  effect  is  usually  masked  or  compensated  by  phase 
shift  determined  by  CR,  C0,  and  Cu  and  especially  by  potentiometer 
phase  shift  (Table  3-2).  At  these  higher  frequencies,  phase  inverters, 
summers,  and  potentiometers  must  employ  lower  resistance  values  and 
be  carefully  phase-compensated,  and  distributed  capacitances  to  ground 
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Hg.  3-22.  Circle-test  data  for  a  fast  ±  10-volt  iterative  differential  analyzer  with  low- 
impedance  computing  networks  (R  —  IK,  C  —  0.01  /tF,  potentiometer  resistance  =  2K). 
Amplifiers  have  unity-gain  bandwidth  of  30  MHz.  ( University  of  Arizona  LOCUST 
computer,  Ref.  65.) 


can  become  critical.  These  problems  suggest  the  use  of  low-impedance, 
high-current  transistor  amplifiers  and  miniaturized  construction  with 
short  wiring  runs  (Sec.  7-2b). 


DIFFERENTIAL  AND  NONINVERTING 
OPERATIONAL  AMPLIFIERS 

3-25.  Introduction.  Many  d-c  amplifiers  are  actually  differential 
amplifiers  having  a  noninverting  input  as  well  as  the  inverting  input  used 
in  “classical”  operational  amplifiers  (Sec.  3-10).  With  accurately 
matched  inverting  and  noninverting  gains  (high  common-mode  rejection, 
Sec.  3-26),  both  amplifier  inputs  can  be  used  for  computation,  so  that  a 
much  wider  variety  of  operational  amplifiers  can  be  designed  (Sec.  3-27). 
The  application  of  differential  amplifiers  to  noise  cancellation  in 
instrumentation  and  data-transmission  systems  is  even  more  important 
(see  also  Sec.  7-14). 

3-26.  Differential  and  Common-mode  Amplification.  The  input  vol¬ 
tages  Eu  E2  of  the  differential  amplifier  shown  in  Fig.  3-23 a  can  be 
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expressed  in  the  form 


E  i  = 

E 2  - 


Ei  E2  £i  E2  Ei  Eo 

— -  +  —I-  =  ~ T-  + 

o  O  —  o  "T  ^CU/ 


(3-71) 


where  the  difference  Ex  —  £>  constitutes  a  useful  signal  to  be  amplified, 
while  the  common-mode  input  ECi[  —  (£,  +  £,)/2  is  an  undesirable 
noise,  hum,  or  d-c  drift  voltage  common  to  both  inputs.  The  amplifier 
output  will  be 

A'o  =  AXEX  -  A2E2  (3-72) 

where  the  voltage  gains  Ax,  A2  may  be  regarded  as  frequency-dependent 
phasor  operators  for  single-frequency  sinusoidal  input  components.  In 
general.  Ax  and  A2  are  real  and  negative  at  d-c.  In  an  ideal  differential 
amplifier,  Ax  =  A  2,  so  that  3T0  is  truly  proportional  to  the  input  difference 
Ei  —  E2\  the  common-mode  input  ECM  is  completely  rejected.  In 
general,  this  ideal  situation  is  only  approximated  more  or  less  closely, 
and  we  have 


A0  —  AXEX  A2E2  —  Gd(Ex  Eo)  +  GCXfEcx[ 

‘  E'  ff)  (3-73) 


/ 

=  Gd[ex  —  Eo  + 


CMRR 


with 


Gd  = 

G  CM  = 

CMRR  = 


A  i  A  o 

2 

Gp 

CMRR 

Gp  _  Ax  -f 
GCn  2  Ax  An 


(differential  gain) 

=  A  i  —  A2  (common-mode  gain) 


(3-74) 

(3-75)* 


(common-mode  rejection  ratio) 

(3-76) 


The  equivalent  common-mode  input  Ecm\CMRR  in  Eq.  (73)  equals  the 
equivalent  differential  error  voltage  which  would  cause  the  undesirable 
common-mode  output  GD(EX  +  Ej)j2CMRR  in  an  ideal  differential 
amplifier  with  differential  gain  GD  (Fig.  3-23 b).  The  common-mode 
rejection  ratio  CMRR  is,  therefore,  an  important  measure  of  differential- 
amplifier  quality. 

High  \CMRR\  values  (103  to  106  at  d-c)  are  readily  obtained  through 
combinations  of  transistor  matching,  monolithic  amplifier  construction, 
cascaded  differential-amplifier  stages,  and  common-mode  feedback 

*  Equations  (73)  and  (75)  define  CMRR  as  a  signed  quantity.  Amplifier  specifications 
usually  quote  \  CMRR\  (or  20  log10  \  CMRR\  in  decibels). 
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around  the  amplifier  input  stage  or  around  several  stages.74-80  Note 
that  \CMRR\  is  a  function  of  frequency  and  will,  in  general,  decrease 
with  frequency;  unfortunately,  many  manufacturers  specify  \CMRR\ 
only  at  d-c  or  at  100  Hz. 

With  finite-impedance  sources,  undesirable  common-mode  output 
can  occur  even  with  infinite  \CMRR\  because  of  differences  in  the  source 


Fig.  3-23.  Differential  amplifier  with  equivalent  sources  (a)  and  equivalent  circuit  ( b ). 


impedances  and  amplifier  input  impedances  to  ground.  These  effects 
are  minimized  by  amplifiers  having  very  high  input  impedances  (FET 
input),  but  even  then  stray  shunt  (leakage)  resistances  and  capacitances 
to  grounds,  shields,  or  power  supplies  can  cause  Unbalance  effects  (see 
the  bibliography  for  Chap.  7). 


3-27.  Differential  and  Noninverting  Operational  Amplifiers.  Figure 
3-24  shows  a  general  differential-input  operational-amplifier  circuit. 
We  first  omit  the  amplifier-offset  terms  Edl,  Ed2,  idl,  id2.  The  circuit  is 
described  by  three  simple  node  equations 


Ex  =  v.xXx  +  y1X2  +  ^X0  {3-11  a) 

E2  =  <x2X2  +  yoX,  +  fi2X0  (3-776) 

X0  =  AXEX  -  A2E2  {3-11  c) 


ai>  a2>  7i,  72,  Pi,  P2,  A i,  and  A2  are  frequency-dependent  voltage  transfer 
functions  determined  by  the  details  of  the  input  and  feedback  networks 
shown;  the  derivation  of  these  transfer  functions  in  specific  cases  will  be 
discussed  in  Sec.  3-28.  Straightforward  solution  of  Eq.  (77)  yields  the 
exact  performance  equation 


x  =  (ffygi  ~  Af/fyXi  -  Q42«2  ~  AyTifXj 
°  1  -  (Aifa  -  A2p2) 


(3-78) 


The  net  loop  gain  Ax^  —  A2fi2  must  satisfy  the  usual  stability  conditions 
(see  also  Sec.  3-34)  and,  for  proper  operational-amplifier  operation 
(performance  insensitive  to  amplifier  gain),  the  net  degenerative  loop 
gain  must  be  large;  i.e., 


\A\Pi  A2fi2\  1 


(3-79a) 
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Fig.  3-24.  An  operational  amplifier  with  inverting  and  noninverting  inputs.  Inverting 
and  noninverting  operational  amplifiers  are  special  cases  of  this  circuit,  which  can  be  further 
generalized  through  addition  of  several  input  currents  at  the  inverting  and  noninverting 
summing  points,  as  in  Fig.  3-15.  Note  that  Zx  and  Z01  can  be  four-terminal  transfer 
impedances,  while  Z2,  Z02,  Z03,  ZCin,  ZCM2,  ZB,  Z,,  ZL  are  two-terminal  impedances. 


In  practical  circuits  with  high  common-mode  rejection, 

I 


1  - 


A2  —  A  i 


2  CMRR 


1  + 


1 


<3-796) 


2  CMRR 


Again,  the  parasitic  differential  input  impedance  ZD  of  practical  ampli¬ 
fiers  will  be  large  compared  to  other  circuit  impedances  at  working 
frequencies,  so  that 

Ini  <  Kl  Ini  <  M  (3-7 9c) 


If  the  relations  (79)  hold  so  that  we  can  neglect  all  but  first-order  terms 
in  \/(A  i/?i  —  A2fi2),  1 1  CMRR,  yx,  and  y2,  Eq.  (78)  leads  to 


*0 


<*1*1  a2*2 

Pi  —  P2 


1  + 


1 

AX(PX  P2) 


fit 

(Pi  ~  p2)CMRRj 


+ 


y  2*1  ri*2 
Pi-P* 


_ ^2 _ x 

(Px  -  P2)CMRR  2 


(3-80) 
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which  approximates  the  idealized  performance  equation 


X0 


V-lXl  GC^Xq 

fi,  -  ft 


(3-81) 


The  amplifier  closed-loop  output  impedance  Zs  is  derived  from  Eq.  (78) 
just  as  in  Sec.  3-11,  with  the  approximate  result 


(3-82) 


based  on  the  approximations  (79),  where  the  open-loop  source  impedance 
Z7  and  the  no-load  open-loop  gains  A\,  A2  are  defined  in  Fig.  3-24. 
Errors  due  to  gain  changes  or  distortion  are  treated  exactly  as  in  Sec.  3-16. 

3-28.  Important  Special  Cases,  (a)  Figure  3-25  shows  several 
examples  of  single-input  operational  amplifiers  employing  both  the 
inverting  and  noninverting  connections.  Other  examples  are  the 
negative-immittance  converters  used  in  some  active-filter  designs.93 

(b)  More  frequently,  only  degenerative  feedback  is  present,  i.e., 
/S2  =  0.  For  X2  =  0,  the  circuit  must,  then,  act  as  an  ordinary  in¬ 
verting  operational  amplifier.  Therefore,  is,  as  in  Sec.  3-11,  the 
ratio  of  the  short-circuit  transfer  impedances  Z01  and  Zp 


fi 

Pi 


Z01 

z^ 


(3-83  a) 


Assuming  that  the  parasitic  input  impedances  Zv ,  ZCMl,  ZCM2  are  so 
large  that  they  do  not  noticeably  affect  oc2  and  at  working  frequencies. 


a2 


^02 


Z2  T-  Z02 


(3-836) 


Figure  3-26  shows  examples. 

(c)  In  a  differential  operational  amplifier  (Fig.  3-26),  we  will  assume 
that  a2  is  given  by  Eq.  (3-836),  and  that  Zx  and  Z02  are  also  two-terminal 
impedances,  with 


Pi 


Z, 

Z\  T  Z01 


(3-84) 


We  now  choose  Z02/Z2  =  Z«xjZx,  so  that  Eqs.  (80)  and  (83)  yield 
Zm  '  -  -  --/  lx  72^-7^ 


xn  — 


Pi 


J01 


1 


Zt  CMRR 


X* 


>  (3-85) 


J01 


Zx 


{Xi  -  x2) 
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(a) 

Fig.  3-25 a.  Single-input  operational  amplifier  employing  both  the  inverting  and  non¬ 
inverting  connections.  In  terms  of  the  two-terminal  admittances  YK  —  1  /ZK, 

F,(F4  +  Ys  +  F.)  -  F4(F,  +  Y2+  Y 3) 

0  F,(  Y \  +  y2  +  Ys)  -  Y3(  y4  +  Yt+  f6)  1 

Unfortunately,  the  subtractions  usually  necessitate  very  close  component  tolerances.  One 
often  chooses  F4  +  F5  +  F6  =  Yx  +  F2  +  F3,  so  that 


Fo 


Y_t 

y3 


Xx 


{Based  on  Ref.  93.) 


Fig.  3-25 b  to  d.  Two  all-pass  phase  shifters,  ( b )  and  (c),  and  a  noninverting  integrator  {d). 
Accurate  component  matching  is  required. 
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(a)  U>) 

F'8*  3-26.  Differential  operational  amplifier  (a)  and  differential  integrator  ( b ). 


Figure  3-2 6b  shows  an  example.  Equation  (85)  permits  estimation  of 
errors  due  to  finite  gain,  CMRR,  and  ZD,  provided  that  ZD,  Zcm,  and 
Zcj/2  are  sufficiently  large  to  ensure  (836)  and  (84). 

(d)  In  a  non  inverting  operational  amplifier,  Xl  =  0.  For  high- 
impedance  input  (see  also  Sec.  3-31),  one  usually  makes  Z02  =  oo. 
Figure  3-27 a  shows  a  typical  example.  To  account  for  the  parasitic 
input  impedances  in  Fig.  3-27u,  assume  that  ZD  and  ZC  V1  are  so  large 
that  the  feedback  ratio  is  given  by  Eq.  (84)  and  a2  *=»  1  but  that  we 
cannot  neglect 


_ ZpZx _  ^ 

%  -(-  (Z0  T  ZfZj,  ( 


ZqZi 

)  +  Zi)ZD 


(3-86) 


Equation  (80)  with  Xx  =  0,  &  =  0  leads  us  to 


2f0 


i( 


1  + 


1 

AJi 


1 

CMRR 


with 


Pi 


Zi 

20  +  Zx 


(3-87) 


which  should  be  compared  to  the  ideal  result  Z0  =  X2/^.  In  partic¬ 
ular,  Eq.  (87)  yields  the  approximate  output,  including  first-order  errors, 


Fig.  3-27.  Noninverting  operational  amplifier  (a)  and  unity-gain  follower  (b). 
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of  the  important  unity-gam-follower  circuit  shown  in  Fig.  3-276  (/?x  =  1): 

x‘  ~('  +  a  “  ~  x‘  (3'88) 

3-29.  Effects  of  D-c  Offset  and  Noise,  ft  remains  to  estimate  the 
effects  of  d-c  offset  (or  noise)  voltages  Edl,  Ed 2,  idl,  id2  linearly  super¬ 
imposed  on  our  results  for  Fig.  3-24  (see  also  Sec.  3-15).  For  suffi¬ 
ciently  large  loop  gain,  \CMRR\,  and  parasitic  input  impedances,  the 
resulting  error  voltage  is  given  by 

ea  ^  _ j>  [( Ed i  Buz)  "F  I  (3-89) 

where  Zsl  and  Zs2  are  the  respective  combined  shunt  impedances  from 
the  two  amplifier  inputs  to  ground,  source,  and/or  output.  If  Z01  is  a 
two-terminal  impedance,  and  /?2  =  0,  note  that 

F1  =  Z„,  (3-90) 

Pi 

For  the  unity-gain  follower  of  Fig.  3-276,  Eq.  (89)  yields 

ed  -(Edl  -  Ed2)  +  Zs2id2  (3-91) 

Note  carefully  that  the  d-c  offset  specifications  crucial  for  Eqs.  (89) 
and  (91)  are  the  differential  voltage  offset  Edl  —  Ed2  and  the  single-ended 
(bias-)  current  offsets  idl,  id2.  Only  for  symmetrical  differential  circuits 
like  that  in  Fig.  3-256  will  Eq.  (89)  reduce  to  the  more  favorable  relation 

ed  ^  (E<ii  Edf)  Z0i(/di  id2)  (3-92) 

Pi 

3-30.  Input  Impedances  (see  also  Sec.  3-146).  (a)  In  Fig.  3-28, 

(g1  =  =  0,  and  Zx  is  a  two-terminal  impedance.  The  source  of  the 


Fig.  3-28.  Input-impedance  calculation. 
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input  voltage  Xx  sees  the  impedance  Zx  grounded  in  series  with  the 
voltage  Ex.  For  X2  =  0,  X0  &  —Z^XfZ^  and  Eqs.  (77)  and  {19b) 
lead  to 


CMRR, 


Now  /,  =  {Xx  —  El)fZ1,  and  the  Xx  source  sees  the  impedance 

z>  =  Xi„ _ Zi _ 

1  i\  ™  1  +  Z01/AlZl  -y2(  1  -  1  /CMRR) 

^  Zx{\.  —  — +  y2j  (3-93) 

which  is  usually  well  approximated  by  Zu  as  in  a  simple  noninverting 
operational  amplifier. 

(b)  Refer  again  to  Fig.  3-28,  and  let  Xx  =  0.  The  input  impedance 
seen  at  the  noninverting  amplifier  terminal  will  be  Z02  and  ZCM2  in 
parallel  with 


ry  E2  .  ,  .  E2  Ex 

Z  =  —  with  i  =  — - 

i  ZD 


Now  Eq.  (77)  yields 


Ex  = 


Yi 


1  -  A1ft\_a2  Al^{1  CMRr). 

E  (i  _  1  ~  Tib  _  1  \ 

\  AJ  CMRR) 


so  that 


■‘D 


1  —  yf  a2  1 


Af  CMRR 


(3-94) 


Fig.  3-29.  An  instrumentation  amplifier  with  high-impedance  differential  inputs. 
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which  can  be  very  large  for  large  \A1f\  and  \CMRR\.  In  particular,  for 
the  unity-gain  follower  of  Fig.  3-27 b,  [1  =  a,  =  1,  and  yx  =  0,  so  that 

Z  ^  TJJT+  l/CMRR  (3'95^ 

(high-impedance-follower  circuit). 

Figure  3-29  shows  the  design  of  a  high-impedance-input  difference 
amplifier  for  instrumentation. 


D-C  AMPLIFIER  SPECIFICATIONS, 

DESIGN,  AND  TESTS 

3-31.  Survey.  Tables  3-3  and  3-4  illustrate  important  specifications 
for  computer  d-c  amplifiers  (see  also  Sec.  3-37).  Integrated-circuit 


Fig.  3-30.  Computer  d-c  amplifiers:  integrated  circuits  and  epoxy-cast  modules.  ( Burr- 
Brown  Research  Corporation.) 


amplifiers  will,  in  general,  only  supply  2  to  10  mA  of  output  current  at 
±10  volts,  but  many  discrete-component  amplifiers  combine  such 
integrated  circuits  with  powerful  output  stages  (Fig.  3-35).  Figure  3-30 
shows  some  typical  amplifiers. 

3-32.  Drift  Specifications.  D-c  amplifier  drift  is  specified  in  terms  of 
the  equivalent  voltage  and  current  offset  after  a  given  time  interval, 
power-supply-voltage  change,  or  temperature  change.  The  equivalent- 
input-offset  voltage  Ed  and  current  id  are  respectively  defined  as  minus 
the  input  voltage  and  current  needed  to  return  the  open-loop  output  to 
zero  (balance  condition)  with  a  grounded  voltage  source  and  a  current 
source  at  the  summing  point  (see  also  Secs.  3-15,  3-30,  3-33,  and 
Fig.  3-31).  Unless  the  source  resistances  at  the  inverting  and  non¬ 
inverting  inputs  of  a  differential  amplifier  are  matched  (and  this  is  often  not 
possible),  current  drift  is  determined  by  the  total  current  drift  at  a  single 
input  (“bias-current ”  drift),  rather  than  by  the  smaller  differential  current 
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drift  often  quoted  by  manufacturers.  Table  3-5  illustrates  drift-error 
effects  for  different  types  of  computer  amplifiers  operated  as  summers 
and  integrators  (or  sample-hold  circuits,  Sec.  5-18)  over  normal  lab¬ 
oratory  temperature  ranges.  Errors  over  wider  temperature  ranges  can 
be  calculated  with  the  aid  of  Eqs.  (33),  (34),  and  (48). 


r 


<>\ 

oz 

°z 

Add  e 


Add  ez  Add  <?3  Add  e4 


Fig.  3-31.  Effect  of  d-c  drift  and  noise 
in  different  amplifier  stages.  Since 

+  A  2<V2  + 

+ 


3-33.  Low-drift  Amplifier  Design.  A  differential  input  stage  with  a 
current-source  transistor  in  the  emitter  return  (Fig.  3-32 a)  ties  the 

temperature  dependence  of  the  first- 
stage  output  to  the  difference  of  two 
transistor  VBE’s;  transistor  matching 
for  VBE  and  ft  can  reduce  voltage 
drift  from  2.5  mV/deg  C  to  below 
5  g,V/deg  C.  Matching  is  especially 
favorable  in  monolithic  integrated 
circuits;  differential  heating  of  the 
two  input  transistors  must  be  mini¬ 
mized  by  low  values  of  the  collector 
current  (<200  //A)-  The  first-stage 
gain  should  be  sufficiently  high  (at 
least  10)  to  make  drift  effects  in  later 
stages  negligible  (Fig.  3-31).  A 
roughly  matched  second  differential- 
amplifier  stage  may  follow  the  first 
for  more  perfect  common-mode 
rejection,  or  common-mode  feedback 
from  a  succeeding  stage  may  be  used. 

We  note  in  passing  that  differential- 
amplifier  voltage  drift  can  be  reduced 
below  0.5  //V/deg  C  if  the  VBE  tem¬ 
perature  coefficients  are  matched 
through  individual  collector-current  adjustments,35  but  this  has  not  been 
applied  in  production. 


*0  = 


1 


the  equivalent  input  offset  (or  noise) 
voltage  E  required  to  cancel  the  effect 
of  the  error  voltages  e2, . . .  is  inde¬ 
pendent  of  feedback: 


„  /  1  1 

E  —  ( Ci  -f  - 1 

\  ax  0^2 


+ 


1 


■) 


It  follows  that  low-drift  go  ,v -noise  design 
is  most  important  in  the  earlier  amplifier 
stages. 


Current  drift,  which  may  be  thought  of  as  a  change  in  input-transistor 
bias-current  requirements,  is  due  to  changes  in  iff  and  in  the  leakage 
current.  ICBO  changes  will,  in  fact,  counteract  the  iff  change  with 
temperature.  It  is  possible  to  compensate  for  the  current  drift  with  the 
aid  of  temperature-dependent  current  sources  comprising  thermistors, 
diodes,  or  transistors,37  41  or  to  counteract  changes  in  ft  by  corresponding 
temperature-dependent  changes  in  ic,  but  such  compensation  schemes 
work  best  over  limited  temperature  ranges  (perhaps  10  to  20  deg  C) 
because  of  the  nonlinear  temperature  dependence  of  /5.  In  general,  a 
good  method  for  reducing  current  drift  is  to  use  high-f  transistors  and  to 
keep  the  first-stage  collector  currents  below  1 00  to  200  /uA .  This  reduces 
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Table  3-3.  Specifications  for  Computer  D-c  Amplifiers 


1 .  Rated  d-c  output  voltage  vs.  current 

2.  Maximum  open-loop*  output  voltage  with  specified  total  harmonic  distortion  vs.  frequency 
{brief  specifications  should  state  maximum  frequency  for  full  rated  output  voltage); 
at  rated  output  current  and  at  a  specified  fraction  of  rated  output  current 

3.  Open-loop  gain  and  phase  shift  vs.  frequency  for  small-signal  (5  percent  of  rated  max 
amplitude)  sinusoidal  output 

a.  No  load 

b.  With  specified  resistance-capacitance  loads  {brief  specifications  should  state  —  3-d b 
frequency,  0-db  frequency,  phase  shift  at  0  db,  and  maximum  phase  shift  with  gain 
above  0  db) 

4.  Open-loop *  step  response  (rise  and  fall  times,  percent  overshoot)  for  positive  and 
negative  steps  of  5  and  80  percent  of  max  rated  output  amplitude 

a.  No  load 

b.  With  specified  resistance-capacitance  loads 

5.  Maximum  offset  voltage  and  bias  current  (referred  to  input)  10  min,  8  hr,  and  1  week 
after  balancing.  Specify  temperature  range  and  offset  voltage  and  current  change 
per  deg  C  and  for  specified  power-supply-voltage  changes 

6.  RMS  and  peak-to-peak  noise  (referred  to  input);  give  amplitude  of  line-frequency 
components  separately 

7.  Overload-recovery  time  after  specified  overload  condition 

8.  Power-supply  and  environmental  requirements ,  physical  dimensions ,  etc. 

9.  Input  impedance  {Z0)  and  output  impedance  {Zj) 

10.  Common-mode  rejection  ratio  ( CMRR )  vs.  frequency 


*  Manufacturers  also  often  specify  frequency  response  and  step  response  for  a  unity- 
gain  inverter  with  specified  feedback  circuit,  specified  resistance-capacitance  load,  and 
specified  summing-point  shunt  capacitance,  as  in  a  computer. 


ij  ft  in  toto,  and  hence  also  its  changes  with  temperature.  The  input 
current  can  be  further  decreased  through  inclusion  of  grounded- 
collector  input  transistors  or  Darlington  circuits,  which  roughly  divide 
the  bias-current  requirement  by  another  factor  of  ft,  but  this  may 
reduce  integrated-circuit  production  yields.  Heated-substrate  in¬ 
tegrated  circuits  have  been  used  to  keep  the  input-stage  temperature 
within  about  2  deg  of  90  deg  C,  where  base  currents  are  low  and  less 
temperature-dependent.64 

Heated-substrate  transistor  pairs  and  preamplifiers  are  available  on  monolithic  chips42 
but  can  also  be  assembled  from  general-purpose  monolithic  transistor  arrays.43  A  heated- 
substrate  preamplifier  may  need  low-impedance  emitter-follower  output  to  reduce  voltage 
changes  caused  by  current  drift  in  the  following  stage.42 

The  heated-substrate  technique  has  largely  yielded  to  special  in¬ 
tegrated  circuits  permitting  base-current  compensation  with  other 
transistor  base  currents94  or  with  super-beta  transistor  input  stages,  with 
ft  as  large  as  5,000  (Fig.  3-32 b).  With  a  collector  current  of  5  juA,  this 
would  reduce  the  total  low-temperature  bias  current  to  ijft  =  1  nA,  and 
differential  current  drift  will  be  of  the  order  of  20  pA/deg  C  over  —50  to 
+  125  deg  C  (Table  3-5). 37  Voltage  drift  is  about  5  +V/deg  C. 

Junction-FET  input  stages  (Fig.  3-3  lc)  have  low  leakage  currents  (of 
the  order  of  picoamperes)  at  room  temperature,  as  well  as  high  input 


Table  3-4.  Range  of  Representative  Computer  D-c  Amplifier  Specifications 


Common¬ 

mode 

rejection, 

d-c  to 

100  Hz, 

db 

o  o 
oo  o 

o  g 

OO  o 

i 

o  o 

00  o 

i 

Voltage 
noise,  d-c 

2  N  -  </) 

oI>  £ 
s-u 

oo  Tf 

OO  Tf 

© 

OO  Tf 

500 

o  £  >  9* 

£  X  5.  Oh 

1 

1 

O  lO 

1 

1,000 

500 

Zin, 

open 

loop, 

meg¬ 

ohms 

O  rfr 

Tf  O 

0.3 

©  o 

H 

0.3 

Input  current 
drift  (one  side) 

Max 

vs. 

supply, 

nA/% 

2 

0.3 

0.2 

0.1 

n 

vo  o 
d  X 

0.2 

© 

Max 

vs. 

temp . , 
nA  / 
deg  C 

100 

2 

H— 

vo 

O 

O 

0.05 

0.05 

Input  voltage 
drift  (differential) 

Max 

vs. 

supply, 

/‘V/% 

20 

10 

o  o 

<N  -h 

0.5 

o  o 

<N  — i 

- 

Max 

vs. 

time, 

/‘V/ 

day 

o  o 
*0 

o  o 

VO 

<N 

VO  <N 

Max 

vs. 

temp., 

/<v/  j 

deg  C 

10 

0.8* 

50 

3 

i 

0.2 

to  o 

3 

0.5 

Frequency 

response 

Slew 

rate, 

volts/ 

//sec 

5 

200 

5 

100 

5 

100 

5 

100 

O  O 

— I  o 

1— H 

Full 

out¬ 

put, 

KHz 

o  o 

VO  O 
<0 

vo 

100 

2,000 

100 

2,000 

100 

2,000 

o 

o 

Unity 

gain, 

MHz 

1 

50 

— <  O 
to 

1 

50 

1 

50 

i— 1  vn 

Rated 

output 

< 

E 

2 

500 

o  o 
—  o 

T— 1 

o  o 
—1  o 

10 

100 

25 

50 

±Volts 

- 

- 

105 

Gain, 
d-c, 
at  25 
degC, 
volts/ 
volt 

in  cc 

o  o 

in  cd 

o  o 

CD  00 

©  o 

in  cd 

©  o 

CD  OO 

o  o 

Bipolar-transistor 
input  stage 

FET  input  stage 

FET-chopper 

stabilized 

Super-beta- 
transistor  input 
stage  (or  heated 
substrate) 

100-volt  chopper- 
stabilized 

98 


*  Over  small  temperature  range, 
f  10  to  100  pA  at  25  deg  C;  doubles  every  10  deg  C. 
t  Super-beta  transistors. 
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Table  3-5.  Typical  Drift  Errors  in  General-purpose  Analog  Computers  Maintained 
at  25  ±  5  deg  C,  with  Regulated  Power  Supplies* 


Inexpensive 

integrated 

circuit, 

±10  volts, 
no  chopper, 

R  =  10K 

±10-volt 
FET, 
input,  no 
chopper, 

R  =  10K 
to  100K 

Selected 
super-beta 
1C  (or 
heated 
substrate), 
no 

chopper, 

R  =  10K 
to  100K 

High-quality 
chopper-stabilized 
amplifier 
(FET  chopper) 

±10  volts 

R  =  10K 
to  100K 

±100  volts 
R  =  100K 
to  1M 

Ed  Ed\  —  £*2) . 

±30  /tV 

±60  fiV 

±20 /tV 

±10/<V 

±40  /<V 

id  idl'Jdt  n°t 

considered) . 

±30  nA 

Negligible 

Negligible 

Negligible 

Negligible 

<?sum  (#i  ^2  ~  ^3  =  1) 

±360  /tV 

±120  /tV 

±40  /tV 

±20  (iV 

±80  /iV 

^sum  fai  ^2  ^3  =  21) 

±960 /(V 

±1.3  mV 

±440  /tV 

±220  [iV 

±880  /tV 

eint  (typical  computer 

run,  tjRC  =  50). . .  . 

±16.7  mV 

±3  mV 

±1  mV 

±500  /tV 

±2  mV 

eint  (long  integration. 

tjRC  “  1,000) . 

±0.33  V 

±60  mV 

±20  mV 

±10  mV 

±40  mV 

*  See  also  Secs.  3-15  and  3-29. 


impedances.  The  voltage  drift  of  a  FET  d-c  amplifier  stage  is  reduced 
through  selection  of  an  optimal  operating  point;45  matched  differential 
FET  stages  are  obtained  by  device  selection  or  with  special  “inter- 
digitated”  chip  layout.  The  best  FET-input  d-c  amplifiers  still  drift 
about  2  yuV/deg  C,  compared  to  1  yuV/deg  C  for  good  bipolar-transistor 
input  stages.  Moreover,  FET  leakage  currents  double,  approximately, 
for  every  10  deg  C  of  temperature  increase,  so  that  super-beta  or  current- 
compensated  bipolar  input  stages  should  be  considered  for  ambient 
temperatures  above  50  deg  C  (see  also  Fig.  3-32</).37 

3-34.  Operational-amplifier  Stability.  Bode-plot  Analysis  of  Stability 
and  Accuracy.  Practically  all  one-amplifier  circuits  using  transistor 
operational  amplifiers  obey  the  restricted  Nyquist-Bode  law, 39  such  cir¬ 
cuits  are  stable  if  their  phase  margin  is  positive,  i.e.,  if  the  loop  phase 
shift  arg  (—Aft)  does  not  exceed  180  deg  while  the  absolute  loop  gain 
Ap  is  greater  than  unity.34  Behavior  of  such  feedback  circuits  is 
conveniently  described  in  terms  of  the  well-known  Bode  plot  (Fig.  3-33). 
For  a  given  percentage  dynamic  error  e,  the  absolute  loop  gain  \AP\ 
must  exceed  100/e  (Sec.  3-12);  stability  requires  the  logarithmic  plot 
of  \AP\  to  cross  0  db  (unity  gain)  at  a  negative  slope  smaller  than  20 


Out 


Fig.  3-32 a.  Typical  differential-amplifier  input  stage.  Monolithic  construction  provides 
VBe  and  p  matching  within  10  percent  over  the  design  temperature  range.  A  current 
source  in  the  emitter  circuit  provides  high  common-mode  rejection  with  or  without  common¬ 
mode  voltage  feedback  and  is  diode-compensated  for  VBE  changes.  The  crossed  base- 
current  resistors  help  to  reduce  current  drift. 


Fig.  3-326.  The  super-beta  transistors  Qu  Q.,  in  this 
low  breakdown  voltages  (4  volts);  their  collector-base 
by  Q3,  Qi •  This  also  reduces  leakage  currents.37 


integrated-circuit  input  stage  have 
voltages  are  reduced  to  near  zero 
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Fig.  3-32 d.  D-c  amplifier  input  bias  current  vs.  temperature.  Differential  offset  currents 
would  be  smaller  by  about  a  factor  of  10. 

db/decade.34  The  forward-gain  slope  of  many  general-purpose  ampli¬ 
fiers  never  exceeds  20  db/octave  over  the  entire  frequency  range,  but 
special-purpose  amplifiers  may  be  given  a  40  db/octave  hump  near  the 
working-frequency  region  for  extra  gain  (see  also  Sec.  3- 1 8 b).  Amplifier 
stability  or  phase  margin  must  be  specified  with  stated  capacitive  loads  on 
output  and  summing  point.  If  the  phase  margin  is  insufficient,  it  will  be 
necessary  to  employ  equalization  ( rolloff  net  works)  to  decrease  the  loop 
gain  over  a  portion  of  the  frequency  range  (Fig.  3-33).  Most  integrated- 
circuit  amplifiers  have  terminals  for  connecting  such  equalization 
networks,  as  detailed  on  their  specification  sheets.  Note  that  capacitive 
rolloff  networks  may  take  substantial  current  and  will  therefore  tend  to 
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Fig.  3-33.  Bode  plot  of  20  logi0  \A(jco)/}(jco)\  vs.  log10/  =  log10  (co/2w)  for  a  multistage 
amplifier,  and  two  schemes  achieving  stability  at  the  expense  of  some  high-frequency 
response.  The  compensated  plots  cross  the  unity-gain  (0-db)  line  at  —6  db/octave. 
Many  integrated-circuit  amplifiers  have  special  terminations  for  external  rolloff  networks. 
Design  must  allow  for  load  and  circuit  capacitances  (see  Refs.  34  and  39). 


reduce  power  bandwidth  and  slewing  rate.  For  this  reason,  one  tries  to 
apply  rolloff  networks  to  low-level  stages,  whenever  practical.  Figure 
3-34  shows  a  number  of  circuit  arrangements  for  rolling  off  existing 
amplifiers  without  such  rolloff  terminals. 

3-35.  Feedforward  Circuits.  Feedforward  amplifiers  (Fig.  3-35)  pass 
high-frequency  signal  components  through  a  high-pass  channel  directly 
to  a  wideband  output  stage,  while  cascading  a  high-gain  d-c  amplifier 
with  the  output  stage  for  lower  frequencies.  The  feedforward  channel 
may  or  may  not  include  amplification. 

i  10-volt  class  AB  complementary-transistor  output  stages,  like  that 
in  Fig.  3-35,  have  low  quiescent  current  and  can  have  gains  as  high  as 
2,000  at  200  KHz,  with  unity  gain  at  20  to  100  MHz,  depending  on 
transistors  and  load.  In  Fig.  3-35,  output-driver  gain  has  been  traded 
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Fig.  3-34.  Feedback-  and  compensating-network  frequency  response  for  an  integrator 
(see  also  Sec.  3-20).  Assuming  CGl  +  CG2  +  CR<^C,  we  have 

Ws)  =  FTF7;  “ilh  0>J  =  Sc 

If  the  compensating  network  ( Rc  alone,  or  Rc,  Rs ,  and  Cs )  is  used,  then  at  low  frequencies, 
p(s)as(s fi(s),  where  the  compensating-network  response  counts  as  part  of  the 
amplifier  forward  gain  /t(s).  At  frequencies  high  compared  with  cjoJItt, 


P(s)as(s)  & 


<>s(s)  = 


CO  c  CO  D 
CX)js 


S  +  COB 

(s  +  coc)(s  +  COj)) 


with  co £  =  1IRSCS,  (oc  I  IRcCs,iOj)<^  1//?SCC2  if  we  can  assume  Rs  <  Rc,  Cs  ;>  C02. 


for  low  open-loop  output  impedance  by  local  degeneration.  Such 
series-transistor  circuits  are  especially  well  suited  to  feedforward 
injection,  since  high-  and  low-frequency  signals  are  added  without  any 
mixing  loss.  The  combination  of  such  a  feedforward  output  stage  with 
a  modern  low-cost  integrated-circuit  input  amplifier  yields  a  number  of 
remarkable  advantages:56-69 

1.  The  amplifier  high-frequency  response  is  essentially  that  of  a  single 
wideband  stage  followed  by  an  emitter  follower,  and  no  shunt 
rolloff  networks  are  required  for  stabilization.  As  a  result,  such 
amplifiers  can  produce  full  ±  10  volts,  30  mA  output  all  the  way  up 
to  5  MHz. 

2.  The  feedforward  combination  completely  avoids  the  usual  compromise 
between  high-frequency  response  and  low-drift /low-noise  design  of 
the  d-c  amplifier  input  stage.  If  this  fact  were  more  generally 
realized,  the  current  drift  and  low-frequency-flicker  noise  of  many 
general-purpose  integrated-circuit  d-c  amplifiers  could  be  im¬ 
proved  by  at  least  a  factor  of  3  by  the  simple  expedient  of  reducing 
their  input-stage  collector  current;  the  feedforward  connection 
would  take  care  of  the  frequency  response. 

One  can  improve  the  small-signal  and  power  bandwidths  of  many 
existing  integrated-circuit  amplifiers  by  introducing  feedforward  into 
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Fig.  3-35.  Design  of  a  modern  high-quality  ±  10-volt  amplifier.  The  powerful  class  AB 
output  stage  has  diode  overcurrent  protection  and  40-db  gain  at  300  KHz,  0  db  at  30  MHz. 

At  ,^bTa,Ck'pair  driver  §ives  the  amPlifier  very  low  open-loop  output  impedance  (100  ohms 
50  ohms  at  10  KHz).  Low-  and  mid-frequency  gain  (120  db  at  d-c  with 
20  db/octave  rolloff)  are  provided  by  an  inexpensive  integrated-circuit  operational  amplifier 
with  or  without  chopper  stabilization.  Feedforward  around  this  preamplifier  produces  a 
unity-gam  bandwidth  of  30  MHz,  with  full  ±  10-volt  30-mA  output  to  5  MHz  (University 
of  Arizona;  see  also  Refs.  64  and  65.)  ^  V  y 

later-stage  rolloff  terminals;  rolloff  equalization  may  or  may  not  be 
needed. 

Under  very  general  conditions,  proper  feedforward-circuit  design 
requires  that  the  low-pass-preamplifier  phase  shift  be  less  than  180  deg 
where  the  preamplifier  gain  exceeds  unity  (see  also  Sec.  3-34). 59  Other¬ 
wise,  there  will  be  serious  phase  shift  and  attenuation  near  the  pre¬ 
amplifier  unity-gain  frequency.  This  manifests  itself  in  the  transient 
response  of  many  feedforward  amplifiers  (oscillations  or  long  settling 
times  determined  by  the  preamplifier  unity-gain  bandwidth). 

Diffeiential  feedforward  amplifiers  exist  but  are  relatively  rare.39 

3-36.  Chopper-stabilized  D-c  Amplifiers,  (a)  To  obtain  the  very 
lowest  voltage  and  current  drift  for  d-c  amplification,  one  employs  a-c- 
operated  relay  or  electronic  chopper  switches,  photoresistors,  or  varactor 
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diodes  to  modulate  the  d-c  amplifier  input  signal.  After  drift-free 
a-c  amplification,  phase-sensitive  demodulation  by  a  second  chopper 
followed  by  a  low-pass  filter  recovers  the  amplified  d-c  signal  (Fig. 
3-3 6a,  b ). 

Figure  3-36c  shows  a  feedforward  scheme  combining  such  a  low- 
offset  carrier-type  amplifier  (chopper-stabilizer  channel)  with  a  con¬ 
ventional  d-c  amplifier  to  improve  its  drift  and  low-frequency  gain 


Fig.  3-3 6a9  b.  Carrier-type  or  modulator/demodulator  d-c  amplifier  using  a  single  electro¬ 
mechanical  chopper  ( a ),  and  waveforms  ( b ). 


without  any  bandwidth  reduction;  the  d-c  amplifier  may  well  include 
additional  high-frequency  feedforward  in  the  manner  of  Fig.  3-35.  In 
terms  of  the  analysis  given  in  Fig.  3-31,  the  chopper-stabilizer  channel  in 
Fig.  3-36c  acts  as  a  low-frequency  preamplifier,  so  that  drift  originating 
in  the  main  amplifier  is  effectively  divided  by  the  absolute  d-c  gain  \A2\  of 
the  stabilizer  channel,  typically  1,000  to  4,000.  As  a  result,  practically 
the  entire  remaining  drift  of  the  chopper-stabilized  d-c  amplifier  is  due 
to: 


1.  Chopper-frequency  pickup,  including  ground  currents,  in  the 
stabilizer  channel 

2.  Small  offset  voltages  originating  in  the  chopper  itself 

3.  Leakage  into  summing-point  or  stabilizer-input  connections 

4.  D-c  offset  voltages  in  the  ground  circuits 
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In  typical  computer  installations,  the  remaining  long-term  (8-hr) 
offsets  are  within  3  to  100  /uV,  0.2  /zV/deg  C,  and  30  pA/deg  C  over  a 
wide  temperature  range.  Even  smaller  offsets  can  be  obtained  in  instru¬ 
ment-type  amplifiers. 

In  addition  to  the  drift  reduction  afforded  by  the  stabilizer  channel, 
the  extreme-low-frequency  gain  of  the  main  amplifier  is  multiplied  by 


Computing  networks 


3-36c.  D-c  amplifier  with  chopper  stabilization.  MOSFET  Q1  is  on  when  transistor 
Qi  is  OFF,  and  vice  versa,  to  produce  the  inverted  chopper-channel  output,  as  in  Fig. 
3-36tf,  b.  Capacitors  must  have  low  dielectric  absorption  (Mylar  or  polystyrene).  It  is 
best  to  include  a  fast  overload  limiter  (Fig.  4-8 d)  to  prevent  blocking  of  the  chopper  channel 
with  its  relatively  long  time  constants.  CB>,  RB  can  be  omitted  if  the  main  d-c  amplifier 
has  low  input  current  (FET  input).  The  increased  summing-point  voltage  due  to  even  a 
mild  overload  produces  a  greatly  increased  a-c  output  in  "the  stabilizer  channel.  The 
amplifier  pulses  at  the  a-c  amplifier  output  furnish  a  very  useful  indication  of  voltage  and 
current  overload  (error  lights). 

Mai ;  thus,  for  Ax  =  50,000,  \A2\  =  2,000,  we  obtain  the  phenomenal  d-c 
gain  \A\  =  1AM  =  100,000,000  combined  with  low  drift,  so  that  excel¬ 
lent  low-frequency  computing  accuracy  becomes  possible. 

The  design  of  bipolar  and  FET  switches  for  chopper  applications  is 
discussed  in  Chap.  5.  MOSFET  choppers  operated  at  frequencies  of 
100  to  1,000  Hz  have  long-term  input-voltage  offsets  below  20  /uV  and 
negligible  current  offset  over  a  wide  range  of  temperatures.  Sinusoidal 
drive  to  the  input  chopper  reduces  switching  spikes.  FET  choppers 
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permit  low-voltage  drive  at  higher  frequencies  than  neon-bulb/photo¬ 
resistor  choppers  and  are  also  more  reliable.  With  modern  low-drift 
amplifiers  (Sec.  3-33),  chopper  stabilization  is,  however,  required  only  in 
the  most  accurate  computer  and  instrumentation  circuits. 

(b)  Stabilizer-channel  Filters  and  Frequency  Response.  The  stabilizer  input  and  output 
filters  (Rly  C\  and  /?3,  C3  in  Fig.  3-36c)  cut  off  well  below  the  chopper  frequency  fCi  and 
dominate  the  stabilizer-channel  frequency  response,  so  that  for  practical  purposes 

Ao(0) 

Mj(0)  ~  {jtoRyC,  T  1  )(fi>R*C,  1) 

The  input  filter  (Rl,Cl)  attenuates  chopper-frequency  input  noise  and  prevents  stabilizer- 
channel  errors  or  overloads  due  to  the  possibly  relatively  large  high-frequency  components 
of  the  summing-point  error  voltage  Ea.  C\  and  R2  also  form  a  filter  intended  to  remove 
chopper-frequency  components  from  the  amplifier  summing  point.  RiCx  varies  between 
0.8 jfc  and  10 lfc,  with  larger  values  corresponding  to  larger  stabilizer-channel  gains  and 
larger  expected  summing-point  errors. 

The  ripple  filter  (fl3,C3)  smoothes  the  stabilizer  output  ripple,  which  acts  as  a  noise 
voltage  (chopper  noise)  at  the  amplifier  input.  Since  the  d-c  output  of  our  stabilizer  must 
approximate  the  d-c  offset  EDC  of  the  main  d-c  amplifier  in  absolute  value,  the  amplitude  of 
the  rectified  output-chopper  pulses  is  about  2  \EDC |,  assuming  symmetrical  chopper  action. 
The  ripple  filter  reduces  the  ripple  to  a  roughly  triangular  waveform  at  the  chopper  fre- 
quency  /'chopper,  with  peak-to-peak  amplitude  EDCIRsC3fc-  With  a  d-c  offset  EDC  =  12  mV, 
for  instance,  a  filter  time  constant  RSC3  =  2  sec  in  Fig.  3-36c  will  reduce  600-Hz  chopper 
noise  to  10  //V  peak  to  peak.  Note  that  balancing  of  the  main  d-c  amplifier  will  reduce 
Edc ,  and  hence  the  error  voltage  in  the  chopper  channel  and  the  chopper  noise. 

An  excessively  large  filter  time  constant  R3C3  adds  to  amplifier  cost, 
restricts  the  benefits  of  the  chopper-channel  gain,  and  slows  overload 
recovery.  To  reduce  chopper  noise  without  increasing  R3C3,  one  can: 

1.  Increase  the  chopper  frequency 

2.  Use  a  more  complicated  chopper  circuit,  which  breaks  the 
connection  to  R3  before  grounding  the  a-c  amplifier  output  to 
obtain  peak  detection  or  sample-hold  action 

3.  Add  an  a-c  preamplifier  ahead  of  the  main  d-c  amplifier  to  divide 
the  chopper  noise  by  the  preamplifier  gain 

In  practice,  however,  the  feedback-stability  requirements  outlined  in 
Sec.  3-34  may  require  R3C3  to  be  larger  than  needed  for  adequate  ripple 
filtering,  viz., 

R3C3  >  2/4  2(0)/?!^  to  4  A  2(0)/?,  C,  (3-96) 

This  condition  ensures  that  the  output  filter  reduces  the  stabilizer- 
channel  gain  \A2{J(o)\  to  unity  before  the  input  filter  causes  excessive 
phase  shift;  |/l2(yW)|  should  also  reduce  to  unity  before  the  main- 
amplifier  phase  shift  exceeds,  say,  45  deg.  Where  the  filter  time  con¬ 
stant  R3C3  required  by  Eq.  (96)  seems  excessive,  we  can  also  “break”  the 
stabilizer-channel  gain  with  a  rolloff  network  (R,  C  in  Fig.  3-36c).4J 

3-37.  Balancing  and  Test  Circuits.  Voltage  balancing  to  minimize  the 
offset  voltage  Ed  «  E,n  -  Ed3  may  be  done  in  the  amplifier  input  stage 
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through  differential  adjustments  of  the  input-transistor  currents 
(emitter  resistors  or  collector  voltages  in  Fig.  3-32).  Figure  3-37  shows 

an  external  voltage-balancing  circuit, 
which  can  be  added  to  existing  ampli¬ 
fiers.  Voltage  balancing  may  be  done 
in  a  test  circuit  like  that  of  Fig.  3-38#. 

Current  balancing  of  bipolar-tran¬ 
sistor-input  d-c  amplifiers  to  minimize 
idi  and  id2  in  a  test  circuit  similar  to  Fig. 
3-386  is  usually  performed  during 
manufacture  through  adjustment  of  the 
base-current  bias  resistors  in  Fig. 
3-32  a. 

Figure  3-38  shows  some  circuits  used  to  test  amplifier  specifications. 
Additional  test  circuits  and,  in  particular,  circuits  for  measuring 
amplifier  input  and  output  impedances  will  be  found  in  Refs.  38,  39,  46, 
and  74.  The  reader  is  advised  to  consult  manufacturers’  manuals  for 
the  specific  test  circuits  used  to  define  catalog  specifications. 


Fig.  3-37.  This  external  voltage¬ 
balancing  circuit  can  be  added  to 
existing  amplifiers. 


f— 10  6  /dl  (SW1  open,  SW2  closed  ) 
i  106  /'d2  (SW1  closed,  SW2  open) 

I  1°6(/d2-/'d1)  (  SW1  ond  SW2  open) 


ib) 


Fig.  3-38a  and  b .  (a)  Measurement  of  input  offset  voltage.  ( b )  Measurement  of  input  bias 
and  offset  currents. 


From 

low-  frequency 
si  g  no  I  generator 


Fig.  3-38c  and  d.  ( c )  Measurement  of  summing-point  voltage  for  error  and  open-loop-gain 
estimation  at  frequencies  below  1  KHz.  Careful  shielding  may  be  necessary  (Ref.  74;  see 
also  Sec.  3-38).  (d)  Measurement  of  the  common-mode-rejection  ratio  (CA4RR). 
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3-38.  Practical  Frequency-response  Measurements.  The  tremendous 
d-c  gain  of  modern  chopper-stabilized  d-c  amplifiers  makes  direct 
measurement  of  the  zero-frequency  gain  practically  impossible. 
Quoted  d-c  gain  figures  are  either  calculated  theoretically  or  obtained 
from  separate  gain  measurements  in  the  d-c  amplifier  and  chopper- 
stabilizer  channels.  Fortunately, 

(gain  and  phase)  measurements 
most  important  to  the  design  proc¬ 
ess  are  made  at  higher  frequencies, 
say  in  excess  of  1  KHz,  where  the 
amplifier  gain  has  more  manage¬ 
able  values.  Two  practical  circuits 
for  frequency-response  measure¬ 
ments  with  simple  equipment  are 
suggested : 

1.  Connect  the  amplifier  under 
test  as  a  unity  phase  inverter 
with  sinusoidal  input.  Vary  the  input  to  obtain  a  standard  undis¬ 
torted  output  amplitude,  say  10  volts  for  ±  100-volt  amplifiers,  and 
measure  the  amplitude  at  the  summing  point  with  a  vacuum-tube 
voltmeter  and/or  oscilloscope.  Input  and  output  phases  may  be 
compared  with  the  aid  of  a  dual-trace  oscilloscope. 

2.  Attenuate  the  amplifier  low-frequency  response  with  the  feedback 
networks  shown  in  Fig.  3-39.  Disconnect  the  chopper  stabilizer 
and  apply  a  known  sinusoidal  signal  to  the  chopper-stabilizer  (dif¬ 
ference-amplifier)  input  as  shown.  Measure  input  and  output. 

The  second  method  also  permits  one  to  measure  open-loop  output 
distortion  at  the  higher  frequencies,  and  hence  the  maximum  output 
amplitude  vs.  frequency  for  specified  total  harmonic  distortion. 

While  phase  comparisons  of  two  signals  having  a  large  amplitude  ratio 
are  relatively  inaccurate  with  the  simple  equipment  described,  the 
amplitude  response  can  be  conveniently  read  directly  in  decibels  with  a 
suitably  calibrated,  well-shielded  signal  generator  and  a  logarithmic 
voltmeter.  One  cqn  enter  the  amplitude  response  directly  into  a  Bode 
plot  and  draw  straight-line  asymptotes  to  determine  frequency  breaks 
(Sec.  3-34).  It  is  then  often  reasonable  to  omit  explicit  phase  measure¬ 
ments  altogether. 

If  a  differential-input  oscilloscope  is  available,  one  can  measure  the  phase  difference  -& 
between  two  sinusoidal  signals  a  sin  cot  and  b  sin  (cot  +  &)  as  follows.  Display  the 
difference  signal 

a  sin  cot  —  b  sin  (cot  +  b)  =  r  sin  (cot  +  tp ) 


however,  the  frequency-response 

IM 


100  PF 


Out  to 

oscilloscope 
or  VTVM 


In  from 

signol  generotor 


Fig.  3-39.  Circuit  for  measuring  the  open- 
loop  performance  of  a  differential-input 
d-c  amplifier  above  1  KHz.  Similar  con¬ 
nections  are  useful  when  such  a  d-c  amplifier 
is  to  serve  as  an  a-c  amplifier. 


with 


r  —  V  a2  +  b2  —  lab  cos  # 


(3-97) 

(3-98) 
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Vary  the  oscilloscope  gain  controlling  b  so  as  to  minimize  the  difference-signal  amplitude 
(98);  this  results  in 

b  “  a  cos  ft  r  =  a  sin  ft 

so  that  | sin  ft],  |cos  ft],  or  |tan  #|  can  be  obtained  as  an  amplitude  ratio.  The  correct 
quadrant  of  the  unknown  phase  difference  ft  is  determined  by  observation  of  the  two  signals, 
unless  it  is  known  from  the  nature  of  the  circuit  being  studied. 
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CHAPTER  4 


NONLINEAR  OPERATIONS: 
LIMITERS,  COMPARATORS, 
AND  FUNCTION  GENERATORS 


INTRODUCTION 

4-1.  Function  Generation  and  Switching.  This  chapter  describes  the 
basic  devices  required  to  vary  a  voltage  X0  as  a  nonlinear  function 
F(X1,X2, .  .  .)  of  other  voltages  Xu  X2, .  .  .  .  Many  circuits  employing 
nonlinear  resistors,  semiconductors,  or  vacuum  tubes  can  produce 
continuous  nonlinear  relations  X0  =  F{ X^)  (Secs.  4-16  and  4-17),  but 
their  characteristics  are  not  easily  reproduced  with  precision.  For  this 
reason,  most  electronic  function  generators  employ  biased  diodes 
(rectifiers)  as  voltage-sensitive  switches  which  select  network-gain  values 
set  by  accurate  linear  resistances.  Changes  in  diode  characteristics 
have,  then,  only  a  relatively  small  effect  on  the  output  (Secs.  4-2  to  4-7 
and  4-15).  The  precision  limiter  and  selector  circuits  of  Secs.  4-10  and 
4-11  employ  operational-amplifier  feedback  for  greatly  improved 
accuracy.  Sections  4-12  and  4-13  describe  useful  signal-generator 
circuits.  Generation  of  functions  of  two  or  more  variables  is  discussed  in 
Secs.  4-18  to  4-21. 

An  increasing  number  of  computer  applications  involve  relations 
X0  =  F(XUX 2, . . .)  where  an  input  X{  or  the  output  X0  does  not  vary 
continuously  but  is  a  “digital”  variable,  which  assumes  only  discrete 
levels  (e.g.,  +10  or  —10  volts)  corresponding  to  logical  decisions. 
Timed  or  voltage-determined  coefficient  and  computer-program 
changes  are  examples  of  such  operations;  their  implementation  requires 
analog  comparators  (elementary  analog-to-digital  converters,  Sec.  A-9a 
and  b )  and  analog  switching  circuits  (elementary  digital-to-analog 
converters,  Secs.  5-6  to  5-9),  together  with  suitable  digital-logic  circuits 
(see  also  Sec.  7-3). 
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SIMPLE  LIMITER  AND  SELECTOR  CIRCUITS 

4-2.  Junction-diode  Characteristics  and  Diode  Models.1-3  An  ideal 
diode  would  act  as  a  perfect  voltage-sensitive  switch  passing  current  in 
the  forward  direction  only;  its  resistance  would  change  without  delay 
between  zero  and  infinity  as  the  applied  voltage  reverses.  Figure  4- la 
and  b  shows  voltage-current  transfer  characteristics  of  an  ideal  diode  and 
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Fig.  4-1.  Voltage-current  transfer  characteristics  of  an  ideal  diode  (a),  a  silicon  junction 
diode  ( b ),  and  equivalent  circuits  (c,  d). 


of  a  typical  silicon-junction  diode  employed  for  analog-computer 
limiting  and  function  generation.  The  ideal-diode  characteristic  is 
reasonably  well  approximated  by  the  simplified  current-voltage  relation 
for  silicon  junctions, 

i  =  is  (exp  rj  -j^e  -  i)  (e  >  eB)  (4-1) 


with  kT  &  0.026  volt  at  room  temperature  (25  deg  C) 


„  =  (1  ie*m 

n  |2  (e  >  0)/’ 


to  account  for  minority-carrier 
injection1 


is  —  0.01  to  10  nA  (reverse  saturation  current  inside  the  junction; 
doubles  for  every  7  to  10  deg  C  temperature  increase) 
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Piecewise-linear  analysis  of  the  nonlinear  diode  characteristics 
(Fig.  4-lc  and  d)  leads  to  various  approximate  equivalent  circuits  or 
diode  models  representing  the  behavior  of  real  diodes  in  the  on  and  off 
conditions.  In  Fig.  4-lc/,  we  have  added  a  leakage  resistance  RB  (50  to 
1,000M)  to  account  for  surface  leakage  and  charge  generation.  The 
(nonlinear)  forward  resistance  RF  includes  the  effect  of  bulk  series 
resistance  as  well  as  that  of  the  junction  characteristic  (1).  Suitable 


Fig.  4-2 a  to /.  Basic  series-diode  limiters  (a)  to  (c)  and  practical  operational-amplifier 
circuits  ( d )  to  (/);  transfer  characteristics  shown  are  for  ideal  diodes.  Ec ,  EC1 ,  and 
Ec2  >  — Ec i  may  be  negative  as  well  as  positive,  so  that  breakpoints  can  be  positioned  at 
will. 


linear  or  nonlinear  capacitances  are  added  to  the  diode  model  to 
approximate  the  dynamic  (a-c)  behavior  of  real  junctions  (Sec.  4-5). 

Since  the  true  diode  characteristic  curves  strongly  near  zero  voltage, 
careful  piecewise-linear  approximation  involves  a  breakpoint  voltage 
different  from  zero  (+0.5  to  +0.7  volt  for  silicon  junctions).  The 
diode  model  of  Fig.  4 -Id  includes  this  effect  as  a  built-in  reverse  bias  V0 
which  is,  in  effect,  added  to  any  external  bias  voltage.  Unfortunately, 
V0  changes  with  temperature  as  determined  by  Eq.  (1),  so  that  we 
encounter  breakpoint  drift.  Specifically,  the  built-in  reverse  bias  of  a 
silicon-junction  diode  decreases  by  2  to  3  mV  for  each  degree  C  of 
ambient-temperature  increase.  This  effect  requires  either  temperature 
control  (component  ovens)  or  compensation  circuits  (Fig.  4-12)  for 
accurate  computation. 

For  a  sufficiently  large  reverse  bias  e  <  eB,  the  junction-diode  reverse 
current  increases  abruptly  due  to  avalanche  multiplication  or  (if  eB  is 
less  than  5  to  7  volts)  to  the  zener  effect.1  Breakdown  or  zener  diodes 
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employ  this  second  break  in  the  diode  characteristic  for  overload 
limiting  (Fig.  4-6)  and  are  also  used  in  reference-voltage  sources. 


4-3.  The  Basic  Diode  Limiter  Circuits.6  (a)  The  basic  limiter  circuits  of 
Figs.  4-3  to  4-5  employ  silicon-junction  diodes  to  produce  elementary 
nonlinear  transfer  characteristics.  Simple  limiter  circuits  can  simulate 
important  properties  of  dynamical  systems  (Secs.  8-18  to  8-20),  and 


limiters  can  be  combined  to  gener¬ 
ate  a  large  class  of  arbitrary  func¬ 
tions  (Sec.  4-15). 

Limiter  bias  voltages  can  them¬ 
selves  be  variables  as  well  as  con¬ 
stants.  The  series-shunt  limiters 
of  Fig.  4-5a  and  b,  in  particular, 
are  useful  as  amplitude  selectors 
producing  the  respective  output 
voltages 

X0  =  min  (XUEC) 

X0  =  max  {X^-Ec)  (4-2) 


-E 


Fig.  4-3.  Addition  of  a  grounded  “catching 
diode'’  reduces  interaction  between  the 
sources  of  Xx  and  —E  if  their  source 
impedances  are  higher  than  a  few  ohms,  as 
in  operational  amplifiers  operated  at  high 
frequencies.  Catching-diode  circuits  com¬ 
bine  shunt  and  series  switching  but  should 
not  be  confused  with  the  circuits  of 
Fig.  4-5. 


where  Ec  as  well  as  Xx  can  vary  with  time  (see  also  Sec.  4-11). 

(b)  Floating  diode-bias  supplies  (Fig.  4-2 a,  b ,  c)  are  not  practical  in 
most  computer  systems.  The  more  realistic  circuits  of  Figs.  4-2 d  to  4-3 
derive  the  required  diode-bias  voltages  from  grounded  computer 
reference  power  supplies. 

The  accuracy  of  shunt  and  feedback  limiters  (Fig.  4-4)  is  usually  com¬ 
promised  by  bias-circuit  impedances  in  series  with  the  diode  forward 
resistances,  so  that  such  circuits  are  more  useful  for  easily  adjustable 
overvoltage  protection  than  for  accurate  computation.  Silicon- 
junction-diode  shunt  limiters  (Fig.  4-4a,  b,  c)  can,  however,  limit  more 
sharply  if  bias  is  supplied  from  a  low-impedance  source  such  as  an 
operational  amplifier  rather  than  from  the  usual  20  to  100K  potentiom¬ 
eter.  More  accurate  diode  limiter  circuits  are  discussed  in  Secs.  4-6 
and  4-10. 

(c)  Zener-diode  limiters  use  the  reverse-breakdown  characteristics  (Sec.  4-2)  of  specially 
designed  diodes  for  limiting.  Back-to-back  zener  diodes  act  like  a  pair  of  diodes  with 
conveniently  built-in  fixed  bias  supplies  (Fig.  4-6).  Zener  diodes  can  be  obtained  with  a 
wide  variety  of  breakdown  voltages  and  can  also  be  combined  in  series.  Breakdown 
resistances  are  very  low  (typically  between  10  and  100  ohms)  and  permit  good  shunt  or 
feedback  limiting  if  each  diode  is  selected  for  a  desired  limiting  voltage;  the  most  useful 
application  is,  again,  overvoltage  protection  (see  also  Secs.  4-8  and  7-6 b). 


4-4.  Low-frequency  Analysis  of  Diode  Networks.  In  many  computer 
applications,  diodes  change  the  gain  of  a  resistive  network.  One 
attempts  to  design  these  networks  so  that  the  finite  forward  and/or  back 
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resistances  of  physical  diodes  become  negligible  compared  with  other 
network  resistances.  With  an  occasional  check  on  this  condition,  the 
simple  ideal-diode  model  of  Fig.  4-2 c  is  very  often  satisfactory  for 
analyses  of  “slow”  analog-computer  circuits  employing  silicon-junction 
diodes  with  RF  <  50  ohms,  Rn  >  50M,  at  frequencies  below  2  to  20  Hz. 
The  diode  offset  voltage,  which  could  introduce  errors  of  the  order  of 


Fig.  4-4.  Shunt-diode  limiters  {a)  to  (c)  and  feedback-diode  limiters  ( d )  to  (/);  transfer 
characteristics  shown  are  for  ideal  diodes.  ECj  Ecu  and  EC2  >  —EC1  may  be  negative  as 
well  as  positive,  so  that  breakpoints  can  be  positioned  at  will.  The  limiting  accuracy  of 
these  circuits  is  compromised  by  bias-circuit  impedances  (see  also  Sec.  4-4).  Excellent 
shunt  limiting  at  any  desired  level  is  possible  if  the  low-impedance  output  of  an  operational 
amplifier  is  used  as  the  bias  source. 


0.5  volt,  can  be  disregarded  when  limiter  breakpoints  are  set  by 
empirical  calibration;  variations  in  the  diode  offset  voltage  with  tem¬ 
perature  (Sec.  4-1)  will,  of  course,  contribute  to  the  computing  error. 

Figure  4-7  illustrates  the  static  (d-c)  piecewise-linear  circuit  analysis 
of  the  dual  feedback  limiter  of  Fig.  4-4/' on  the  basis  of  our  ideal-diode 
model.  With  the  amplifier  d-c  gain  between  104  and  108,  it  is  fair  to 
assume  infinite  d-c  gain  and  zero  output  impedance.  The  circuit  is 
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X,  R 

— vw 


R 


~Ec  = 


(c) 


Fig.  4-5.  Symmetrical  series-shunt  limiters  shunt  capacitive  leakage,  tend  to  cancel  break¬ 
point  drift,  and  are  recommended  for  computing  frequencies  above  0.5  to  1  KHz.  Low- 
capacitance  germanium  diodes  are  often  used.  Ec  can  be  negative  as  well  as  positive; 
rL  can  be  the  input  resistor  of  an  operational  amplifier.  Circuits  (a)  and  ( b )  are  supplied 
from  low-impedance  sources  and  have  low  output  impedance  in  either  state;  they  are 
useful  as  amplitude  selectors,  gates,  and  logic  circuits.  Additional  diodes  can  be  added 
to  yield  min  (A1,A'2, .  . .)  or  max  ( XltX2 , . . .)  (see  also  Sec.  4-11). 


drawn  and  analyzed  for  each  of  its  three  possible  states: 

1.  Dx  and  D»  off  (Fig.  4-lb): 

Y  =  —  —  Y 
0  RxX 1 

2.  Dx  on,  D2  off  (Fig.  4-7c): 


y  Vl  [*X  E\ 

0  Ro  +  rMi  r'J 

3.  Di  off,  D2  on  (Fig.  4-1 d): 

E\ 

0  R0  +  rMi  r'J 


--^Xi+pEforr!  <  R^j 
-jfXr-’lE  forr,  <*0) 


Fig.  4-6.  Shunt  and  feedback  limiters  using  back-to-back  zener  diodes. 
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Fig.  4-7.  Static  piecewise-linear  analysis  of  a  typical  limiter  circuit  (dual  feedback  limiter) 
on  the  basis  of  the  ideal-diode  model. 


The  fourth  possible  combination  of  diode  states  {Dx  and  D2  on)  cannot 
be  realized,  because  the  diodes  are  back-biased.  In  Fig.  4-7e,  the  three 
linear  transfer  characteristics  are  combined.  To  pick  the  correct 
sequence  of  line  segments,  one  starts  with  the  most  negative  input 
voltage  and  remembers  that  no  ideal  diode  can  carry  reverse  current. 

The  resulting  transfer  characteristic  accurately  represents  the  actual 
circuit  performance,  except  in  the  immediate  vicinity  of  the  breakpoints. 
Note  that  the  output  still  depends  on  X1  even  in  the  limiting  conditions. 
For  sharp  limiting,  r1  and  r2  should  be  small,  but  small  values  of  rlf  r2, 
f i>  also  increase  the  amplifier  load  current.  The  circuit  limits  more 
sharply  at  low  limiting  levels  and  is,  in  general,  more  suitable  for  over¬ 
voltage  protection  than  for  accurate  limiting. 


121  HIGH-FREQUENCY  PERFORMANCE  OF  DIODE  CIRCUITS  4-5 

4-5.  High-frequency  Performance  of  Diode  Circuits.  In  addition  to 
the  usual  bandwidth  limitations  due  to  circuit  capacitances  and  amplifier 
frequency  response,  the  useful  bandwidth  of  diode  circuits  is  restricted 
by  the  effects  of  diode  capacitances,  which  are  highly  nonlinear  in  junc¬ 
tion  diodes  (Figs.  4-le  and  4-8 a,  b ).  The  capacitance  CB  of  a  junction 
diode  reverse-biased  by  —  E  is  roughly  proportional  to  {I'VE.  In  ad¬ 
dition,  junction  diodes  exhibit  nonlinear  capacitance  due  to  transit  time 
and  charge  storage  in  the  junction.  The  most  noticeable  effect  is  the 


Fig.  4 -8a,  b.  1-KHz  transfer  characteristic  of  a  feedback  limiter  (a),  and  effect  of  speedup 
capacitor  C1  ( b ). 


storage  time  ts  required  to  sweep  minority  carriers  from  the  junction 
when  the  diode  is  turned  off;  this  can  be  expressed  in  terms  of  a  non¬ 
linear  capacitance  CF  which  increases  with  the  forward  current.  While 
we  can  reduce  the  storage  time  by  reducing  the  diode  forward  current, 
the  charge-storage  effect  is  usually  masked  by  other  capacitance  effects 
if  we  employ  fast-recovery  diodes  such  as  the  1N916A  (off  capacitance 
<4  pF ;  storage  time  <4  nsec  from  10  mA  at  —6  volts). 

Circuit  and  diode  capacitances  cause  phase  shift  in  each  linear  portion 
of  a  diode-circuit  transfer  characteristic.  More  seriously,  circuit  and 
diode  capacitances  must  discharge  reverse-bias  voltages  before  each 
diode  switches  on;  the  resulting  delays  increase  turn-on  breakpoint 
voltages  when  the  limiter-circuit  input  increases  with  time  and  decrease 
them  for  decreasing  input.  Dynamic  errors,  then,  manifest  themselves 
as  a  hysteresis-like  spreading  of  diode-circuit  transfer  characteristics 
(Fig.  4-8a)  which  increases  with  frequency  and  with  the  input-voltage 
swing.  The  breakpoint  shift  (actually  a  time  delay)  is  often  roughly 
proportional  to  the  rate  at  which  the  input  voltage  crosses  the  break¬ 
point.  This  effect  becomes  noticeable  at  frequencies  well  below  those 
where  junction-storage  effects  matter  and  is  especially  pronounced 
where  the  back  resistances  of  open  diodes  can  cause  long  discharge  time 
constants.  The  spreading  can  be  partially  canceled  by  lead  networks 
such  as  lead  capacitors  across  operational-amplifier  input  resistors.  The 
nonlinear  nature  of  the  circuit,  however,  usually  permits  compensation 
only  over  a  portion  of  the  working-frequency  range  and  prevents 
accurate  compensation  near  the  breakpoints  (Fig.  4-8 b). 
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Fig.  4-8 c.  The  equivalent  circuit  of  a  combined  series-shunt  limiter  illustrates  its  beneficial 
effect  on  capacitive  as  well  as  resistive  leakage.  Turn-on  and  turn-off  time  constants  are 
also  low. 


Zy  Z0 


Fig.  4-8 d.  The  4-  to  10-pF  capacitances  of  simple  feedback-limiter  diodes  can  produce 
serious  phase  shift  above  1  KHz.  This  wideband  feedback  limiter  splits  diode  capacitances 
into  T  networks  with  easy  ground  paths  for  capacitive  currents.  This  circuit  is  very  im¬ 
portant  as  a  wideband  overload  limiter  (Secs.  3-36  and  4-11)  and  in  analog  comparators 
(Sec.  4-9).  This  is  probably  the  best  of  several  similar  circuits  (Refs.  4  and5). 


Aside  from  the  use  of  lead  networks  and  fast-recovery  diodes,  one  can 
reduce  diode-circuit  capacitance  effects  by  keeping  circuit  impedance 
levels  as  low  as  amplifier  power  permits;  note  that  this  also  requires  the 
use  of  diodes  with  proportionally  lower  forward  resistances.  Substitu¬ 
tion  of  diodes  in  series  for  single  diodes  or  zener  diodes  can  also  decrease 
capacitance  effects  especially  in  feedback  branches,  if  the  increased  for¬ 
ward  resistance  can  be  tolerated.  With  such  precautions,  the  limiter 
circuits  of  Secs.  4-3  and  4-6  can  be  kept  accurate  within  0.5  percent  of 
half-scale  up  to  200  Hz;  each  diode  circuit  will  require  separate  investiga¬ 
tion*  At  higher  frequencies,  the  designer  should  attempt  to  “short- 
circuit”  the  worst  capacitance  effects  by  using  limiters  and  switching 
circuits  which  combine  both  shunt  and  series  switching  instead  of  simple 
series,  shunt,  or  feedback  diodes  (Figs.  4-5,  4-8c,  and  5-1).  Special 
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circuits  of  this  type  permit  accuracies  within  0.3  to  1  percent  of  half-scale 
up  to  at  least  100  KHz.  The  design  of  such  circuits  is  still  a  challenging 
problem,  and  each  case  will  require  separate  consideration  (see  also 
Secs.  4-15  and  4-17). 

To  study  diode-capacitance  effects  on  analog-computer  accuracy,  we  can  compute 
at  a  reduced  time  scale  and  vary  artificially  added  capacitors  across  each  diode. 

4-6.  Diode-bridge  Limiters.  The  four-diode-bridge  limiters  shown  in 
Fig.  4-9  produce  accurate  and  conveniently  adjustable  dual-limiter 
characteristics  by  series-limiter  action.  Referring  to  Fig.  4-10,  all  four 


Fig.  4-9.  Four-diode-bridge-limiter  circuit.  If  desired,  r'  ^  r  and/or  —E'  ^  — E  yield 
asymmetrical  limits,  which  must  differ  in  sign.  Variation  of  rL  (or  a  variable  resistor 
shunting  rL)  conveniently  controls  both  limits. 


diodes  conduct  for  low  absolute  values  of  the  input  voltage.  When 
l*il  >  Erl(r  +  2rL),  the  absolute  value  of  the  input-diode  current 
/  =  Xfr  +  2rL)/2rrLdueto  X4  exceeds  the  input-diode  current/  —  E/2r 
due  to  the  bridge-control  voltages  E,  —E,  and  one  of  the  input  diodes 
( Di  or  Dz)  cuts  off.  Note,  however,  that  no  limiting  occurs  at  this 
point,  since  one  pair  of  diodes  {Du  D2  or  Z)3,  L>4)  is  still  conducting. 
Limiter  action  takes  place  when  |A\|  >  Er/(r  +  rL),  so  that  one  of  the 
output  diodes  D2  or  L>4  is  cut  off  as  well.  Figure  4-106  to  /  shows 
the  resulting  five  possible  states,  and  Fig.  4-10g  and  h  illustrates  the 
derivation  of  the  input-diode  currents  i  and  I.  The  half-bridge  limiter 
circuits  of  Fig.  4-1 1  will  pass  only  input  voltages  of  one  sign. 

Clipping  levels  are  best  set  with  the  aid  of  a  digital  voltmeter  or  com¬ 
parison  potentiometer.  Equivalent  circuits  like  that  of  Fig.  4-10  show 
that,  except  in  the  immediate  vicinity  of  the  breakpoints,  constant-tem¬ 
perature  clipping  levels  are  constant  within  0.1  percent  if  rLjRB< C  1  and 
any  changes  in  RF  are  within  10_3r;  typically,  r  =  100K,  RB  =  100M, 
and  Rf  —  50  to  500  ohms.  The  insertion  loss  associated  with  the  diode- 
bridge  limiter  of  Fig.  4-9  is  also  readily  kept  within  0. 1  percent.  Diode- 
bridge  limiters  can  still  limit  within  0.5  volt  at  1  KHz  and  are  widely 
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Fig.  4-10.  Four-diode-bridge  limiter  (a),  its  five  possible  states  ( b  to  /),  and  derivation 
of  the  input -diode  currents  i  and  I  when  all  four  diodes  are  conducting  (g,  h).  D1  cuts  off 
when  i  >  /,  and  D3  cuts  off  when  i  <  I.  All  formulas  are  derived  for  I\F  r,  Rp  <^.rL. 
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Fig.  4-11.  Half-bridge  limiter  circuits  and  transfer  characteristics.  Each  output  voltage 
is  limited  between  zero  and  a  positive  or  negative  voltage. 

useful  in  computing  and  instrumentation  applications.  No  multi¬ 
purpose  electronic  analog  computer  should  be  without  patchbay- 
mounted  or  plug-in  bridge  limiters.  Refer  to  Sec.  5-2  for  the  use  of 
diode-bridge  circuits  as  switches. 

4-7.  Temperature  Compensation  of  Breakpoint  Drift  (see  also  Sec. 
4- 15). 43-48  Figure  4-12  shows  circuit  designs  which  will  compensate  the 
2  to  3  mV/deg  C  breakpoint  drift  (Sec.  4-2)  of  a  diode  limiter  with  the 
aid  of  an  extra  diode  or  diodes  causing  an  opposing  drift  in  the  bias 
voltage.  With  carefully  matched  diodes  (preferably  monolithic  sets), 
breakpoint-drift  errors  can  usually  be  reduced  by  a  factor  of  5  to  10  over 
a  50  deg  C  temperature  range.  Such  compensation  circuits  apply 
equally  well  to  series  limiters  and  feedback  limiters  (see  also  Figs.  6-4 
and  6-28). 

4-8.  Transistor  Limiters.  Transistor  limiters  employ  the  cutoff 
characteristics  of  silicon-junction  transistors  (Sec.  5-3)  for  limiting. 
The  limiting  level  is  determined  by  the  voltage  between  the  transistor 
base  and  emitter  (Fig.  4-13).  Comparison  of  the  transistor  feedback 
limiter  shown  in  Fig.  4- 13c  with  the  diode  feedback  limiter  of  Fig.  4-7 
illustrates  how  transistor  current  amplification  permits  much  sharper 
clipping  especially  when  the  limiting  level  differs  from  zero.  For  this 


(a) 

+15 


Fig.  4-12.  Temperature  compensation  of  diode-limiter  breakpoint  drift  with  matched  diodes. 
Reverse  diodes  and  bias  for  positive  clipping.  Note  that  the  circuit  of  Fig.  4-126  is  not 
used  in  the  manner  of  a  bridge  limiter  (Sec.  4-6);  the  compensating  diode  D2  is  always  on. 


Fig.  4-13a,  b.  Simple  transistor  output  limiters  clipping  at  zero  (a)  and  at  ±EC  (6). 


Fig.  4-13c.  An  adjustable  transistor  feedback  limiter.  Fast  silicon  transistors  with  high 
(>200)  are  used  (e.g.,  2N2222). 
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reason,  limiter  transistors  should  have  current  gains  (beta)  in  excess  of 
200  (see  also  Fig.  6-28). 


ANALOG  COMPARATORS 

4-9.  Comparator  Circuits,  (a)  Simple  Operational-amplifier  Compara¬ 
tors  and  Sign  Multipliers.  A  high-gain  operational  amplifier  without 
any  feedback  other  than  a  feedback-limiter  circuit  has,  except  for  brief 


Fig.  4-14.  A  simple  comparator  and  its  transfer  characteristic  (r x,  r2  /?x).  Transistor 
feedback  may  also  be  used.  Such  circuits  can  drive  digital  logic,  electronic  switches, 
relays,  or  lights.  A  diode  bridge  (Fig.  4-9)  can  follow  the  comparator  to  produce  precisely 
defined  output  levels.  The  circuit  shown  supplies  extra  outputs  X0  +  Ec2,  X0  —  Ecl 
which  vary  between  0  and  EC1  +  Ec2  and  —(EC1  +  Ec2),  respectively,  and  can  drive 
nonpolarized  relays. 


transition  periods,  only  two  output  states  determined  by  the  limiting 
levels  (Fig.  4-14).  The  output  voltage  of  such  an  analog  comparator 
then  changes  decisively  between  two  definite  limit  voltages  whenever 
the  sum  of  the  input  voltages  changes  sign :  the  comparator  implements 
a  binary  decision ,  which  can  be  interpreted  as  a  basic  l-bit  analog-to-digital 
conversion. 

Figure  4-17  shows  a  useful  single-input  (zero-level)  comparator 
circuit  which  provides  precise  output  levels  without  diode  feedback. 

Analog  comparators  can  drive  indicator  lights,  relays,  and  electronic 
switches  with  or  without  intervening  digital-logic  circuits.  Accurately 
determined  comparator-output  levels  can  also  be  used  directly  for 
analog  computation.  In  particular,  a  comparator  producing  output 
levels  X2,  —  X2  proportional  to  an  analog  input  variable  X2  can  produce 
the  output 

X0  =  -Xt  sign  X1  (X2  >  0)  (4-3) 

(two-quadrant  sign  multiplier ,  Figs.  4-14  and  4-15;  see  also  Sec.  8-96). 
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Fig.  4-15.  This  zero-level  comparator  has  precisely  defined  output  levels  and  is  easy  to 
patch  on  general-purpose  analog  computers.  The  reversed  diodes  and  bias  shown  in  dashed 
lines  yield  negative  output  for  Xx  >  0;  with  the  full  bridge,  one  has  a  sign  multiplier 
producing 

X0  =  —  X2  sign  Xx  (X2  >  0) 

To  remove  the  sign  restriction  on  X2 ,  one  can  connect  a  second  bridge  with  bias  voltages 
— X2,  X2  to  the  summing  point  (Refs.  31  and  92;  see  also  Sec.  8-96). 


(b)  Design  of  Improved  Analog  Comparators.  For  fast  hybrid 
computation  and  analog-to-digital  conversion,  analog  comparators 
must  be  designed  for  minimal  response  times  to  avoid  timing  errors 
(Fig.  3-2).  The  comparator  response  time  will  appear  as  the  sum  of  an 
output  rise  time  (which  may  be  simply  the  rise  time  of  a  fast  logic  circuit 
connected  to  the  comparator)  and  a  delay  required  to  charge  circuit  and 
feedback  capacitances;  the  delay  is  roughly  proportional  to  the  time 
integral  of  the  comparator  input  voltage,  so  that  most  practical  com¬ 
parators  will  switch  more  quickly  for  large  and/or  steep  input-voltage 
transitions.  Figure  4-16  shows  a  wideband  comparator  comprising  a 
fast  amplifier  and  a  T-network  diode-limiter  circuit,  which  minimizes 
feedback  through  open  diode  capacitances  (see  also  Sec.  4-5).  In  order 
to  avoid  jitter  due  to  small  noise  inputs,  regenerative  feedback  of  a  small 
portion  of  the  comparator  output  voltage  into  the  noninverting-amplifier 


Fig.  4-16.  A  wideband  comparator.  Regenerative  feedback  produces  hysteresis,  which 
prevents  output  jitter  due  to  small  noise  inputs. 
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input  introduces  static  hysteresis;  i.e.,  the  regenerative  feedback  voltage 
biases  the  comparator  so  as  to  prevent  output  transitions  due  to  small 
noise  inputs  (see  also  Sec.  4-12).  Practical  hysteresis  levels  are  ±5  to 
±20  mV,  depending  on  the  noise  environment. 

The  Burr-Brown  adaptive  comparator  incorporates  a  circuit  which  switches  the  hysteresis 
feedback  off  following  input  excursions  greater  than  ±100  mV,  so  as  to  speed  comparator 
response  after  such  excursions;  the  jitter-reducing  hysteresis  is  switched  back  on  after  the 
first  small  transition  of  the  input  voltage. 

Feedback-limited  comparators  are  gradually  being  replaced  by  special 
integrated-circuit  comparators  (such  as  Fairchild  ^A710).  These  are 


22/wH 


Fig.  4-17.  A  1 00-nsec  ±  10-volt  comparator  with  emitter-coupled-logic  output.  The 
+  12-volt  and  -6-volt  supply  voltages  for  the  [iA  710C  integrated  circuit  are  obtained  via 
emitter  followers  from  the  carefully  decoupled  ±15-volt  analog-computer  supply.  Input 
diodes  limit  the  /*A  710C  input  to  a  safe  ±0.7-volt,  and  very  low  input  resistances 
prevent  adverse  effects  from  the  offset-current  drift  of  the  inexpensive  integrated  circuit. 
Offset  drift  is  thus  within  100  /A/deg  C  at  25  deg  C,  with  ±10  mV  hysteresis.  ( University 
of  Arizona ,  Ref.  94.) 

very  fast  d-c  amplifiers  specially  designed  to  recover  quickly  from  over¬ 
loads,  so  that  no  feedback  limiting  is  required  (Fig.  4-17). 

Practical  comparators  have  convenient  logic-level  outputs.  They  can 
also  have  an  additional  noninverting  input,  so  that  they  may  serve  as 
differential  comparators  as  well  as  with  summing-network  inputs.  Fast 
comparators  of  this  type  may,  however,  have  bias-current  offsets 
(Sec.  3-32)  as  large  as  0.1  mA/deg  C  and  may  not  permit  input  voltages 
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larger  than  ±5  volts.  Figure  4-17  shows  how  a  /uA  710-type  integrated 
circuit  can  be  made  into  a  computer-grade  comparator  with  a  low- 
impedance  input  circuit,  input-protecting  diodes,  and  hysteresis  feed¬ 
back. 

Comparator  level  accuracy  can  be  within  a  few  millivolts,  but  hy¬ 
steresis  is  practically  always  added  in  fast  circuits.  The  comparator 
circuits  of  Figs.  4-16  and  4-17  permit  response  times  between  50  and 
200  nsec,  depending  on  input  signals  and  packaging.  Still  faster 
comparators  can  be  built  with  tunnel-diode  circuits,  but  they  tend  to  be 
less  accurate. 


Fig.  4-18.  A  window  comparator  available  in  integrated-circuit  form  (a)  an  accurate 
window  comparator  based  on  the  precision-limiter  absolute-value  circuit  of  Fig  4  23  (b) 
and  transfer  characteristic  (c).  (Refs.  96  and  91.)  J 
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Fast  output  rise  times  required,  e.g.,  for  triggering  fast  flip-flops,  are  readily  obtained 
from  a  fast  logic  gate  or  Schmitt  trigger  connected  to  the  comparator  output.  Comparators 
may  also  be  connected  directly  to  set-reset  flip-flops  to  provide  “latching”  or  “memory.” 
Strobed  comparators  have  a  gate  input  which  enables  the  comparator  when  a  timed  strobe 
pulse  is  applied.  Such  pulsed  operation  can  yield  faster  comparator  response  and  may 
save  a  timed  sample-hold  circuit  ahead  of  the  comparator. 

Figure  4-18  shows  two  window  comparators  which  indicate  whether  the  input  sum  is 
within  an  accurately  designed  class  interval  or  “window.”  Such  circuits  are  useful  for  go/ 
no-go  testing  and  for  measurements  of  statistical  relative  frequency  (amplitude-distribution 
analyzers).96,97 


PRECISION  LIMITERS  AND  SELECTORS 

4-10.  Precision  Limiters  and  Some  Related  Circuits,  (a)  The  basic 
diode-limiter  circuits  described  in  Sec.  4-3  yield  static  accuracies 
between  0.2  and  1  volt,  depending  on  the  particular  application.  By 
comparison,  the  precision-limiter  circuits  of  Fig.  4-19  approximate  ideal 


( a )  ( b ) 


Xq 

X o 

\ 

50  V 

\  *i 

X,  R  Ft  X0I 


(£/) 


Xo\ 

\ 

\  *1 
Xq 

\  * 

\J 

Xoz 

Fig.  4-19.  Precision-limiter  circuits.  The  circuits  of  Fig.  4-19c  and  if  employ  the  “built-in” 
bias  of  a  silicon-junction  diode  to  produce  a  0.4-  to  0.7-volt  comparator  step;  external  bias, 
as  in  (d)  however,  can  produce  slightly  better  accuracy  and  also  produces  larger  comparator 
steps  to  operate  flip-flops,  silicon  controlled  rectifiers,  etc. 
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static  limiter  characteristics  within  0.05  volt  with  the  aid  of  high-gain 
low-drift  d-c  amplifiers.1617  When  each  diode  in  Fig.  4-19  conducts, 
it  is  inside  a  high-gain  degenerative  feedback  loop,  so  that  the  nonlinear 
diode  forward  resistance  and  the  “built-in  bias  voltage”  (Fig.  4-1)  are 
effectively  divided  by  the  loop  gain.  As  Dv  ceases  to  conduct,  the 
degenerative  feedback  decreases;  the  open-loop  gain  of  the  amplifier 
produces  a  decisive  step  in  the  voltage  A0'  and  cuts  off  with  a  very 


Fig.  4-20.  Reproduction  of  an  actual  low-frequency  (0.02-Hz  sweep)  servo-table  plot  com¬ 
paring  a  precision-limiter  characteristic  and  series-limiter  characteristics  obtained  with  the 
circuit  of  Fig.  4 -2c/  using  silicon-junction  and  vacuum  diodes  (a)  and  a  precision-limiter 
characteristic  taken  at  5  KHz  (b). 


sharp  break.  Figure  4-20a  compares  a  precision-limiter  characteristic 
with  ordinary  series-limiter  characteristics  produced  with  silicon- 
junction  and  vacuum  diodes.  Such  accurate  nonlinear  characteristics 
have  a  wide  variety  of  applications  in  computation,  instrumentation, 
and  control. 

At  higher  frequencies,  precision-limiter  operation  is  modified  by  the 
combined  effects  of  circuit  and  diode  capacitances  and  amplifier  rise 
time  (Fig.  4-206;  see  also  Sec.  4-5).  The  phase-shift  and  comparator- 
step-delay  errors  illustrated  in  Fig.  4-206  increase  with  the  input-voltage 
swing.  High-frequency  errors  are  minimized  by  fast  amplifiers,  low 
circuit  impedances,  and  careful  attention  to  low-capacitance  layout. 
One  further  reduces  the  comparator-step  delay  by  reducing  the  pre¬ 
cision-limiter  bias;  the  bias  can  be  reduced  to  about  1  volt  without 
affecting  the  static  limiting  accuracy.  As  with  other  diode  circuits, 
speedup  capacitors  across  the  input  resistor  or  resistors  will  improve  the 
frequency  response  at  least  over  a  limited  frequency  range  (Sec.  4-5). 
With  low  computing  resistances  (2K),  suitable  amplifiers,  and  fast  diodes 
(1N916A),  precision  limiters  can  still  yield  0.2  percent  accuracy  at 
10  KHz. 
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(b)  Figure  4-21  a  shows  a  precision  limiter  capable  of  limiting  at  a 
precisely  adjustable  positive  or  negative  level  other  than  zero  (see  also 
Sec.  4-1 1).17  As  in  the  precision-limiter  circuits  of  Fig.  4-19,  reversal  of 
diodes  and  bias  yields  a  reversed  limiter  characteristic  (bottom  limit 
instead  of  top  limit).  The  dual  precision  limiter  of  Fig.  4-21 Z?17  again 
produces  comparator  steps  to  drive  a  diode  bridge  (Sec.  4-6)  decisively 


Fig.  4-21a.  A  precision-limiter  circuit  producing  a  nonzero  limiting  level.  Reversal  of 
diodes  and  bias  yields  a  reversed  (bottom-limited)  characteristic. 


Fig.  4-216.  A  dual  precision  limiter.  The  output  X0  again  produces  comparator  steps  to 
cut  the  diode  bridge  off  decisively. 

into  its  positive  and  negative  limits.  Because  of  the  relatively  large 
circuit  capacitances  involved,  this  circuit  works  best  at  frequencies 
below  50  Hz.  As  in  Fig.  4-21  a,  the  limit  levels  depend  on  the  load 
resistance. 

Figure  4-22a  and  b  illustrates  the  use  of  diode-bridge  feedback  to 
produce  useful  deadspace  characteristics.  Figure  4-22c  combines  such  a 
deadspace  circuit  with  precision-limiter  feedback  to  produce  two 
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Fig.  4-22.  Deadspace  circuit  using  a  diode  bridge  (a),  deadspace  comparator  ( b ),  and 
precision  deadspace  circuit  (c). 
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precision-limiter  outputs  and  comparator  steps  separated  by  a  precisely 
adjustable  deadspace.  This  precision-deadspace  circuit 18  combines 
0.05-volt  static  accuracy  with  useful  operation  up  to  at  least  10  KHz. 
The  circuits  of  Fig.  4-22 b  and  c  are  not  only  useful  for  control-system 
simulation;  they  can  perform  automatic  switching  operations  whenever 
the  input  voltage  A,  exceeds  set  limits,  as  required,  for  example,  for 

Go/no-go  testing 

Circuit  protection 

Automatic  scale  chances 

Carry  generation  in  hybrid  computers 

Counting  control-transient  cycles 

Amplitude-distribution  analysis 

Resolver  quadrant  switching  (Sec.  6-21) 

Figure  4-23  shows  the  use  of  a  precision  limiter  in  a  precision  absolute- 
value  circuit. 


Polarity-indicating 

step 


Fig.  4-23.  Precision  absolute-value  circuit.  Reversal  of  the  limiter  diode  D  yields 
-(RolRjX,. 


(c)  Precision  limiters  (and  related  selector  circuits,  Sec.  4-11)  can  be  regarded  as  basic 
“analog-to-hybrid-code  converters/’  Precision  limiters  produce  not  only  very  accurate 
analog  limiter  characteristics  but  also  “ digital ”  step  outputs  indicating  the  precise  time  when 
the  input  voltage  crosses  predetermined  limits.  These  step  outputs  are  widely  useful  for 
actuating  limit-indicating  lights,  relays,  and/or  digital-computer  circuits. 

While  the  precision  limiters  of  Figs.  4-18  and  4-21  or  4-22,  respectively,  produce  step 
outputs  marking  a  single  limiting  level  and  two  limiting  levels,  the  “multicomparator”  or 
quantizing  circuit  of  Fig.  4-2419  is  a  generalized  precision  limiter  capable  of  marking  10  to 
15  discrete  voltage  levels.  Such  a  circuit  can  be  useful  for  hybrid  analog-digital  computa¬ 
tion,  statistical  sorting,  or  step-function  generation.  Figure  4-24o  shows  a  high-gain  d-c 
amplifier  with  nonlinear  feedback  through  a  diode  function  generator  having  the  transfer 
characteristic  (Y  vs.  X0)  defined  by  Fig.  4-246.  The  resulting  feedback  is  alternately 
degenerative  and  zero  (or  very  slightly  regenerative)  as  the  input  voltage  Xx  changes.  It 
follows  that  the  forward  transfer  characteristic  (output  X0  vs.  input  Xl9  Fig.  4-24c)  exhibits 
sharp  comparator  steps  at  accurately  defined  input-voltage  values;  the  regenerative  action 
will  tend  to  make  the  breakpoint  values  of  Xx  independent  of  diode  characteristic  and 
temperature. 
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Fig.  4-24.  The  multicomparator  (a)  employs  alternating  degenerative  and  very  slightly 
regenerative  feedback  ( b )  to  produce  a  transfer  characteristic  with  multiple  comparator 
steps  (c).  Figure  4-24tf  shows  a  practical  circuit  which,  in  addition  to  its  multicomparator 
outputs  X0,  — A0,  produces  individual  comparator  steps  Vu  V2,  V3,  F4. 


Figure  4-24 d  illustrates  a  practical  circuit.  Note  that  the  output  terminals  marked  Vu 
F2,  Ks,  V4  yield  positive  or  negative  comparator  steps  starting  at  zero ,  which  is  particularly 
useful  for  operation  of  associated  digital  circuitry.  Addition  of  extra  diode  channels 
yields  up  to  15  comparator  steps  (16  =  24  states);  In  diodes  yield  n  +  1  states,  and  only  two 
amplifiers  are  used.  Unity  slopes  and  equal  breakpoint  intervals  are  shown  for  simplicity, 
although  other  values  may  be  preferable  for  various  applications.  Too  much  regeneration 
will  cause  comparator  steps  with  hysteresis. 
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4-11.  Accurate  Selectors,  Ex¬ 
treme-value-holding  Circuits,  and 
Peak  Detectors.  The  precision- 
limiter  circuit  of  Fig.  4-2517  func¬ 
tions  as  a  precision  selector  which 
produces  the  larger  of  two  constant 
or  variable  voltages  X,  Y.  Re¬ 
versal  of  diodes  and  bias  would 
yield  min  (X,  Y )  instead  of  max 
(X,Y).  Unlike  most  precision- 
limiter  circuits,  this  two-amplifier 
selector  has  a  low  source  imped¬ 
ance  in  both  of  its  two  switching 
states. 

Each  of  the  maximum-holding 
circuits  of  Fig.  4-2620  combines 
a  precision  selector  with  an 
integrator.  These  circuits  mark 
successive  relative  maxima  with 
precisely  timed  digital  steps  and 
hold  the  largest  past  value  of  the 
input  X.  These  circuits  were 
originally  developed  for  spacecraft 
applications  (rocket-thrust  mea- 


+15  V 


Fig.  4-25.  A  precision-selector  circuit  pro¬ 
ducing  the  larger  of  two  voltages  X ,  Y . 
Reversal  of  diodes  and  bias  would  yield 
min  (X,Y)  instead  of  max  (X,Y).  The 
outputs  of  up  to  at  least  five  precision 
limiters  with  inputs  —  Xlf  —X2i  .  .  .  can  be 
similarly  connected  together  to  produce 
max  (XuX2y .  .  .)  or  min  (XuX2i  .  .  .). 


surements)  and  are  also  useful  in 
many  simulation  problems.  If  the 
storage  capacitors  are  shunted  with  suitably  large  resistances,  the  same 
circuits  become  accurate  peak  detectors  for  a-c  waveforms. 


BISTABLE  OPERATIONAL-AMPLIFIER 
CIRCUITS  AND  SPECIAL 
SIGNAL  GENERATORS 

4-12.  Multivibrator  Circuits.  Figure  4-21a  shows  a  simple  analog 
bistable  circuit.17,21  The  comparator  biases  itself  through  a  phase- 
inverting  amplifier,  so  that  an  input  voltage  equal  to  or  larger  than  +EC 
is  needed  to  change  the  output  state.  The  input  voltage  then  loses 
control  until  it  reaches  the  negative  value  —Ec- 

The  addition  of  an  integrator  to  the  basic  multivibrator  circuit  of  Fig. 
4-27 a  yields  a  free-running  (astable)  multivibrator  (Fig.  4-276).  Figure 
4-27c  shows  a  monostable  multivibrator  circuit  capable  of  delivering  pre¬ 
cisely  timed  pulses  after  triggering. 

The  astable  multivibrator  of  Fig.  4-276  is  widely  useful  as  an  accurate 
and  versatile  signal  generator  producing  various  periodic  waveforms 


+  15V 


Fig.  4-2 6a,  b .  These  maximum-holding  circuits  accurately  store  the  largest  past  value  of  a 
voltage  X  =  X(r)  and  produce  sharp  comparator  steps  marking  successive  relative  maxima. 


Fig.  4-26c.  Record  produced  by  a  minimum-holding  circuit  obtained  from  Fig.  4-2 6a  or  b 
by  reversal  of  diodes  and  bias.  A  0.1  -//F  holding  capacitor  was  used. 
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with  analog-computer  accuracy.  With  the  addition  of  a  simple  90  to 
+90  deg  sine-generating  diode  network,  one  obtains  an  accurately 
timed  sine  wave  as  well  as  triangular-wave  and  push-pull  square-wave  or 
pulse  outputs  (Fig.  4-28 a).  The  triangular  waveform  is  invaluable  for 
measuring  transfer  characteristics  of  function  generators,  transistors, 


-Ec 
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or  ground  trigger  pulse 
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Fig.  4-27.  Analog  bistable  element  with  push-pull  output  (a),  astable  (free -running) 
multivibrator  (6),  and  monostable  multivibrator  (c).  If  only  one  accurate  analog  output 
—X0  is  needed,  we  can  interchange  the  positions  of  bridge  limiter  and  inverter  in  Fig.  4-27tf 
and  substitute  an  inexpensive  one-stage  inverter  for  the  precision  feedback  inverter  without 
any  loss  in  accuracy.  We  can  also  vary  the  amount  of  hysteresis  by  changing  the  re¬ 
generative  loop  gain. 

etc.,  at  different  frequencies,  and  for  testing  multipliers  (Sec.  6-15).  The 
pulse  outputs  can  operate  electronic  switches,  relays,  lights,  or  digital 
computing  elements,  and  pulse  differentiation  yields  useful  phase-refer¬ 
ence  markers.  Figure  4-28 a  to  c  also  shows  how  easily  various 
accurately  modulated  signals  are  produced  by  multivibrator-type  signal 
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Fig.  4-28 a.  Generation  of  different  modulated  waveforms  with  the  simple  free-running 
multivibrator  of  Fig.  4-276.  All  outputs  permit  electrical  frequency  modulation  com¬ 
pletely  independent  of  their  amplitude  or  pulse-width  modulation.  Depending  on  the 
components  used,  the  frequency  range  between  0.0001  and  10  Hz  can  be  covered  with 
timing  and  amplitude  accuracies  within  0.1  percent  of  half-scale;  accuracies  within  1  percent 
of  half-scale  can  be  obtained  up  to  50  KHz.  Clearly,  only  the  portion  of  the  circuit 
specifically  needed  for  a  given  application  need  be  built  or  patched. 


*l!g-  c'  Two  accurate  astable  multivibrators  using  the  fast  comparator  circuit  of 

Fig.  4-15.  Figure  4-286  permits  amplitude  modulation  of  both  triangle-wave  and  pulse 
output  at  constant  frequency.  Figure  4-28c  provides  for  frequency  modulation  at  constant 
amplitude,  or  for  amplitude  modulation  at  constant  triangle  slope  (see  also  Refs.  30  and  31) 
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generators.  Frequencies  all  the  way  between  0.005  Hz  and  500  K.Hz 
can  be  obtained  with  suitable  amplifiers. 

Low-frequency  signal  generators  of  this  type  are  easily  patched  on 
general-purpose  analog  computers;  the  resulting  signals  will  be  more 
accurate  than  those  produced  by  most  commercially  available  test 
instruments.  Permanently  connected  analog-computer  bistable  circuits 


Fig.  4-29.  Simplified  operational-amplifier-multivibrator  signal  generators. 

used  in  special-purpose  equipment  need  not  always  employ  expensive 
chopper-stabilized  d-c  amplifiers.  Depending  on  the  particular  ap¬ 
plication,  only  one  or  two  amplifiers  may  require  drift  stabilization,  or 
a-c  coupling  may  be  possible. 

Figure  4-29  shows  two  simpler  astable  multivibrator  circuits. 

4-13.  Accurate  Sine-wave  Oscillators.  Multivibrator/function-gen¬ 
erator-type  oscillators  are  probably  the  most  widely  useful  general- 
purpose  signal  generators.  Direct  generation  of  sinusoidal  waveforms 
is,  however,  preferred  if  segmented  sinusoidal  output  cannot  be  tolerated, 
if  the  square-wave  and  triangular  multivibrator  waveforms  are  not 
needed,  and/or  where  both  quadrature  outputs  -±_a  sin  cot  and  cos 
cot  are  required,  as  in  servomechanism  testers  and  for  plotting  circles  or 
ellipses. 
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An  induct  ion  resolver  rotated  by  a  simple  rate  servomechanism  at  a 
manually  adjustable  angular  velocity  to  yields  60  Hz  to  10  KHz  output 
modulated  by  sin  tot  and  ±a  cos  tot.  A  second  induction  resolver 
manually  rotated  through  a  desired  phase  angle  d  can  be  used  to 
produce  “variable-phase  output”  modulated  by  a  cos  ( tot  -f  d)  for  null- 
type  phase  measurements.  The  resulting  modulated  test  signals  serve 


Fig.  4-30.  An  ordinary  differential-analyzer  sine-generating  loop  yields  ±a  sin  cot,  cos 
cot,  and  with  a  manually  adjusted  dual  sine-cosine  potentiometer,  a  cos  ( cot  +  0).  A 
diode-bridge  limiter  controls  the  oscillation  amplitude;  better  accuracy  is  possible  with  an 
AGC  circuit  like  that  in  Fig.  4-31  b. 


as  inputs  to  60-  or  400-Hz  control-system  components,  or  a  phase- 
sensitive  demodulator  is  used  to  yield  low-frequency  sinusoidal  output. 

All-electronic  sine-cosine  generators  produce  voltages  ±a  sin  tot, 
d za  cos  tot,  and  a  cos  (tot  —  d)  directly.  They  are  smaller  and  lighter, 
require  less  maintenance,  and  have  a  vastly  wider  frequency  range  than 
servo-type  signal  generators.  Since  LC  oscillators  do  not  easily  yield 
low  distortion  and  heterodyne  signal  generators  tend  to  have  poor 
frequency  stability,  sine-wave  oscillators  operating  in  the  frequency 
range  between  0.001  Hz  and  50  KHz  are  RC  phase-shift  oscillators. 

Figures  4-30  and  4-31  show  different  types  of  RC  phase-shift  oscil¬ 
lators  employing  inexpensive  computer-type  d-c  amplifiers  to  permit 
accurate  operation  at  frequencies  all  the  way  between  0.01  Hz  and 
2  MHz.  If  output  below,  say,  10  Hz  is  not  required,  d-c  coupling  and 
chopper  stabilization  are,  of  course,  unnecessary,  but  utility-type  plug-in 
d-c  amplifiers  are  still  convenient  and  yield  high  gain  to  reduce  dis¬ 
tortion  and  output  impedance.  Each  phase-shift  oscillator  comprises  a 
regenerative  linear  feedback  loop  with  phase  shift  slightly  in  excess  of 
180  deg  at  the  oscillator  frequency.  The  resulting  oscillation  must  be 
limited  to  a  stable  amplitude  with  a  nonlinear  amplitude-control  circuit. 
The  simplest  circuit  of  this  type  is  a  simple  feedback  limiter  or  bridge 
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Fig.  4-31.  Wien  bridge  oscillators  employing  utility-type  ±100-volt  d-c  amplifiers  (a), 
and  ±  10-volt  d-c  amplifiers  ( b ).  A  practical  frequency-range  switching  scheme  might 
employ  the  same  capacitor  as  C1  and  as  C2  -  0.1  C\  in  different  frequency  ranges.  Arrows 
indicate  where  quadrature  voltages  90  deg  out  of  phase  with  the  main  oscillator  output 
could  be  taken  off  with  the  aid  of  additional  amplifiers.  Very  accurate  amplitude-control 
circuits  require  a-c  coupling,  chopper  stabilization,  or  low-drift  differential-input  transistor 
amplifiers.  The  circuit  of  Fig.  4-31  b  yields  amplitude  stability  within  ±0.02  db,  frequency 
stability  within  ±1  percent,  and  less  than  0.5  percent  distortion  between  100  Hz  and  6  KHz. 
(Burr- Brown  Research  Corporation ,  Tucson ,  Ariz.)  The  amplitude-regulating  diode  in 
Fig.  4-3.16  could  be  replaced  by  a  ^-channel  junction  FET  with  the  control  voltage  applied 
to  the  gate. 
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limiter  in  the  sine-generating  loop  (Fig.  4-30);  the  resulting  distortion 
can  be  kept  as  low  as  1  percent  of  the  amplitude  if  the  sine-generating 
loop  is  adjusted  to  be  only  very  slightly  regenerative.  Reference  26 
describes  a  similar  three-phase  oscillator  with  three  sinusoidal  outputs. 

Improved  sine-wave  accuracy  requires  automatic  gain  control  through¬ 
out  the  cycle  instead  of  simple  clipping.  Medium-accuracy  oscillators 
operating  above  20  Hz  have  long  employed  the  nonlinear  resistance  of  a 
tungsten-filament  lamp  or  other  temperature-sensitive  resistor  to  control 
the  oscillation  amplitude  (Fig.  4-31).  Such  simple  amplitude-control 
circuits  involve  a  compromise  between  distortion  and  amplitude 
stability,  especially  if  the  oscillator  is  to  operate  over  a  wide  frequency 
range.24,25  At  the  lower  frequencies,  temperature-sensitive  resistors 
tend  to  follow  the  instantaneous  oscillator  output  instead  of  its  rms 
value,  and  nonlinear  distortion  results;  at  higher  frequencies,  increas¬ 
ingly  linear  operation  may  permit  amplitude  jitter  due  to  hum  and  line  or 
load  transients.  Temperature-sensitive  resistors  should  also  be  operated 
at  temperatures  high  enough  to  render  the  effects  of  ambient-tempera¬ 
ture  variations  negligible. 

More  recent  types  of  low-voltage  transistor  phase-shift  oscillators 
replace  the  tungsten-lamp  amplitude  control  by  the  nonlinear  resistance 
of  a  silicon-junction  diode  or  junction  FET  biased  by  an  AGC  voltage.32,33 
The  diode  is  operated  in  the  knee  of  its  characteristic.  Figure  4-316 
shows  an  amplified-AGC  or  integral-control  scheme.  The  AGC 
voltage  is  obtained  through  precision  full-wave  rectification  of  the 
sinusoidal  oscillator  output  (Sec.  4-10);  peak  detection  could  be  used 
instead.  Such  circuits  permit  amplitude  control  within  0.1  percent 
with  0.25  percent  distortion  down  to  at  least  20  Hz.25 

Without  question,  the  most  accurate  low-frequency  sine-cosine 
oscillator  is  a  two-integrator  sine-generating  loop  with  continuous 
minimization  of  the  amplitude  error  |e|  =  |sin2  cot  +  cos2  cot  —  1| 
through  feedback  into  one  or  both  integrators,  as  in  Fig.  6-346.  Such 
circuits  can  yield  amplitude  accuracy  and  distortion  within  0.05  percent 
but  are  relatively  expensive. 


ELECTRONIC  FUNCTION  GENERATORS 

4-14.  Introduction  (see  also  Sec.  4-1).  The  simplest  analytic  functions 
of  a  voltage  (machine  variable)  X  are  polynomials  like  aX  +  b,  aX2, 
Xz  +  bX2  —  cX,  etc.;  such  functions  are  readily  produced  by  combina¬ 
tions  of  summers,  multipliers,  and  coefficient-setting  potentiometers. 
Simple  differential-analyzer  setups  can  produce  analytic  functions  of  the 
computer  time  t  (e.g.,  aebT,  a  sin  br\  Fig.  \-Ad)  and,  ifwe  introduce  gener¬ 
alized  integration  through  multiplication  by  dX/dr,  also  similar  func¬ 
tions  of  a  voltage  X  —  Jo  (dX/dr)  dr  (see  also  Sec.  1-13). 
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More  general  types  of  functions  must  be  set  up  on  general-purpose 
function  generators;  most  electronic  analog  computers  employ  diode 
function  generators  (see  also  Sec.  4-1).  Function-generator  accuracy 
and  frequency  response  will  depend  on  the  nature  of  the  function 
generated.  We  can  often  reduce  the  effects  of  function-generator  errors 
substantially  by  using  the  function  generator  to  correct  a  linear  or 
analytic  approximation  function  obtained  with  accurate  summers, 
potentiometers,  and  multipliers.  In  addition,  every  effort  should  be 
made  to  utilize  the  full  dynamic  range  of  function-generator  input  and 
output  variables  by  efficient  scaling  (Sec.  1-12). 

Figure  4-32  shows  a  circuit  producing  the  inverse  function  Y  —  G(X)  of  a  computer¬ 
generated  function  F(Y).  The  circuit  continuously  enforces  the  relation 

X-  F(Y)  =  0  (4-4) 


Biosed  diode  network 
transfer  impedance 

500log|OK 


with 


[o) 


(b) 


Fig.  4-32.  Generation  of  inverse  functions  by  implicit  computation  (see  also  Sec.  8-9). 
Figure  4-326  illustrates  generation  of  X0  =  be~aX i  ( b  >  1)  with  a  commercially  available 
logarithm-generating  diode  network. 

where  the  condition  dFjdY  <  0  is  necessary  to  ensure  stability  of  the  implicit-computation 
loop;  high-frequency  stability  requires  separate  investigation.  The  initial  value  of  Y must 
equal  the  correct  initial  value  of  G(X)  (see  also  Sec.  8-9). 

4-15.  Diode  Function  Generators,  (a)  Special-purpose  Function  Gen¬ 
erators.  Smoothing  Oscillators.  The  broken-line  transfer  character¬ 
istics  of  resistive  networks  containing  biased  diodes  can  approximate  a 
large  class  of  functions.  Nonmonotonic  functions  must  be  obtained  by 
addition  of  a  nondecreasing  function  and  a  nonincreasing  function. 
Diode  function  generators  permanently  set  up  for  aX 2,  a  sin  bX,  and 
a  log*  X  +  b  are  very  useful  in  many  applications  of  general-purpose 
analog  computers  (Secs.  4-16  and  6-1).  Fixed-function  generators  are 
useful  in  many  control  and  instrumentation  applications. 

Figure  4-33  illustrates  the  use  of  a  high-frequency  (5  to  500  KHz) 
smoothing  oscillator  for  rounding  diode-function-generator  character¬ 
istics  near  the  breakpoints.39  The  triangular  or  sinusoidal  smoothing- 
oscillator  voltage  is  added  to  the  function-generator  input,  which  is  thus 


NONLINEAR  OPERATIONS 


146 


4-15 


Fig.  4-33.  Diode  function  generator  with  smoothing  oscillator  to  smooth  diode-network 
transfer  characteristics  (a),  and  smoothed  limiter-channel  characteristic  (6).39 


swept  across  the  breakpoints.  An  output  averaging  filter  yields  the 
smoothed  characteristic  and,  unfortunately,  also  introduces  low- 
frequency  phase  shift  (see  also  Sec.  6-12). 

In  fixed-function  generators,  junction-diode  breakpoint  drift  due  to 
temperature  changes  can  be  partially  compensated  by  thermistors,  by 
extra  junction  diodes  in  the  bias  networks  (Figs.  4-12,  6-4 b,  and  6-28), 
or  by  series-shunt  diode  pairs  (Fig.  4-8c).  Diode  bias  compensation 
schemes  are  discussed  in  detail  in  Refs.  43  to  48.  The  advent  of  low- 
cost  integrated-circuit  operational  amplifiers  makes  it  also  possible  to 
employ  multiple  “active”  precision  limiters  (Sec.  4-10)  in  function 
generators. 

(b)  General-purpose  Function  Generators.  General-purpose  diode 
function  generators  sum  the  output  currents  of  between  5  and  24  simple 


5  to  1 1  odditionol 


Fig.  4-34.  This  Reeves  type  (series-limiter)  diode  function  generator  requires  only  a  single 
patchbay-connected  amplifier  but  has  both  Xx  and  ~Xx  inputs.  The  switches  S',,  S2,  S3 
in  each  channel  can  be  combined  into  a  four-position  “quadrant  switch”  yielding  only  the 
four  types  of  segments  shown  in  Fig.  4-346,  but  this  restriction  is  not  necessary.  10-turn 
potentiometers  set  individual  slopes  and  breakpoints  with  a  minimum  of  interaction; 
note  that  the  slope-adjustment  scheme  used  loads  the  input  much  less  than  a  set  of  slope¬ 
adjusting  potentiometers  ahead  of  the  500K  summing  resistors  would.  The  two  lower 
channels  add  a  linear  function  aXx  +  6.  E  is  usually  the  computer  reference  voltage; 
if  E  is  replaced  by  a  second  variable  voltage  Y,  the  device  produces  various  functions  of 
two  variables  (Sec.  4-196). 
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limiter  channels  with  adjustable  breakpoints  and  slopes  to  generate 
straight-line-segment  approximations  of  different  functions  (Figs.  4-34 
and  4-35).  Natural  breakpoint  curvatures  afford  a  measure  of  slope 
interpolation  between  iine  segments,  and  smoothing  oscillators  can  be 
used  if  desired. 

A  single  limiter-output-summing  amplifier  can  yield  only  monotonic 
functions.  To  generate  nonmonotonic  functions,  we  can  supply  some 
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Fig.  4-35.  This  general-purpose  diode  function  generator  requires  no  quadrant  switches, 
employs  catching  diodes  (Sec.  4-5)  for  operation  up  to  5  KHz,  and  uses  built-in  inexpensive 
±  10-volt  chopper-stabilized  amplifiers. 


of  the  limiter  channels  with  —X1  instead  of  Xx  to  obtain  limiter  slopes  of 
either  sign  (Fig.  4-34),  or  we  can  use  two  amplifiers  to  subtract  two 
monotonic  functions  (Fig.  4-35).  The  latter  method  is  often  used  with 
permanently  committed  amplifiers  for  wideband  operation.  Two 
diode-function-generator  networks  can  be  combined  by  patching  if  a 
given  function  requires  many  breakpoints. 

Diode-function-generator  specifications  include: 

1.  Maximum  available  slope  per  limiter  channel,  typically  1  to  10  volts/ 
volt.  The  total  absolute  function  slope  must  be  limited  below  30 
to  100  volts/volt  to  keep  the  summing-amplifier  feedback  ratio  /?, 
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and  thus  function-generator  phase  shift  and  noise,  within  reason 
(Sec.  3-19).  A  few  of  the  limiter  channels  in  each  function  genera¬ 
tor  can  be  given  larger  maximum  slopes  than  others. 

2.  Maximum  error  due  to  diode  breakpoint  drift,  referred  to  the 
output;  this  increases  with  the  maximum  available  slope  and  with 
the  number  of  segments  and  is  typically  between  0.05  and  0.3  volt. 

3.  Amplitude,  phase,  and  step  response  for  small-signal  sinusoidal  input 
with  a  specified  function  setup*  and  a  specified  resistance-capaci¬ 
tance  load.  Phase  shift  below  1  deg  at  100  Hz  and  below  8  deg  at 
1  KHz  is  typical  for  modern  designs  employing  series  limiters. 
Much  faster  operation  is  possible  with  series-shunt  limiter  channels 
(Fig.  4-34). 

4.  Output  noise,  typically  30  to  300  rms  for  ±  100-volt  machines, 
depending  on  the  maximum  slope  set. 

Both  drift  and  frequency  response  deteriorate  with  increasing  function 
slope.  The  drift-compensation  schemes  of  Fig.  4-12  and  the  use  of 
precision  limiters  have  replaced  temperature-controlled  ovens  for 
limiter  diodes. 

(c)  Multiple-function  Generation.  Some  computer  applications  require  generation  of  n 
functions  FgX)  of  the  same  machine  variable  X.  If  n  exceeds  3  or  4,  and  if  it  is  reasonable 

to  use  identical  breakpoints  for  all  n  func¬ 
tions  Ft(X),  then  it  may  become  practical 
to  employ  separate  limiter  amplifiers  (or 
precision  limiters)  to  generate  precise 
standard-slope  limiter-channel  voltages. 
These  standard  segments  are  then  summed 
into  n  sets  of  slope  controls  and  summing- 
amplifier  pairs  generating  each  of  the  n 
functions  FgX)  (Fig.  4-36). 

(d)  Function  Setting  and  Stor¬ 
age.  A  general-purpose  diode 
function  generator  must  permit 
convenient  adjustment  of  break¬ 
points  and  slopes,  with  a  mini¬ 
mum  of  interaction  between 
adjustments.  In  view  of  the 
labor  expended  to  set  a  function 
accurately,  ease  of  function  storage  or  resetting  is  also  important. 

Function  setting  is  laborious,  so  that  all  larger  analog-computer 
systems  provide  some  automatic  or  semiautomatic  method  for  resetting 
diode  function  generators  to  stored  settings: 

1.  Servo-driven  potentiometers  or  switched  resistor  networks 
controlled  by  punched  tape,  punched  cards,  or  a  digital  computer 

*  A  function  suggested  for  this  test  is  the  function  X0  =  Xx  set  up  with  evenly  spaced 
breakpoints  and  alternately  canceling  slopes. 


Limiters  with 
output  amplifiers 


Fig.  4-36.  Multiple-function  generation  with 
separate  amplifier-limiters. 
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2.  Resistor  networks  switched  by  special  function-generator  patch¬ 
boards 

3.  Storable  plug-in  function-generator  networks 

Accurate  setting  and  resetting  requires  10-turn  potentiometers,  or  12-  to  14-bit  fixed- 
resistor  networks.  Automatic  resetting  circuits  are  so  expensive  (and  amplifiers  so 
inexpensive)  that  it  may  pay  to  use  precision-limiter  channels  in  accurate  function  generators. 
Especially  in  ±  10-volt  analog  computers,  one  may  save  both  initial  cost  and  setup  time  by 
supplying  some  limiter  channels  in  each  function  generator,  or  some  function  generators 
in  a  computer,  with  fixed  breakpoints.  One  can  then  combine  fixed-breakpoint  function 
generators  with  variable-breakpoint  units,  as  required. 

To  set  a  given  function  X0  =  F(Xx),  one  first  determines  suitable 
breakpoints  and  slopes  by  fitting  a  graph  of  F(Xx)  (or  of  an  appropriate 
correction  function,  Sec.  1-12)  with  the  desired  number  of  straight-line 
segments.  Analytical  methods  for  optimum  breakpoint  selection34-36 
appear  to  be  justified,  if  at  all,  only  for  special-purpose  function  genera¬ 
tors.  Assume  now  that  we  have  a  function  generator  of  the  type  shown 
in  Fig.  4-34a  and  require  n  positive  breakpoints  Xx  =  ex  <  e2  <  ez .  .  . 
and  n'  negative  breakpoints  Xx  =  e'x  >  e2  >  e'3 .  .  .  .  We  minimize 
breakpoint-drift  accumulation  and  interaction  between  settings  by 
employing  only  limiter-channel  segments  which  slope  outward  from  zero 
(Fig.  4-34 b).  We  read  the  function-generator  input  Xx  and  the  output 
X0  accurately  with  the  aid  of  a  digital  voltmeter,  a  comparison  poten¬ 
tiometer,  or  a  special  decade-switch  voltage  divider  and  employ  the 
following  procedure: 

1.  Set  n  quadrant  switches  for  slopes  to  the  right,  and  set  the  cor¬ 
responding  breakpoints  all  the  way  positive.  Set  the  remaining 
quadrant  switches  for  slopes  to  the  left,  and  set  the  corresponding 
breakpoints  all  the  way  negative.  Set  or  switch  all  slope  controls 
to  about  one-half  maximum  slope. 

2.  With  X1  =  0,  set  the  “parallax”  voltage  b  to  obtain  X0  =  F( 0). 

3.  With  Xx  =  ex  >  0,  set  the  linear-approximation  slope  a  to  obtain 
X0  =  F(ex).  Now  adjust  the  ex  breakpoint  control  until  X0  barely 
changes. 

4.  Repeat  steps  2  and  3. 

5.  With  Xx  =  e2  >  ex,  set  the  ex  slope  to  obtain  X0  —  F(e2).  Adjust 
the  e2  breakpoint  control  until  X0  barely  changes. 

6.  Repeat  steps  3  and  5. 

We  proceed  outward  from  zero  in  this  manner  and  then  repeat  the 
procedure  for  the  negative  breakpoints,  again  proceeding  outward  from 
zero.  Finally,  all  breakpoints  and  slope  settings  are  rechecked.  An 
alternative  setup  method  employs  an  accurate  xy  recorder  (servo  table) 
to  match  a  desired  curve  as  Xx  is  varied. 
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To  adjust  a  function  generator  precisely  for  simple  analytic  functions  F(Xx)  like  aX\ , 
aX\  +  bXx  +  c,  aehX\9  and  a  sin  bXu  we  may  be  able  to  generate  F{rjof.t)  conveniently  and 
precisely  with  a  differential-analyzer  setup  (Fig.  1-4 d)  and  employ  the  error-nulling  method 
shown  in  Fig.  4-37.  This  method  is  particularly  applicable  to  the  adjustment  of  diode 
squaring  networks. 


I  Hz  repetitive 
onolog-computer  setup 
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Fig.  4-37.  Error-display  calibration  of  function  generators  for  various  analytic  functions 
such  as  aX 2,  ae~bx ,  and  a  sin  bX  (see  also  Fig.  1-4). 


4-16.  Logarithm-function  Generators.49-55  General-purpose  analog 
computers  are  often  furnished  with  “fixed”  diode-function-generator 
networks  producing  the  amplifier  output  —50  log10  Xx  (voltages  in 
percent  machine  units,  e.g.,  —100  volts  output  for  100  volts  input;  see 
also  Fig.  4-326). 

For  less  accurate  logarithm  (or  exponential)  generation  in  special- 
purpose  computers,  several  possible  schemes  utilize  the  exponential 
voltage-current  transfer  characteristics  of  silicon  junctions  in  diodes  or 
transistors.  The  most  generally  useful  circuit  is  the  Paterson  transdiode 
circuit 50  of  Fig.  4-38a.  The  feedback  transistor  biases  itself  off  as  the 
output  voltage  nears  zero.  At  constant  temperature,  the  output  voltage 
becomes 

*o  =  -0 a  log10  Xx  +  b)  (4-5) 

within  1  (true)  percent  over  7  to  9  decades  (0.1  mV  to  100  volts;  refer  to 
manufacturer’s  specifications  for  packaged  log  circuits  in  each  case). 
With  the  circuit  values  of  Fig.  4-38tf,  one  has,  with  suitable  bias 
adjustments, 

a  =  0.06  volt  b  =  0.45  volt  (25  deg  C) 

For  small  signals,  the  transdiode  acts  like  an  (incremental)  feedback 
transfer  impedance  R0  which  varies  with  the  input  current  (^ 
into  the  summing  junction,  where 

R‘*jr,  {“Wt  at  25  deg c)  (4-6) 

(k,  T,  and  q  are,  respectively,  Boltzmann’s  constant,  absolute  tempera¬ 
ture,  and  electron  charge).  A  resistance  having  the  value  (6)  can  be 
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substituted  for  the  transdiode  while  the  amplifier  is  balanced  for  zero 
offset. 

Because  of  the  variable  feedback,  the  transdiode  circuit  tends  to 
become  unstable  for  larger  values  of  Xx  without  high-frequency 
equalization.  The  relatively  large  feedback  capacitor  indicated  in 
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Fig.  4-38.  Transdiode  logarithm-generator  circuit  (a)  and  transdiode  with  automatic 
high-frequency  equalization  (b).  Diode-limiter  circuits  protect  each  function  generator 
against  reverse  input  voltages.  A  feedback  resistor  equal  to  a  typical  value  of  RXJ 40A",  can 
be  substituted  for  the  transdiode  while  the  amplifier  is  balanced,  pup  transistors  and 
reversed  diodes  similarly  yield  reversed  logarithmic  characteristics. 


Fig.  4-38«  produces  stability  but  restricts  operation  to  frequencies  below 
a  few  hertz,  as  in  d-c  instruments  and  slow  control  circuits.  The  RC 
compensation  circuit  of  Fig.  4-38Z>  automatically  changes  the  high- 
frequency  equalization  with  the  transistor  gain  and  permits  operation  up 
to  several  kilohertz. 
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Unfortunately,  the  scale  factor  a  in  Eq.  (5)  increases  with  temperature 
at  the  rate  of  0.3  percent/deg  C.  Numerous  temperature-compensation 
methods  involving  either  an  extra  diode  or  transistor  or  a  thermistor 
have  been  proposed."  Perhaps  the  best  scheme  is  to  compute  the 
logarithm  of  a  voltage  ratio,  or  log^  X^X^  with  matched  transdiode 
transistors  in  the  circuit  of  Fig.  4-39a.  The  temperature  dependence 


X0: a.  Logl0 


A 

*2 


(i>) 

Fig.  4-39.  A  log-ratio  circuit  used  for  temperature  compensation  or  division  ( a )  and  a 
circuit  for  generating  an  exponential  (antilog)  characteristic  (b).  This  circuit  can  be  used 
in  connection  with  two  logarithm  generators  to  produce  products  of  the  form  XaYb. 
( Based  on  Ref.  52.) 

will  cancel  approximately  to  reduce  the  temperature  coefficient  of  the 
output  by  at  least  a  factor  of  10,  and  the  second  input  voltage  X2  can  be 
a  constant  if  desired.  The  term  b  in  Eq.  (5)  also  changes  with  tem¬ 
perature;  this  adds  an  offset  voltage  of  100  to  300  /W/deg  C  referred  to 
the  amplifier  input  (Sec.  3-15)  to  the  temperature-dependent  offset  of  the 
amplifier  proper. 

Since  amplifier  bias-current  changes  in  Fig.  4-38  will  affect  the  term  b 
in  Eq.  (5),  the  amplifiers  used  should  have  low  input  current  (FET  or 
super-beta  input  stages,  Sec.  3-33). 

4-17.  Miscellaneous  Circuits,  (a)  General  Remarks.  Function  gen¬ 
erators  based  on  the  nonlinear  transfer  characteristics  of  diodes  or 
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transistors  (Sec.  4-16),  nonlinear  resistance  elements  (Sec.  4-176),  and 
special  cathode-ray-tube  circuits  (Sec.  4-1 7c)  are  rarely  more  accurate 
than  within  0.5  to  3  percent,  but  may  be  preferred  to  diode  function 
generators  in  special  situations  where  piecewise-linear  function  ap¬ 
proximations  are  objectionable  (e.g.,  where  the  function  output  must  be 
differentiated).  Reference  93  describes  the  construction  of  special  non¬ 
linear  resistors  by  silicon-integrated-circuit  processing  techniques. 

(b)  Varistor  Function  Generators.56-58  Varistor  function  generators  (Fig.  4-40)  employ 
current-sensitive  nonlinear  resistors  (silicon-carbide  varistors,  e.g.,  Thyrite,  Globar)  to 


Fig.  4-40.  Varistor  function-generator  network  (a),  transfer  characteristic  ( b ),  and  diode 
network  used  to  compensate  for  varistor  rectification  (c).  With  10  General  Electric  Type 
839  6839  G1  varistors,  Rx  +  R2  is  between  5  and  20K.  rL  can  be  an  input  resistor  of  an 
operational  amplifier. 


produce  transfer  characteristics  of  the  general  form  shown  in  Fig.  4-40 b.  The  correspond¬ 
ing  inverse  functions  can  be  generated  by  the  method  of  Fig.  4-32 a. 

Schreier37*58  discusses  a  wide  variety  of  varistor  circuits  including  sinusoid  generators, 
calibration  methods,  and  test  results.  Factory-adjusted  varistor  squaring  units  are  com¬ 
mercially  available  (Quadratron,  Bourns,  Inc.,  Riverside,  Calif.);  combinations  of  squaring 
and  cubing  units  can  approximate  various  other  functions,  such  as  truncated  power  series. 
Varistor  function  generators  for  analytic  functions  are  best  adjusted  by  the  error-nulling 
method  of  Fig.  4-35. 

Figure  4-40a  shows  a  fairly  general  varistor  network;  adjustment  of  the  resistances  Ru 
R2  yields  different  transfer  characteristics.  Series  combination  of  between  2  and  10 
individual  varistors  permits  input  voltages  up  to  100  volts  and  tends  to  average  manu¬ 
facturing  tolerances.  Since  silicon-carbide  varistors  exhibit  a  slight  rectification  effect 
(between  0  and  1  percent),  one  either  attempts  to  match  series-opposed  varistors,  or  one 
adds  a  suitably  polarized  diode  network  (Fig.  4-40c)  in  series  with  Rx  or  R2.  A  thermistor 
(Fig.  4-40^),  or  a  small  crystal  oven  for  the  entire  network,  will  minimize  the  effect  of 
varistor-resistance  changes  with  ambient  temperature.56  Varistor  self-heating  is  not  so 
easily  compensated  and  accounts  for  a  possible  drift  error  between  0.2  and  1  percent  of 
half-scale  added  to  between  0.1  and  0.8  percent  error  in  matching  desired  function  char¬ 
acteristics. 

Distributed  capacitance  combines  with  the  variable  varistor  resistance  to  produce  phase 
shift  which  varies  with  the  input  voltage  and  usually  limits  the  use  of  uncompensated 
varistor  networks  to  frequencies  below  100  Hz.  This  phase  shift  can,  however,  be  partially 
compensated  with  a  voltage-sensitive  capacitor  (silicon-junction  diode  designed  for  this 
purpose)  either  across  R2  or  across  the  feedback  resistor  of  a  following  operational  amplifier. 
Another  compensation  scheme  feeds  the  inverted  input  voltage  through  a  trimmer  capacitor 
around  the  varistors;  the  varistor  capacitance  as  such  does  not  change  appreciably  for 
currents  below  1  mA. 
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(c)  Cathode-ray-tube  Function  Generators.  In  the  photoformer  function  generator  of 
Fig.  4-41, 60-65  a  feedback  loop  comprising  the  cathode-ray  tube,  the  photocell,  and  the 
vertical  deflection  amplifier  keeps  the  spot  on  the  screen  just  below  the  edge  of  a  prepared 
function  mask  as  the  input  voltage  Xx  (horizontal  deflection  voltage)  varies.  Hence,  the 
output  voltage  X0  (vertical  deflection  voltage)  changes  as  a  function  X0  —  F(Xf)  of  Xx, 
For  convenience,  masks  can  be  provided  with  calibration  steps  (0  and  ±50  volts)  to  the 
left  or  right  of  the  function  curve.  A  comprehensive  discussion  of  photoformer  accuracy 
is  presented  in  Ref.  65. 

In  a  second  type  of  cathode-ray-tube  function  generator,64  the  electron  beam  is  positioned 
horizontally  by  the  input  voltage  Xl9  while  a  linear  sawtooth  sweep  causes  the  beam  to 


(*)  (b) 


Fig.  4-41.  Block  diagram  of  a  photoformer  (a)  and  adjustable  photoformer  mask  consisting 
of  clamped  shims  (6). 

sweep  vertically  so  as  to  scan  an  opaque  or  transparent  function  mask  between  5,000  and 
50,000  times  per  second.  For  each  value  of  Xl9  the  photocell  current  is,  then,  pulse-width 
modulated  in  accordance  with  the  function  F(X{)  shaping  the  mask.  The  resulting  pulse- 
width-modulated  square  wave  is  filtered  to  yield  F(Xj)  and  can  even  be  used  to  multiply 
other  variables  by  F(Xx),  as  in  a  time-division  multiplier  (Sec.  6-9). 

The  scanning  scheme  is  relatively  insensitive  to  screen  and  phototube  persistence,  changes 
in  spot  size,  and  variations  of  deflection  sensitivity.  Provision  of  an  opaque  or  transparent 
reference  line  yields  standard  reference  pulses  for  automatic  calibration. 

Generally  speaking,  diode  function  generators  are  easier  and  less  expensive  to  construct 
than  cathode-ray-tube  function  generators,  but  the  latter  permit  convenient  and  rapid 
function  changes  if  stored  function  masks  are  available.  Useful  response  up  to  100  KHz 
is  possible  with  photoformers,  and  up  to  about  1  KHz  with  cathode-ray  scanners.  With 
function  masks  prepared  directly  from  function  data,  either  type  of  cathode-ray-tube 
function  generator  can  yield  a  static  accuracy  within  1  percent  of  half-scale.  This  figure 
can,  however,  be  improved  if  we  minimize  the  effects  of  mask  parallax,  finite  spot  size,  and 
variable  deflection  sensitivity: 

1.  By  employing  adjustable  function  masks  (Fig.  4-4  lb)  set  so  that  the  measured  output 
voltage  matches  the  desired  function 

2.  By  preparing  function  masks  photographically  with  the  function  generator  itself \  using 
known  deflection  voltages 

It  is,  of  course,  again  preferable  to  use  the  function  generator  only  for  correcting  a  linear 
approximation.  b 
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FUNCTIONS  OF  TWO  OR  MORE  VARIABLES 

4-18.  Introduction.  Interpolation  Schemes.  Although  many  func¬ 
tions  F(X,  Y, .  .  .)  of  several  machine  variables  X,  Y, .  .  .  can  be  generated 
by  the  usual  combinations  of  summers,  multipliers,  and  single-variable 
function  generators  (Fig.  1-4),  many  simulation  problems  require 
generation  of  empirically  tabulated  or  charted  functions  of  two  of  more 
variables  (e.g.,  vacuum-tube  and  transistor  characteristics,  drag  as  a 
function  of  airspeed  and  angle  of  attack),  and  similar  requirements  arise 
in  instrumentation  and  control  applications.  Note  that  combinations 
of  two-variable  function  generators  can  generate  functions  of  any  finite 
number  of  variables;  thus,  F(X,Y,Z)  =  G[f(X,Y),Z]. 

Unless  a  convenient  analytical  approximation  applies,  the  sheer 
amount  of  data  involved  makes  the  setup  of  most  two-variable  functions 
F(X ,  Y)  quite  laborious,  no  matter  what  type  of  function  generator  is 
used.  In  applications  requiring  frequent  changes  of  such  functions, 
some  sort  of  a  hybrid  analog-digital  function  generator  (Sec.  9-9),  or  at 
least  a  digitally  controlled  setup  system  (Sec.  7-4 b),  will  pay  for  itself. 
As  regards  accuracy,  the  reader  is  reminded  once  again  that  the  best  way 
to  use  any  general-purpose  function  generator  may  be  to  generate  only 
corrections  to  an  analytical  approximation  of  the  desired  function. 

To  generate  an  empirically  determined  function  F(X,Y)  with  conven¬ 
tional  computing  elements,  F(X,  Y)  must  be  fitted  with  an  approximation 
function  whose  choice  will  depend  on  the  particular  application.  A 
frequently  reasonable  approach  is  to  generate  F(X,  Yt)  accurately  for  a 
number  of  fixed  values  Y  —  Yl,  Y2,  .  .  .  and  to  interpolate  for  other 
values  of  Y.  Since  sufficiently  accurate  linear  interpolation  might 
require  too  many  function  generators  for  the  F(X,  Y,),  one  can  use  a  non¬ 
linear  interpolation  formula  like 

F(X,Y)  =  MX)  +  (Y-  Yx)MX)  +  (Y  -  70(7  -  T2)/3(U)  +  •  •  • 

(4-7) 

Three  terms  are  often  sufficient.  The  functions  /((U),  f«(X), ...  are 
computed  by  successive  substitution  of  Y  =  Yx,  Y», .  .  .  in  Eq.  (7). 


Figure  4-42  shows  two  mechanical  interpolation  schemes  adaptable  for  use  with  con¬ 
ventional  analog  computers.  The  Link  Division  of  General  Precision,  Inc.,*  has  also 
developed  a  two-dimensional  analog  of  the  well-known  tapped  potentiometer.  A  sheet  of 
resistive  material  placed  on  a  small  servo  table  bears  a  grid  of  point  contacts  set  to  the 
desired  voltages  F{XU  Yk)  by  padding-resistor  networks,  and  a  servo-positioned  probe 
moves  over  the  paper  to  provide  two-dimensional  interpolation. 


*  Binghamton,  N.Y. 
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Fig.  4-42.  Interpolation  with  a  tapped  potentiometer  (a),  and  use  of  a  servo  plotting  table 
with  resistive  paper  for  interpolation  between  contour  lines  F(X ,  Y)  —  const  drawn  with 
conducting  ink.  In  Fig.  4-426,  an  ordinary  xy  recorder  positions  a  probe  sensing  F(X,  Y ); 
frequency  response  is  limited  to  below  3  Hz  for  J^-in.  excursions.  Function  sheets  can 
be  stored  for  reuse. 


4-19.  Diode  Function  Generators,  (a)  Simple  Limiter  Circuits.  Very 
useful  piecewise-linear  approximations  to  many  functions  of  several 
variables  can  be  generated  by  simple  limiter  circuits  (Figs.  4-2,  4-4,  4-5, 
4-9,  etc.)  with  variable  bias  voltages.  As  a  useful  example,  Fig.  4-43a 
shows  one  of  many  possible  methods  for  approximating  transistor 
characteristics  with  simple  limiters  (see  also  Ref.  75). 

(b)  Use  of  General-purpose  Diode  Function  Generators.  More 
general  types  of  functions  F(X,Y )  can  be  generated  with  ordinary  multi¬ 
purpose  diode  function  generators  if  the  breakpoint-bias  voltages  are 
varied  as  functions  of  the  second  input  variable  Y.  If,  for  instance,  a 
variable  input  Y  replaces  the  constant  reference  voltage  E  in  the  diode 


Hg.  4-43.  Example  of  a  piecewise-linear  function  of  two  variables  generated  with  patchbay- 
connected  diode  limiters  (a),  and  more  general  function  F(X,Y )  generated  by  the  diode 
function  generator  of  Fig.  4-34  with  variable  bias  E  =  Y  ( b ). 
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function  generator  of  Fig.  4-34,  the  output  voltage  X0  will  be  a  polygonal 
function  of  X  for  each  value  of  Y  (Fig.  4-43 b),  so  that  a  function  F(X,Y ) 
is  produced.37 

Since  the  breakpoint  voltage  of  the  / th  limiter  channel  will  be  btY, 
where  6*  is  a  constant,  all  breakpoints  generated  by  any  one  limiter  chan¬ 
nel  must  lie  on  a  straight  line  through  the  origin.  These  breakpoint  loci 
bound  segments  of  equal  slope  and  are  indicated  in  broken  lines  in 
Fig.  4-43 b. 

One  can  further  generalize  the  above  procedure  by  adding  a  function 
of  X  or  Y  to  the  output  voltage  X0.  One  obtains  an  even  less  restricted 
class  of  functions  F(X,Y )  by  introducing  suitable  functions  bfi(Y )  or 
Gi(Y )  of  Y  as  bias  voltages  in  the  limiter  channels  of  Fig.  4-34,  so  that 
the  breakpoint  loci  are  no  longer  straight  lines.  To  set  up  a  given 
function  F(X,Y),  one  must  first  locate  the  breakpoint  loci  by  joining 
points  of  equal  slope  on  a  set  of  parametric  curves  like  those  in  Fig. 
4-436. 


(£)  (O 

Fig.  4-44.  Generation  of 

Ft(X,  Y)  =  max  [min  (X  -  Xiy  Y  -  7,),  0] 

by  a  double  selection  circuit  ( a ),  contour  lines  of  Fi(X,  Y)  ( b ),  and  approximation  of  a 
function  F(X,  Y)  by 

F(X,  F)  ^  2  aiF{(X,  Y) 


Note  the  triangular  facets. 
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(c)  Special  Diode  Function  Generators.  The  Philbrick  Model  F2V 
function  generator  (G.  A.  Philbrick  Researches,  Inc.,  Boston,  Mass.)77 
employed  a  set  of  amplitude-selector  channels  (Fig.  4-44 a)  to  produce  a 
desired  function  F(X,Y)  as  a  weighted  sum  of  functions 

Fi(X,Y)  =  max  [min  (X  -  X{,  Y  -  T^O]  (4-8) 

The  function  (8)  may  be  regarded  as  one  two-dimensional  generalization 
of  the  line  segments  generated  in  ordinary  diode  function  generators. 
The  contour  lines  of  Fig.  4-44 b  illustrate  the  nature  of  a  typical  channel 
output  Fi(X,Y)-  To  set  up  a  desired  function  F{X,Y ),  one  first  chooses 
the  breakpoints  (X^Yd  and  adjusts  the  slope  controls  to  obtain  the 
desired  function  values  F(Xi,Y{ )  for  successively  increasing  values  of  X{ 
and  Y{.  Figure  4-44c  shows  a  three-dimensional  graph  of  a  function 
F(X,  Y)  generated  by  a  Philbrick-type  function  generator. 

A  possibly  simpler  way  to  produce,  say,  a  downward-convex  function 
F(X,  Y)  is  to  generate  a  set  of  voltages  Z*  =  at X  +  Y  +  ct  which 
represent  planes  whose  segments  are  to  approximate  the  desired  surface. 
An  amplitude-selector  circuit  (Fig.  4-5  or  4-25)  is  then  used  to  obtain 
max  (ZUZ2, .  .  .).  More  complicated  surfaces  such  as  hyperboloids 
will  require  two  such  selection  processes.81  References  87  to  90 
describe  the  mathematical  theory  (a  generalization  of  Boolean  algebra) 
needed  for  the  systematic  design  of  such  function  generators,  which 
may  be  of  considerable  interest  for  special-purpose  computing  devices. 
In  general-purpose  analog/hybrid  computers,  setup  convenience  has  led 
to  almost  universal  acceptance  of  hybrid  analog-digital  function 
generation  for  functions  of  two  or  more  variables  (Secs.  9-9  and  9-10). 
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CHAPTER  5 


SWITCHING,  CONVERSION, 
SAMPLING,  AND  MODE  CONTROL 


ANALOG  SWITCHING  CIRCUITS 

5-1.  Applications  and  Desirable  Specifications,  (a)  Analog  switches 
open  and  close  analog-current  connections  in  accordance  with  the 
discrete  states  of  “digital”  circuits  or  commands  (1  for  on,  0  for  off). 
They  are,  therefore ,  the  basic  digit al-to-analog  conversion  devices. 
Accurate  analog  switches  are  required  for: 

1 .  General  programming  of  analog  circuits 

2.  Time  sharing  {multiplexing  and  demultiplexing )  of  scarce  computing, 
conversion,  or  communication  devices 

3.  Digital-to-analog  conversion 

4.  Sampling  of  analog  signals 

5.  Integrator  mode  control 

6.  Modulation  and  demodulation  (e.g.,  chopper  circuits,  Sec.  3-36) 

(b)  An  ideal  switch  closes  a  desired  circuit  with  zero  forward  resistance 
and  opens  it  with  infinite  back  resistance;  the  ideal  switch  has  no 
spurious  current  or  voltage  offsets  and  opens  and  closes  instantaneously. 
Moreover,  the  digital  control  signal  of  an  ideal  analog  switch  will  not 
affect  the  analog  output  signal  (perfect  isolation  of  control  and  output). 
The  static  characteristics  of  ideal  switches  are  accurately  approximated 
by  mechanical  switches  and  relays  with  precious-metal  contacts.  When 
fast  analog  or  hybrid  analog-digital  computation  requires  switching 
times  less  than  (at  best)  1  msec,  mechanical  switching  causes  intolerable 
time-delay  errors  (Sec.  3-2c).  Relays  also  create  maintenance  problems. 
Electronic  switches  permit  switching  times  between  10  and  2,000  nsec, 
but  will  have  finite  forward  and  back  resistances  and  produce  spurious 
offset  voltages  and  currents;  accurate  switches  may  require  separate  d-c 
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balance  controls  for  the  on  and  off  conditions.  Again,  proper 
electronic-switch  design  must  minimize  interference  of  the  abrupt 
control-voltage  steps  with  the  switched  signal.  The  best  electronic 
switching  circuits  employ  ingenious  combinations  of  electronic  switches 
or  of  electronic  switches  and  operational  amplifiers. 

(c)  An  electronic  switch  can  be  inserted  in  series  with  the  signal  current 
(Fig.  5-la),  or  it  can  shunt  the  signal  to  ground  (Fig.  5-lZ>).  At  higher 


fc)  (d) 


Fig.  5-1.  Electronic  series  switch  (a),  shunt  switch  ( b ),  and  combined  shunt-series  switches 
(c),  (d). 

signal  frequencies,  and  in  most  critical  applications,  combined  shunt  and 
series  switching  is  recommended  to  reduce  capacitive  as  well  as  resistive 
leakage  (Fig.  5-lc,  d). 


If  three  identical  switches  with  back  resistance  RB  and  open-circuit  capacitance  CB  are 
used  in  the  circuit  of  Fig.  5-1  d,  its  short-circuit  transfer  impedance  (Sec.  1-10)  in  the  off 
condition  is 

z=  -  RB 

j(oRBCB  +  1  Rf(jojRbCb  !  I)*  (5'1} 

where  C  B  is  the  leakage  capacitance  of  each  open  switch.  We  see  that  capacitive  as  well 
as  resistive  leakage  is  shunted  by  RP.  For  Rp  =  50  ohms,  RB  =  50M,  CB  =  5  pF  \Z\ 
exceeds  5  X  107M  at  d-c,  2.000M  at  100  KHz,  and  20M  at  1  MHz. 

(d)  Most  electronic  switches  are  essentially  single-throw  (on  or  off)  switches.  Figure 
5-2  indicates  how  such  electronic  switches  can,  nevertheless,  implement  double-throw 
action  and  polarity  reversal. 


Fig.  5-2.  Simulation  of  an  SPDT  switch  with  an  SPST  electronic  switch. 
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(e)  Electronic-switch  control  voltages  {usually  steep-sided  voltage  steps 
from  digital  logic )  can  cause  two  types  of  error  in  the  analog  signal 
circuit: 

1 .  If  control  and  signal  currents  run  through  an  appreciable  common 
impedance  (signal  source  and/or  load,  or  switch  impedance),  then 
the  switched  signal  will  contain  spurious  step  voltages  (“pedestals”). 

2.  Switch  capacitances  between  control  and  signal  circuits  cause 
switching  spikes  in  resistive  signal  circuits  as  the  turn-on  and  turn- 

Control  signo! 

Ec 

0 - 

Fig.  5-3.  Turn-on  spike  (grounded  control-signal  source,  grounded  load)  due  to  a  switch 
capacitance  Cc.  The  dashed  lines  indicate  that  the  spike  will  be  modified  when  the  switch 
actually  turns  on.  Until  then  (neglecting  nonlinear-circuit  effects),  the  spike  has  the  form 
of  a  decaying  exponential  with  initial  amplitude  EcCcl(Cc  +  CL)  and  time  constant 
Rl(Cc  +  CL).  For  a  purely  capacitive  load  ( RL  =  oo),  the  exponential  becomes  a  step. 


Cr  ^w/itrhina  Rnike 


off  steps  are  differentiated  (Fig.  5-3).  With  capacitive  signal 
loads,  the  charges  transmitted  through  the  spurious  coupling 
capacitances  cause  step  errors  (Sec.  5-17). 

Most  control  logic  is  grounded  on  one  side.  Unless  it  is  possible  to 
use  “floating”  (transformer-  or  light-coupled)  control  circuits  (Sec.  5-3), 
one  must  minimize  pedestal  errors  by  connecting  one  end  of  each 
electronic  switch  to  ground  (as  in  shunt  switching)  or  to  a  low-impedance 
source  (series  switching). 

Switching  spikes  are  not  easily  “grounded  out”  in  this  manner  (1) 
because  turn-on  spikes  occur  before  the  switch  closes  the  signal  circuit, 
and  (2)  because  the  output  impedances  of  sources  such  as  feedback 
amplifiers,  while  low  for  signal  frequencies,  may  not  be  low  for  the  fast 
spike  waveforms. 

Pedestals  can  be  substantially  eliminated  by  balanced  control  voltages 
(Fig.  5-3)  or  d-c  balancing.  Switching  spikes  cannot  be  reduced  by 
much  more  than  a  factor  of  2  or  3  through  injection  of  inverted  control 
voltages  unless  only  d-c  is  switched,  because  the  switch-junction 
capacitances  change  with  the  signal  voltage.  Switching  spikes  will  be 
short  for  small  coupling  capacitances  but  can  be  as  large  as  the  full 
control-step  amplitudes  with  resistive  loads  (Fig.  5-3).  This  is  especially 
serious  in  chopper  amplifiers  (Sec.  3-36),  where  spikes  can  overload  the 
amplifier.  Such  objectionable  switching  spikes  may  have  to  be  reduced 
(at  some  expense  in  switching  speed)  through  the  use  of  slower  control 
waveforms  or  capacitive  loading  in  the  signal  circuit. 
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(f)  A  number  of  practical  circuits  employing  feedback  amplifiers  to 
suppress  effects  of  forward  resistance  and/or  d-c  offset  in  electronic 
switches  will  be  described  in  Sec.  5-5. 

5-2.  Diode  Switches.1,0-11  The  most  generally  useful  diode  switches 
are  various  types  of  diode-bridge  switches  (Fig.  5-4).  Four-  and  six- 
diode  bridges  have  also  been  used  as  shunt  switches  (clamping  circuits) 
and  in  series-shunt  combinations.  Diode  switches  are  best  realized 
with  modern  fast-recovery  low-leakage  silicon-junction  diodes  in 
naturally  matched  monolithic  sets. 

To  turn  any  diode  bridge  fully  off,  one  requires  control  voltages  as 
large  or  larger  than  the  voltage  to  be  switched.  To  turn  any  diode-bridge 
switch  on,  the  control  circuit  must  supply  a  current  at  least  as  large  as  the 
signal  current  required  to  flow  through  the  switch,  or  the  bridge  will  act  as 


J~L 


Fig.  5-4a  to  d.  Diode-bridge  switches.  rL  can  be  an  operational-amplifier  input  resistor. 
Circuits  b,  c,  and  a  combine  shunt  and  series  switching  and  turn  off  quickly.  In  a  b 
and  c,  half  of  each  circuit  can  be  used  to  switch  positive  input  voltages  (solid  lines)  or 
negative  input  voltages  (dashed  lines);  but  the  leakage  and  spike  cancellation  inherent  in  the 
symmetrical  circuits  is  desirable  even  with  input  voltages  of  one  sign.  Circuit  d  does  not 
perimt  half-bridge  operation  and  requires  careful  balancing  of  E/r  and  -E'lr  to  minimize 
offset  in  the  on  condition. 
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Fig.  5-4e.  A  combined  diode-bridge/transistor  switch  for  track-hold  or  integrator  switching 
in  ±  10-volt  computers.  Two-diode  networks  in  the  output  legs  of  the  bridge  reduce 
leakage  and  capacitance.  ( University  of  Arizona.) 


Fig.  5-4/.  SPDT  switch  developed  from  the  selector  circuits  of  Fig.  4-5. 

a  limiter.  This  is  an  important  consideration  if  the  switch  is  to  supply 
capacitor  charge  or  discharge  current  (Sec.  5-17). 

The  six-diode  bridge  switches  of  Fig.  5-4 b  and  d  combine  shunt  and 
series  switching  to  make  both  resistive  and  capacitive  leakage  from  the 
signal  source  essentially  negligible  (Sec.  4-5).  Switch  forward  resistance 


5-3  SWITCHING,  CONVERSION,  SAMPLING,  AND  MODE  CONTROL  168 

is  about  50  ohms  for  silicon-junction  diodes.  Silicon-junction  output- 
diode  leakage  currents  can  be  below  0.05  /uA  at  room  temperature. 
The  symmetrical  bridge  circuits  further  reduce  the  effective  leakage 
current  by  a  factor  of  at  least  3,  especially  if  the  bridge  diodes  are 
selected  or  fabricated  to  match  over  the  range  of  operating  temperatures. 
The  remaining  errors  are  caused  by  switching  spikes  due  to  uncanceled 
capacitive  leakage  from  the  control  circuit  and  differences  in  the 
switching  times  of  the  two  bridge-circuit  branches  and  are  especially 
serious  when  the  switch  supplies  current  to  a  capacitor  (Sec.  5-17).  The 
switching  spikes  are  not  readily  reduced  by  trimmer  capacitors  shunting 
the  bridge  diodes;  one  can  try  to  use  trimmer  capacitors  to  vary  the 
control-step  rise  and  fall  times  on  one  side  of  the  bridge. 

For  a  six-diode  switch  operated  with  a  low-impedance  control  circuit, 
an  equivalent  circuit  similar  to  that  of  Fig.  4-8c1,9  indicates  that  the 
turn-off  time  constant  is  of  the  order  of  CBRF;  so  that  six-diode  switches 
can  turn  off  quickly.  The  turn-on  time  will  depend  on  the  resistance  in 
the  signal  circuit;  turn-on  times  within  0.5  /usee  are  readily  obtainable. 

The  reliable  and  inexpensive  diode-bridge  switches  can  switch  volt¬ 
ages  exceeding  100  volts. 

In  designing  diode  switches,  note: 

1.  When  a  four-  or  six-diode  switch  is  off,  all  four  (not  just  two) 
series  diodes  must  be  off.  Therefore,  the  positive  and  negative 
control  voltages  holding  the  switch  off  in  Fig.  5-4  must  be  larger 
than  the  largest  positive  and  negative  signal-voltage  excursions. 

2.  To  keep  the  diode  switches  of  Fig.  5-4 a,  b ,  and  ^/on  without  signal 
limiting  (Sec.  4-6),  the  current  supplied  by  the  control  voltages  in 
Fig.  5-4 a  and  by  E  and  —E  in  Fig.  5-4Z>  and  c  must  be  at  least  as 
large  as  the  largest  signal  current  supplied  to  the  load.  This 
current-limiting  effect  must  be  observed  especially  with  capacitive 
loads. 

5-3.  Bipolar-transistor  Switches.1'6 12  22  (a)  Static  Characteristics. 

The  collector  characteristics  of  junction  transistors  (Fig.  5-5)  suggest  the 
use  of  both  npn  and  pnp  transistors  as  bidirectional  electronic  switches 
permitting  control  of  the  emitter-collector  current  ic  by  the — usually 
smaller  base  current  iB.  Transistor  switches  can,  therefore,  work  with 
smaller  control  currents  than  diode  switches,  and  better  isolation  of 
control  and  signal  circuits  becomes  possible.  Referring  to  Fig.  5-5 b,  a 
transistor  switch  is  on  when  a  sufficiently  positive  base  current  iB  causes 
operation  in  the  saturation  region;  for  zero  or  negative  iB,  the  transistor 
is  cut  off,  and  the  switch  is  off.  Since  transistors,  unlike  vacuum  tubes, 
are  controlled  by  current  rather  than  voltage,  each  transistor-switch 
design  must  pi  ovule  a  control-current  return  path  which  will  not  interfere 
with  the  signal  circuit. 
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Cutoff  Saturation 

(c) 


Fig.  5-5.  npn  transistor  switch  (a),  transistor  characteristics  (b),  and  simplified  equivalent 
circuits  (c). 

Actual  transistor  collector  characteristics  show  that: 

1 .  The  reciprocal  slopes  AeCE/Aic  =  R  of  the  saturation  and  cutoff 
characteristics  respectively  yield  forward  resistances  R  =  RF 
between  10  and  100  ohms  and  back  resistances  R  =  RB  between  1 
and  500M,  just  as  in  the  case  of  junction-diode  switches. 

2.  The  saturation  and  cutoff  characteristics  in  Fig.  5-5 b  do  not  pass 
exactly  through  the  coordinate  origin,  as  ideal  switch  characteris¬ 
tics  would.  The  resulting  offset  errors  are  interpreted  as  follows: 
the  saturation  characteristic  is  displaced  horizontally  by  a  positive 
saturation  offset  voltage  iBrE  -f  V0 (if)  of  10  to  500  mV;  and  the 
cutoff  characteristic  is  displaced  vertically  by  a  positive  leakage 
current  I0  between  0.02  and  50  nA  at  25  deg  C. 

This  situation  is  summarized  by  the  simplified  equivalent  circuits  of 
Fig.  5-5c.  The  offset  sources  are  often  disregarded  in  the  design  of 
digital  switches,  but  they  are  important  for  analog  switching;  /„,  in 
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particular,  varies  exponentially  with  temperature,  and  it  will  be  necessary 
to  specify  low-leakage  transistor  types. 

(b)  The  Inverted  Transistor  as  a  Switch.  If  an  npn  or  pnp  junction 
transistor  is  inverted,  i.e.,  if  one  interchanges  the  roles  of  emitter  and 
collector  as  in  Fig.  5 -6a,  the  device  still  operates  as  a  transistor  whose 
characteristics  are  shaped  like  those  in  Fig.  5-5 b,  although  they  are 
compressed  vertically.  More  specifically,  experimental  and  theoretical 
investigation  of  the  normal  and  inverted  transistor  characteristics 
reveals  that: 

1.  The  current  amplification  factor  =  dic\diB  is  decreased  by  a 
factor  of  5  to  100  in  the  inverted  connection,  and  —  loge  a  = 
—  loge  (dic/diE)  is  decreased  by  about  a  factor  of  10.  The  inverted 
connection  is,  therefore,  not  suitable  for  amplification  or  for 
power  switching  with  small  control  currents. 

2.  The  switch  forward  resistance  (reciprocal  slope  of  the  saturation 
characteristic)  is  only  slightly  higher  in  the  inverted  connection. 

3.  The  inverted  transistor  connection  typically  decreases  the  offset 
voltage  V0  +  iBrE  by  a  factor  of  at  least  10. 

NOTE:  In  earlier  (germanium,  silicon-alloy)  switching  transistors,  the  leakage-current 
offset  in  the  off  state  (as  well  as  the  offset  voltage  in  the  on  state)  was  substantially  reduced 
by  the  inverted  connection.1-3’12-15  This  is  not  true  for  modern  silicon  switching  tran¬ 
sistors,  where  what  little  leakage  is  left  is  due  mainly  to  surface  leakage  and  charge  genera¬ 
tion  rather  than  to  diffusion  in  the  junction. 

Transistors  suitable  for  analog  switching  are  silicon  epitaxial-planar 
types  combining  low  saturation  resistance  and  leakage  with  relatively 
small  junctions  for  high  switching  speed.  For  typical  silicon  transistors 
of  this  kind  (e.g.,  Motorola  2N2220,  2N2369,  MPS6512)  used  in  the 
inverted  connection  at  25  deg  C,  we  find: 

Inverted-saturation  voltage  | iBrE  +  V0{iB)\  <  1  mV  {iB  =  0.5  mA) 
Inverted  leakage  current  |/0|  <  0.1  nA  {iB  ^  0) 

Inverted-saturation  resistance  (“dynamic  resistance”)  RF  <  25 
ohms  (iB  —  0.5  mA) 

Back  resistance  RB  >  1  to  100M 

Since  the  emitter-base  and  collector-base  junctions  of  a  junction 
transistor  behave  essentially  like  junction  diodes  (Sec.  4-2),  a  cutoff 
transistor  switch  exhibits  nonlinear  emitter-base  and  collector-base 
capacitances  (typically  5  to  15  pF  for  1  volt  reverse  bias)  and  turn-on 
storage  time  (below  0.1  //sec  for  switching  transistors).  Transistor 
capacitances  and  storage  time  are,  approximately,  inversely  proportional 
to  the  quoted  alpha-cutoff  frequency^,  since  all  these  quantities  depend 
on  the  junction  dimensions,  f  is,  therefore,  a  useful  measure  of  the 
attainable  switching  speed.  Since  the  collector-base  junction  is  larger 
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Fig.  5-6 a.  An  accurate  inverted-transistor  chopper.  The  diode-limited  input  voltage  cannot 
exceed  ±0.7  volt.  The  off  base  voltage  is  approximately  zero.  Offset  is  less  than 
3  fxVj deg  C,  or  50  /«V/100  hr  at  constant  temperature.18 


Control 

circuit 


(b)  (c) 

Fig.  5-66,  c.  Transistor  switches  employing  matched  inverted-transistor  pairs  with  floating 
control  circuits. 


Signal 

circuit 


Fig.  5-6d .  All  control-signal  interference  is  eliminated  in  this  light-actuated  dual-transistor 
switch.  Unfortunately,  response  lags  in  the  light  source  (infrared-emitting  diode)  prevent 
switching  times  shorter  than  a  few  microseconds. 


5-3  SWITCHING,  CONVERSION,  SAMPLING,  AND  MODE  CONTROL  172 

than  the  emitter-base  junction,  an  inverted  transistor  has  a  higher  input 
capacitance  than  a  normal  transistor,  but  typical  switching  times  are 
still  well  below  1  /usqc  for  switching  transistors  with  fa  >  100  MHz,  and 
25  nsec  can  be  attained.  Speedup  capacitors  across  base-current¬ 
setting  resistors  will  improve  switching  speeds  by  supplying  fast 
control-current  spikes  when  the  control  voltage  is  reversed. 

More  specifically,  the  offset  voltage  V^{iB)  is  approximately  proportional  to  1  jiB ;  so  that 
plots  of  the  total  inverted-saturation  offset  iBrE  +  V0 (iB)  vs.  iBf  which  are  supplied  for  most 
switching  transistors,  show  a  shallow  minimum.  In  the  vicinity  of  this  minimum,  iBrE  + 
V0 (iB)  is  fairly  insensitive  to  changes  in  iB,  and  the  offset  temperature  coefficient  is,  for¬ 
tunately,  close  to  zero  (typically  positive  and  below  2  to  lO/^V/degC  for  practical  base 
currents).4*14  As  a  result,  it  becomes  practical  to  balance  the  saturation  offset  partially  by 
a  d-c  voltage,  or  by  the  saturation  offset  of  a  second  transistor  (Fig.  5-6 b  to  d). 

(c)  Practical  Switching  Circuits  (see  also  Secs.  5-16,  5-17,  and  5-18). 
To  turn  a  transistor  switch  off,  the  base-control  circuit  must  supply  a 

voltage  at  least  large  enough  to  reverse-bias 
both  the  emitter-base  junction  and  the  collector- 
base  junction.  To  turn  the  transistor  switch 
ON,  the  base  current  must  exceed  the  signal 
current  divided  by  {normal  connection)  or 
di  ( inverted  connection). 

Figure  5 -6a  shows  an  inverted  pnp  tran¬ 
sistor  operating  as  a  low-level  shunt  switch  or 
transistor  chopper  useful  for  low-level  mod¬ 
ulation  at  frequencies  below  1  KHz  (as  in 
d-c  amplifier  stabilization,  Sec.  3-36).  A 
diode  limiter  keeps  the  input  signal  within 
about  ±0.6  volt.  Note  that  the  transistor  is 
cut  off  with  zero  base  current  to  obtain  a 
leakage  current  /0  below  0. 1  nA.  An  adjust¬ 
able  d-c  voltage  intended  to  balance  the 
saturation  offset  is  applied  in  the  ON  condition 
only,  so  that  it  cannot  cause  leakage  variations 
in  the  nonconducting  state  of  the  switch.  Errors  due  to  capacitive 
leakage  are  minimized  through  operation  at  chopper  frequencies 
below  500  Hz,  although  the  circuit  works  at  much  higher  frequencies. 
Switching  errors  obtained  with  this  switch  amount  to  less  than  100  pV 
d-c  referred  to  the  input  over  a  temperature  range  between  10  and 
50  deg  C.  The  effects  and  partial  neutralization  of  switching  spikes 
in  transistor  choppers  are  discussed  in  Sec.  5-lc. 

The  circuits  of  Fig.  5 -6b  and  c  combine  matched  pairs  of  inverted 
transistor  switches  for  partial  offset  cancellation.  Two  matched 
switching  transistors  can  have  a  common  collector-base  structure  to 
improve  thermal  matching,  to  reduce  the  number  of  thermoelectric 
junctions,  and  to  minimize  interference  between  control  and  signal 


J~L 


Fig.  5-7.  A  complementary- 
transistor  combination  pro¬ 
viding  a  convenient  base- 
current  return  path. 
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currents.16  Unfortunately,  such  dual-transistor  circuits  require  either 
floating-transformer  control  circuits  or  relatively  complicated  floating 
control  multivibrators17  to  provide  a  base-current  return  path.  The 
npn-pnp  combination  of  Fig.  5-7  provides  a  convenient  base-return  path 
at  the  expense  of  an  additional  transistor. 

Figure  5-8 a  and  b  shows  bipolar-transistor  SPDT  switches  used,  for 
instance,  for  polarity  changing  and  in  digital-to-analog  conversion 


Fig.  5-8 a.  SPDT  switch  used  to  switch  an  analog  output  voltage  between  a  *— 15-volt 
reference  and  ground  (DAC  bit  switch,  see  also  Sec.  5-7).  (Crystalonics,  Inc.,  Cambridge, 
Mass.) 


Fig.  5-8 b.  An  SPDT  switch  employing  complementary  inverted  transistors. 


(Sec.  5-7).  Both  circuits  combine  shunt  and  series  switching.  Unless 
the  base  control  currents  are  supplied  from  floating  control  circuits,  the 
base  currents  of  the  two  transistors  will  vary  with  the  signal  voltages, 
and  the  saturation-offset  voltages  will  also  change  and  cannot  be 
accurately  canceled.  Storage  times  in  the  two  transistors  in  Fig.  5 -8b 
will  also  change  with  the  currents  produced  by  the  two  input  voltages  Xx 
and  X2,  so  that  it  becomes  practically  impossible  to  switch  both 
transistors  simultaneously.  This  results  not  only  in  switching  spikes 
but  in  actual  shorting  of  the  signal  sources.  For  this  reason,  and  to 
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minimize  the  effect  of  base-current  leakage  into  the  signal  circuit,  such 
switches  must  have  low-impedance  signal  sources. 

The  control-current-return  problem  in  Fig.  5 -86  could  be  eliminated 
by  a  floating-transformer  control  circuit  in  the  manner  of  Fig.  5-6. 

Figure  5-9  shows  a  switching  circuit  designed  to  permit  arbitrarily 
long  off  and  on  periods  with  all  the  advantages  of  floating-transformer 
control.  This  circuit  employs  a  transformer-rectifier  source  excited  by 
an  RF  oscillator  switched  on  and  off  by  the  control-logic  signal.19 


Optional  speedup  capocitor 

1 1 


OFF 


ON 

U 


Control 


Switched 
2 to  10  MHz 
osci  Motor 


Fig.  5-9.  A  matched-transistor-pair  switch  with  a  floating  transformer-rectifier  control- 
current  source  whose  RF  input  is  turned  on  and  off  to  control  the  switch.  Only  surges 
from  the  optional  speedup  capacitor  can  pass  through  signal  source  or  load.  Switching 
times  of  0.1  /rsec  are  possible  with  the  speedup  capacitor. 


5-4.  Field-effect-transistor  Switches,  (a)  Junction  Field-effect  Tran¬ 
sistors  (JFETs).  The  ^-channel  junction  field  transistor  of  Fig.  5- 10a 
acts,  for  zero  gate-to-source  voltage  eGS,  like  a  passive  silicon  resistor. 
In  this  on  state,  the  FET  passes  current  in  either  direction,  and  there  is  no 
voltage  offset.  Increasingly  negative  eGS  will  “pinch”  the  flow  of 
negative  carriers  in  the  channel,  until  the  current  ceases  at  a  pinch-off 
voltage  eGS  =  ex  (—8  volts  in  Fig.  5-106).  In  this  off  condition,  one 
has  small  leakage  currents  (typically  less  than  0.01  to  0.3  nA  at  25  deg  C, 
doubling  every  10  deg  C)  across  the  gate-source  and  gate-drain  junc¬ 
tions;  these  junctions  also  act  as  nonlinear  capacitances.  Figure  5-10c 
shows  simple  equivalent  circuits  in  the  on  and  off  states.  JFET 
forward  resistances  range  between  3  and  300  ohms. 

(b)  Metalized-oxide  Semiconductor  Field-effect  Transistors  (MOS- 
FETs).  The  insulated-gate  field-effect  transistor  illustrated  in  Fig. 
5-11  is  off  for  zero  gate-to-source  voltage  eos  and  reduces  its  forward 
resistance  to  turn  on  as  eGS  is  made  more  negative  {enhancement  mode). 
Equivalent  circuits  similar  to  Fig.  5- 10c  apply,  but  with  the  gate 
electrode  insulated  by  a  thin  layer  of  silicon  oxide,  leakage  is  essentially 
negligible,  and  the  gate-source  and  gate-drain  capacitances  are  small 
(1  pF).  On  the  other  hand,  forward  resistances  RF  are  rarely  smaller 
than  1 50  to  500  ohms.  R F  varies  not  only  with  current  and  temperature 
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Fig.  5-10.  w-channel  JFET  (a),  characteristic  curves  ( b ),  and  simple  equivalent  circuits  (c). 
Voltages  and  junctions  would  be  reversed  for  a  /7-channel  JFET. 

but  also  with  the  control  voltage  on  the  gate,  and  thus  possibly  with 
power-supply  voltages. 

Many  practical  switching  MOSFETs  have  an  enhancement-mode  on 
condition  and  a  depletion-mode  off  condition.  A  /^-channel  device  of  this 
type  might  be  on  with  eos  =  —  6  volts  and  off  with  eGS  =  +  8  volts. 

NOTE:  In  designing  MOSFET  switches,  the  substrate-to-channel  junction  must  be  back- 
biased  for  all  signal-voltage  excursions.  For  the  /?-channel  MOSFET  of  Fig.  5-11,  this 
means  that  the  substrate  must  be  kept  more  positive  than  any  signal  peak.  For  inputs 
below  0.6  volt,  one  can  simply  connect  substrate  and  source. 

(c)  Practical  Switching  Circuits.  Figure  5-12  shows  a  practical  JFET 
switch.  The  coupling  diode  normally  prevents  forward  biasing  of  the 
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gate  (-to-channel)  junction.  To  keep  the  switch  off,  the  driver-amplifier 
output  must  be  8  to  12  volts  more  negative  than  the  largest  signal 
excursion  at  S.  To  turn  the  switch  on,  the  driver  output  is  made  at 
least  0.6  volt  more  positive  than  any  signal-voltage  excursion.  The 
coupling  diode  then  cuts  off,  and  resistor  R  ensures  zero  gate-to-source 
voltage. 


Fig.  5-11.  /^-channel  enhancement-type  MOSFET  (a)  and  characteristic  curves  ( b ).  The 
substrate,  made  of  w-type  material,  forms  a  junction  with  the  p  channel  and  must  not  be 
negative  with  respect  to  the  channel  to  keep  this  junction  cut  off.  Voltages  and  junctions 
would  be  reversed  for  an  //-channel  enhancement-type  MOSFET. 


Even  if  the  gate-to-source  resistor  R  is  omitted,  the  positive  turn-off  spike  transmitted 
through  the  diode  capacitance  can  momentarily  forward-bias  the  gate  junction  to  approx¬ 
imate  zero  gate-to-source  voltage  for  some  time.  Such  circuits  are  useful  for  fast  periodic 
switching.  To  optimize  the  turn-on  charge,  one  can  parallel  the  diode  with  a  small 
capacitor  (Fig.  5-13),  or  the  diode  may  be  replaced  by  the  gate  junction  of  a  second  JFET 
(with  source  and  drain  connected  together). 

Figure  5-13  shows  a  complementary-FET  SPDT  switch.  Figure  5-14 
illustrates  the  recommended  method  for  switching  operational-amplifier 
inputs  with  FETs  (see  also  Fig.  5-156).  The  combination  of  a  series 
FET  and  an  inexpensive  silicon  shunt  transistor  or  of  series  and  shunt 
FETs  yields  several  significant  advantages: 

1 .  Combined  series-shunt  switching  (Sec.  5-1)  minimizes  signal  leakage 
through  the  FET  junction  capacitances. 
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Fig.  5-12.  JFET  switch  with  gate-to-source  resistor.  The  value  of  R  is  chosen  experi¬ 
mentally  to  produce  the  desired  turn-on  time. 


2.  The  voltage  excursions  of  the  FET  source  and  drain  are  very  small 
both  when  each  FET  is  on  and  when  each  FET  is  off  with  its 
source  shorted  to  ground  potential  by  the  second  switch.  This 
simplifies  the  FET  gate-drive  requirements. 

3.  The  impedances  seen  by  the  source  in  the  on  and  off  states  are 
roughly  similar  in  Fig.  5- 14a  and  b  and  can  be  accurately  matched 
in  Fig.  5-  14c.  This  is  important  in  the  ladder  circuit  of  Fig.  5-21. 

The  shunt-transistor  leakage  is  practically  negligible,  and  the  shunt- 
transistor  voltage  offset  is  kept  from  the  summing  point  by  the  open 
FET.  TTL-gate  outputs  have  been  used  directly  for  shunt  switching. 

(d)  Comparison  of  JFET,  MOSFET,  and  Bipolar-transistor  Switches. 
FET  switches  do  not  require  current  from  their  control-signal  sources, 
but  they  usually  need  control- voltage  swings  larger  than  those  supplied 
by  most  digital  logic,  so  that  special  driver  amplifiers  are  required. 

Commercially  available,  monolithic  integrated  circuits  combine 
several  MOSFET  switches  with  their  MOSFET  driver  amplifiers. 


Input 


Fig.  5-13.  Complementary-JFET  SPDT  switch  without  gate-to-source  resistors.  This 
circuit  is  intended  for  periodic  switching;  the  coupling  capacitors  are  chosen  experimentally. 
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Fig.  5-14.  Series-shunt  switching  of  operational-amplifier  input  current.  The  temper¬ 
ature  variation  of  the  JFET  resistance  in  ( a )  is  compensated  by  a  similar  JFET  in  the 
feedback  circuit.  C  is  a  trimmer  for  partial  switching-spike  cancellation.  Circuit  ( b ) 
employs  an  enhancement/depletion  MOSFET.  Circuit  (c)  permits  accurate  matching  of 
the  impedance  seen  by  the  source  in  the  on  and  off  states. 


Compared  to  bipolar  transistors,  FET  switches  are  practically  offset- 
free  but  have,  at  least  in  inexpensive  units,  higher  forward  resistances. 
Resistances  of  /7-channel  JFETs  are  slightly  lower  than  those  of  p- 
channel  JFETs  of  similar  geometry.  Unfortunately,  JFET  junction 
capacitances  increase  with  decreasing  RF  (larger  junctions).  High- 
priced  units  may  have  RF  =  4  ohms  at  25  deg  C  with  20-pF  junction 
capacitances.  RF  =  30  ohms  is  more  typical.  As  prices  of  high- 
quality  FETs  and  integrated-circuit  drivers  decrease,  they  can  be 
expected  to  replace  bipolar  transistors  in  most  switching  applications.80 
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Fig.  5-15.  Two  multiplexer  circuits  which  minimize  errors  due  to  switch  resistances.  The 
amplifier  in  (a)  is  connected  as  a  high-impedance  follower  (Sec.  3-30). 


FET-s  witch  forward  resistances  increase  with  temperature  at  rates 
between  0.1  and  0.7  percent/deg  C,  depending  on  type  and  device  geom¬ 
etry  (refer  to  manufacturers’  specifications).  RF  also  changes  slightly 
with  current  (of  the  order  of  2  percent/mA,  Figs.  5-106  and  5-116). 

MOSFETs  have  higher  forward  resistances  (100  to  800  ohms)  but 
smaller  capacitances  and  even  less  leakage  than  JFETs.  The  on  gate 
voltage  of  MOSFETs  in  the  enhancement  mode  affects  their  forward  re¬ 
sistance,  and  the  switch  designer  should  check  on  the  magnitude  of  this 
effect. 

Unlike  enhancement-type  MOSFETs,  JFET  switches  are  on  when 
control-circuit  power  is  off;  this  may  or  may  not  cause  trouble.  Simple 
MOSFETs  (without  diode  gate  protection)  are  easily  damaged  by 
electrostatic  discharges. 

Finally,  switching  times  between  0.2  and  2  //sec  can  be  obtained  with 
either  JFETs  or  MOSFETs. 

5-5.  Some  Improved  Switching  Circuits.  If  it  becomes  desirable  to 
suppress  the  (usually  nonlinear)  forward  resistance  of  a  given  electronic 

|  To  additional  channels 
I 
i 
i 


Fig.  5-16.  “Tail-switching”  demultiplexer  divides  offset  errors  as  well  as  switch  forward 
resistance  by  the  amplifier  loop  gain,  but  switch  terminals  move  through  the  full  signal- 
excursion  range. 
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switch,  it  may  be  possible  to: 

1.  Place  the  switch  in  a  high-resistance  circuit  (Fig.  5-15#) 

2.  Drive  the  switch  with  a  current  source  (Sec.  5-8) 

3.  Use  the  switch  inside  a  feedback  loop  (Figs.  5-156  and  5-16) 

See  Sec.  5-1 7  for  applications  of  switched  amplifiers  (nonsaturating  analog 
switches)  for  fast  high-current  switching. 


DIGITAL-TO-ANALOG  CONVERTERS 

5-6.  Basic  Conversion  Circuits.  Representation  and  Conversion  of 
Negative  Numbers  (see  also  Table  5-2).  Figure  5-17  shows  simple 
digital-to-ancilog  converters  ( DACs )  capable  of  multiplying  an  analog 
input  voltage  X1  by  an  n- bit  nonnegative  binary  fraction 

yd  =  2^i  +  4^2  H - +2 nQn  (5-2) 


+ 


1 

2  n 


°n) 


X0~  -  const.  Yd 


Fig,  5-17.  Simple  digital-to-analog  converters  (DACs)  for  //-bit  nonnegative  binary  numbers 

v  _1  ,  1  1 

Y°  =  2  +  4  +  27  a” 

where  =  0  or  ]  (k  =  1,2,  ,  n).  The  &th  switch  is  on  if  the  corresponding  binary 

digit  ak  is  1.  Circuit  ( b )  has  less  feedthrough  when  switches  are  off;  this  circuit  also  has 
constant  source  impedance,  so  that  it  could  drive  a  simple  load  resistance  rL  instead  of  an 
operational-amplifier  summing  point. 
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The  kth  switch  is  on  if  the  corresponding  binary  digit  ak  is  1,  so  that 
0  <  yD  <  1.  al  is  the  most  significant  bit  (MSB)  of  YD,  and  an  is  the 
least  significant  bit  (LSB).  The  analog  input  Xx  may  be  a  fixed  reference 
voltage  (fixed-reference  DAC ),  or  a  variable  (multiplying  DAC,  MDAC). 
MDACs  are  more  difficult  to  design  and  more  expensive,  because  switch- 
resistance  effects,  and  possibly  switch  offset  voltages,  will  vary  with  Xx. 


(b) 


Fig.  5-18.  Conversion  of  two’s-complement-coded  positive  or  negative  binary  fractions 

1  1  1 

Ld  =  ~ao  +  2  ai  +  J  +  '  '  '  +  2^1  a«-i 

If  Xx  is  a  fixed  reference  voltage,  the  scheme  of  Fig.  5-186  requires  only  switches  passing 
current  in  one  direction.  Either  scheme  also  works  with  ladder  networks. 


Figure  5-18  illustrates  the  conversion  of  a  positive  or  negative  two' s- 
complement-coded  n-bit  binary  fraction 

Yd  =~ao  +  fiti  +  ^2  +  •  *  *  +  fifixi  an-\  (5-3) 

The  most  significant  bit  (MSB)  is  now  the  sign  bit  a0,  and  the  least 
significant  bit  (LSB)  is  an_x.  Note  that  —1  >  Yn  <  1.  Starting  at 
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-1,  yd  would  increase  as  follows: 


100  •  •  •  00  =  -1 
100  ••  •  01  =  -(1  -  21_") 
100  ••  •  10 


1 1 1  ...  1 1  -  —  21-” 


1  (two’s-complement  code)  (5-4) 


000  •  •  •  00  =  0 


000  •  •  •  01  =  21_" 
000  ••  •  10 


011  •  •  •  11  =  1  -  2x~n 

Four-quadrant  multiplication  of  YD  and  an  analog  input  Xx  requires 
both  Xx  and  —  Xx  as  input  voltages. 

If  more  than  5  or  6  bits  are  needed,  the  resistances  2kR  in  Figs.  5-17 
and  5-18  may  become  uncomfortably  large  (see  also  Sec.  5-9).  The 
network  impedance  levels  can  be  reduced  nicely  if  resistances  are  re¬ 
placed  with  T-network  transfer  impedances  in  the  manner  of  Fig.  5-19. 
Although  this  requires  additional  resistors,  most  of  them  can  have  the 
same  value.  In  the  operational-amplifier  circuits  of  Fig.  5-19,  the 
DAC  network  need  not  constitute  an  accurately  constant  source 
impedance,  so  that  SPST  switches  can  be  used  to  ground  each  T 
junction  with  minimum  feedthrough. 

While  the  requirement  of  a  given  static  accuracy  at  low  cost  favors 
high  DAC-network  resistances  to  make  switch  resistances  less  critical, 
each  DAC  must  settle  to  within  the  specified  accuracy  after  switching, 
and  the  required  settling  time  will  be  proportional  to  some  circuit 
resistance  (Fig.  5-27).  The  sum  of  this  settling  time  and  the  (usually 
smaller)  switching  time  constitutes  the  conversion  time,  whose  reciprocal 
is  the  maximum  conversion  rate  still  permitting  the  specified  accuracy. 
High  conversion  rates,  and  also  low  MDAC  phase  shift,  favor  low 
DAC-network  resistances.  Hence  DAC  design  will  require  a  compro¬ 
mise  between  accuracy,  conversion  rate  and/or  phase  shift,  and  switch 
costs  (see  also  Sec.  5-9). 

Digital-to-analog  converters  employing  switched-capacitance  networks  to  decode  digital 
data  arriving  in  serial  form  (i.e.,  bit  by  bit)  are  described  in  Refs.  4,  5,  and  65.  Figure  5-28 
shows  a  simple  example. 

5-7.  Voltage-ladder  Digital-to-analog  Converters.  The  basic  binary 
voltage-ladder  network  illustrated  in  Fig.  5-20  is  equivalent  to  a  voltage 
source  of  internal  impedance  R  and  source  voltage 
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To  other 
bit  channels 


Fig.  5-19.  This  summing-network  MDAC  employs  T-network  transfer  impedances  with 

R  R 

zk  =  /?!  +  R2  +'-^  =  2  kR  (k  =  0,  1, 2, 1) 

rk 

instead  of  simple  resistances  to  permit  low  circuit-impedance  levels.  This  improves 
bandwidth  and  switching  speed.  Figure  5-196  shows  a  high-quality  active  shunt  switch 
for  this  MDAC.  {University  of  Arizona ,  Ref.  79;  see  also  Sec.  5-9.) 

at  the  terminal  Q,  where  each  bit  value  ak  is  either  0  or  1.  This  fact  is 
easily  proved  by  the  successive  Thevenin  equivalent  circuits  shown  in 
Fig.  5-206,  c,  and  d.  Figure  5-20e  to  /  shows  how  binary  voltage  lad¬ 
ders  can  be  connected  for  conversion  of  two’s-complement-coded 
positive  or  negative  quantities  (see  also  Fig.  5-18). 

Ladder-network  DACs  necessarily  require  SPDT  switches  but  need 
fewer  resistors  than  T-network  DACs;  above  all,  binary  ladders  require 
only  two  different  resistance  values  of  the  same  order  of  magnitude  and 
can,  in  fact,  be  made  up  of  resistances  R  or  2 R  alone.  This  greatly 
simplifies  close  matching  of  film-resistor  temperature  coefficients; 
indeed,  the  entire  ladder  network  can  be  deposited  on  a  substrate  by 
thick-film  or  thin-film  techniques  (Sec.  3-76). 
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The  “inverted”  binary  ladder  shown  in  Fig.  5-21  is  especially  suitable 
for  use  with  the  FET  SPDT  switches  of  Fig.  5-14c.  This  circuit,  which 
can  convert  positive  or  negative  digital  numbers,  is  especially  useful  as 
an  MDAC,  while  the  ladder  of  Fig.  5-20  is  commonly  employed  in 
fixed-reference  DACs  together  with  bit  switches  similar  to  Fig.  5-8a. 

Ladder  DAC  networks  are  readily  adapted  to  conversion  of  digital 
codes  other  than  simple  binary,  and  many  different  circuit  combinations 


Fig.  5-20 a  to  d .  A  binary  ladder  network  (a)  and  ( b )  to  (d)  Thevenin  equivalent  circuits 
for  successive  sets  of  ladder  sections,  showing  how  successive  inputs  are  effectively  divided 
by  powers  of  2.  Circuit  (c)  is  the  equivalent -voltage -source  circuit  for  the  complete  ladder . 
If  such  a  ladder  network  is  loaded  with  2R ,  the  impedance  between  each  ladder  switch  and 
ground  is  3 R. 


are  possible.  As  an  example.  Fig.  5-22  shows  a  ladder  network  suitable 
for  conversion  of  binary-coded-decimal  (BCD)  numbers. 

5-8.  Current-switching  Circuits.  The  bipolar-transistor  current  switches 
shown  in  Fig.  5-23  do  not  depend  on  transistor  saturation  to  turn  ON. 
Each  switch  operates  as  a  feedback-controlled  current  source  in  the 
“working  region”  of  its  characteristics  when  it  is  on.  To  turn  the  switch 
off,  the  logic  waveform  opens  an  alternate  current  path  through  a  diode 
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Sign  bit 


(g) 


Xn 


Fig.  5-2(te  to  g.  Ladder  circuits  for  converting  two  Vcomplement-coded  positive  or  negative 
quantities.  Equivalent-voltage-source  circuits  are  shown  for  ( e )  and  (/). 


or  transistor  (“current  stealing”)  and  cuts  the  current-source  transistor 
off.  Compared  to  voltage  switching,  current  switching  has  two  signifi¬ 
cant  advantages : 

1 .  With  reasonably  high  current  gain  in  the  current-source  feedback 
circuit,  the  output  current  does  not  depend  on  switch-transistor 
forward  resistance. 

2.  Current  switches  turn  off  quickly,  because  there  is  no  need  to  get  a 
transistor  out  of  saturation  (see  also  Secs.  5-5  and  5-17). 
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Fig.  5-21.  An  “inverted”  binary  ladder  suitable  for  use  with  the  FET/bipolar  SPOT 
switches  of  Fig.  5-14. 

Switched  current  sources  can  be  used  as  operational-amplifier  inputs 
in  DAC  circuits  similar  to  Figs.  5-17  and  5-18,  or  in  current-ladder 
circuits  like  that  shown  in  Fig.  5-25 a,  which,  like  binary  voltage  ladders, 
employ  only  two  different  resistance  values.  Current  switches  are 
employed  mainly  in  fixed-reference  DACs,  because  the  inherent  high 
impedances  of  current  sources  tend  to  cause  analog-input  phase  shift. 

The  output  of  the  simple  switched  current  sources  in  Fig.  5-23 
depends,  unfortunately,  on  transistor  VBE  and  thus  on  temperature,  so 
that  accurate  current-switch  DACs  require  some  form  of  temperature 
compensation.  In  the  ingenious  current-switch  network  of  Fig.  5-24, 
the  on  current  level  in  five  closely  matched  transistors  is  determined  by 
an  operational-amplifier  feedback  circuit.  VBE  matching  is  close,  since 
all  transistors  are  deposited  on  the  same  monolithic  integrated-circuit 
chip.  Transistors  designed  to  pass  successive  bit  currents  of  14,  J4, 
and  K  mA  are  given  successively  doubled  emitter  areas,  so  that  similarly 
good  current-gain  (/?)  tracking  is  obtained.  Figure  5-25 b  shows  how 
several  4-bit  DAC  elements  of  this  type  are  combined  into  accurate 
8-bit  or  12-bit  DACs;  while  only  the  first  4  bits  are  obtained  from 


1224  1224  ,12  2  4, 

- v - 

Most  significont 
decode 


Fig.  5-22.  A  binary-coded-decimal  (BCD)  ladder. 
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+v 


(«)  (b) 

Fig.  5-23a,  b .  Switched  current  sources  suitable  for  fixed-reference  digital-to-analog  con¬ 
vectors.  Monolithic  integrated-circuit  construction  is  possible.  The  VBE  temperature 
dependence  should  be  compensated  in  the  source  of  the  reference  voltage  E.  Reverse 
unctions,  voltages,  and  control  for  negative-current  sources. 


Fig.  5-23c.  Another  type  of  switched  current  source  used  in  a  fixed-reference  DAC.  Dt 
provides  VBE  compensation.  {Sprague  Electric  Co.) 

the  same  integrated  circuit,  the  less  significant  bits  need  not  be 
matched  as  accurately. 

5-9.  Errors  and  Specifications.  The  resolution  of  a  digital-to-analog 
converter  is  given  by  the  number  of  bits.  Conversion  accuracy  should 
be  within  the  voltage  limits  determined  by  one-half  of  the  least  signifi¬ 
cant  bit  (3/2  LSB),  so  that  the  DAC  analog  output  will  always  increase 
(or  always  decrease)  with  the  digital  input  {monotonicity). 

DAC  static  errors,  due  to  network-resistance  tolerances,  switch 
resistances,  switch  offsets,  and  reference-voltage  errors,  must  be  figured 
on  a  worst-case  basis  for  all  digital  inputs,  working  temperatures,  and 
power-supply-voltage  limits.  In  general,  the  sign  bit  and  the  most 
significant  bits  will  contribute  relatively  larger  switch-resistance  and 
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switch-offset  errors  than  the  less  significant  bits.  Reference  4  contains 
a  number  of  carefully  detailed  worst-case-design  examples. 

As  already  noted  in  Sec.  5-1,  DAC-network  resistances  large  com¬ 
pared  to  semiconductor  resistances  favor  static  accuracy  but  increase 
the  settling  time  required  for  the  DAC  output  to  settle  within  its 
specified  accuracy;  better  accuracy  will  require  relatively  longer  settling 


Fig.  5-24.  Trimmer-free  4-bit  current-switching  DAC  element  for  a  12-bit  fixed-reference 
DAC  (Fig.  5-25 b).  A  feedback  loop  including  the  extra  current  source  Qx  sets  all  current- 
source  base  voltages  to  compensate  for  VBE  and  />  changes  with  temperature  and  power 
supply.  The  four  current  sources  shown  correspond  to  the  most  significant  bits  and  are 
deposited  on  the  same  substrate  as  Qx  for  VBE  tracking  within  500 /<V  between  —50  and 
+  120  deg  C.  Similarly  good  /?  tracking  is  achieved  by  doubling  the  emitter  areas  of 
successive  current  sources  for  equal  current  densities.  {Simplified  circuit  of  AD  550, 
Analog  Devices,  Inc.) 


times  (Fig.  5-26).  For  any  given  accuracy,  faster  conversion  will 
require  lower  network  impedances,  which  may  have  to  be  matched  to 
individual  bit  switches  at  substantial  expense.  Table  5-1  shows  some 
typical  specifications. 

Analog-input  phase  shift  in  MDACs  is  also  improved  by  low  network 
impedances  and  can  be  further  reduced  by  equalizing-capacitor  net¬ 
works  in  input  and/or  feedback  networks  (e.g.,  as  in  Fig.  3- 17c). 
Figure  5-27  illustrates  the  operation  of  a  fast  MDAC;  phase-shift 
errors  within  0.1  percent  up  to  10  KHz  are  readily  possible. 

Finally,  DAC  specifications  include  voltage  ranges  for  analog  input 
and  output  and  the  digital-input  logic  levels.  Many  DACs  include 
digital  registers  and  buffer  registers  (Sec.  7-9c). 


From  switched  current  sources 


(  Logic  inputs ) 


(b) 


-E<0 


Fig.  5-25.  Fixed-reference  DAGs  employing  switched  current  sources.  The  sign -changing 
scheme  of  Fig.  5-256  permits  the  use  of  similar  one-directional  current  sources.  Each 
ak  is  either  0  or  1 ,  and  E  is  a  fixed  reference  voltage. 


Table  5-1.  Typical  Digital-to-analog  Converters* 


1.  Low-cost:  8  to  12  bits,  temperature  range  0  to  50  deg  C  (or  —50  to  150  deg  C,  more 
expensive);  settling  time  0.3  to  10  ^sec.  Resistances  10K  to  500K. 

2.  High-quality ,  designed  for  slow  conversion:  to  15  bits,  0  to  50  deg  C;  settling  time  50  /usee. 
Fixed-reference  DACs  for  digital  voltmeters,  precision  instruments;  MDACs  of  this 
type  serve  as  digital  attenuators  in  hybrid  computers;  switch  only  between  analog- 
computer  runs.  Available  for  ±100  volts.  Resistances  100K  to  500K. 

3.  Fast ,  high-quality:  14  bits,  0  to  50  deg  C;  settling  time  0.5  to  5  ^sec.  For  hybrid- 
computer  applications  requiring  fast  conversion  during  analog-computer  runs.  Ex¬ 
pensive.  Available  for  ±100  volts.  Resistances  5K  to  20K. 

4.  Very  fast ,  low-resolution:  4  to  8  bits,  —50  to  150  deg  C,  settling  times  below  0.05  /Jsec 
for  communications  applications.  Resistances  IK  to  10K. 


*  Accuracy  within  lA  LSB;  settling  times  to  within  static  accuracy;  do  not  include 
output-amplifier  settling.  Output  range  is  ±10  volts  unless  noted. 
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Percent  error 


*0 


Fig.  5-26.  The  step  response  of  a  simple  switched  RC  circuit  with  time  constant  RC  shows 
typical  settling  times  required  for  given  accuracy. 

Switching-spike  effects  are  serious  in  many  DACs.  In  addition  to 
ordinary  switch-capacitance  spikes,  large  if  short  spurious  transients  can 
be  caused  by  unequal  bit-switching  times.  Where  spike  effects  are 

critical  (e.g.,  “glitches”  in  digitally 
operated  cathode-ray-tube  dis¬ 
plays),  one  may  use  a  sample-hold 
circuit  (Sec.  5-17)  to  hold  the  old 
DAC  output  until  the  new  DAC 
output  has  settled  after  the  spike. 
The  sample-hold  then  switches 
back  into  track  with  (it  is  hoped) 
a  small  switching  transient. 
Whenever,  in  a  digitally  con- 
Fig.  5-27.  Multiplication  of  a  ±  10-volt  trolled  Voltage 
200-KHz  sine  wave  by  digital  words  at 

50,000  samples/sec.  X0  =  YDXx 
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Fig.  5-28.  This  simplified  switched-capacitor  decoder  accepts  unipolar  serial  input. 
Switches  close  momentarily  to  transfer  charges  in  the  following  sequence: 

1.  At  the  start  of  each  sample  period,  Si,  So  open  to  charge  Cx  and  C2  Cx  to  E  volts. 

2.  If  first  (most  significant)  bit  is  1 ,  Sz  discharges  C2  into  integrator,  and  XQ  =  —  (CJC)E. 
If  first  bit  is  0,  S4  discharges  C2  to  ground. 

3.  S2  opens;  Cx  and  C2  are  each  charged  to  E/2  volts. 

4.  If  second  bit  is  1 ,  S3  adds  —(CJ2C)E  to  X0. 

If  second  bit  is  0,  A4  discharges  C2  to  ground. 

5.  S2  opens;  Cx  and  C2  are  each  charged  to  E/ 4  volts,  etc.  10-bit  accuracy  is  possible. 


the  digital  input  YD  changes  only  by  a  fraction  of  its  full  range  (  —  1  to 
+  1)  from  some  mean  value  Yx,  we  can  gain  accuracy  and/or  reduce  cost 
by  generating  X0  as  a  sum  of  YxX \  and  a  scaled-down  DAC  or  MDAC 
output  aZDX1  =  (Yjr)  —  Y^)Xx  in  the  manner  of  Fig.  2-5. 

ELECTRONIC  ANALOG-TO-DIGITAL 
CONVERTERS 

5-10.  Introduction.  Analog-to-digital  converters  (ADCs,  encoders) 
produce  a  digital  output  proportional  to  an  analog  input  XA  voltage 
or  (usually)  to  the  ratio  of  an  analog  input  XA  and  an  internal  or 
externally  supplied  reference  voltage  E.  As  a  rule,  each  conversion  is 
started  and  timed  by  a  convert  command  in  the  form  of  a  pulse  or  level 
change  supplied  by  a  switch,  digital  computer,  timer,  or  sensing  device. 
Each  conversion  will  require  a  finite  time,  during  which  the  input  may  or 
may  not  have  to  be  “held”  by  a  sample-hold  circuit  (Sec.  5-17).  End  of 
conversion  is  usually  indicated  by  a  level  change  in  the  output  of  a 
flip-flop  (done  flag.  Sec.  7-10). 

The  basic  ingredients  of  all  electronic  ADCs  are  analog  comparators 
(Secs.  A-9a  and  b ),  whose  binary  output  indicates  the  sign  of  an  analog 
input  sum  or  difference. 


5-11.  Specifications.  ADC  specifications  are  similar  to  DAC  specifi¬ 
cations  and  include  resolution  (number  of  bits),  accuracy  over  stated 
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Table  5-2.  Binary-number  Representation 
of  Voltages 


Unsigned  octal 
numbers* 

Voltage 

0000 

0 

0001 

0.00244140625 

0002 

0.0048828125 

0004 

0.009765625 

0010 

0.01953125 

0020 

0.0390625 

0040 

0.078125 

0100 

0.15625 

0200 

0.3125 

0400 

0.625 

1000 

1.25 

2000 

2.5 

4000 

5 

6000 

7.5 

7000 

8.75 

7400 

9.375 

7600 

9.6875 

7700 

9.84375 

7740 

9.921875 

7760 

9.9609375 

7770 

9.98046875 

7774 

9.990234375 

7776 

9.9951171875 

7777 

9.99755859375 

10000 

10 

*  Each  octal  digit  may  be  regarded  as  a  short¬ 
hand  notation  for  three  binary  digits ,  thus: 


Octal 

Binary 

0 

000 

1 

001 

2 

010 

3 

Oil 

Octal 

Binary 

4 

100 

5 

101 

6 

110 

7 

111 

temperature  and  power-supply-voltage  ranges  (usually  within  LSB), 
and  conversion  time  or  rate.  In  addition,  one  must  specify  the  input 
voltage  range  and  impedance,  reference-supply  requirements,  and  the 
digital-output  code  and  logic  levels. 

5-12.  Ramp/Comparator  and  Integrating  Converters,  (a)  Ramp/Com¬ 
parator  Converters.  A  simple  ramplcomparator  converter  (analog-to- 
time-to-digital  converter )  gates  clock  pulses  into  a  counter  while  an 
accurate  ramp  voltage  varies  between  zero  and  the  analog  input  X i  >  0 
(Fig.  5-29 a).  The  counter,  which  serves  as  the  ADC  output  register,  is 
then  read  and  reset  to  zero.  The  second  comparator  response  can 
initiate  a  done  (conversion  completed)  signal. 
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Either  binary  or  decimal  counters  can  be  used.  To  read  positive  or 
negative  voltages  between  —10  and  +10  volts,  we  can  set  the  first 
comparator  in  Fig.  5-29 a  at  —10  volts  instead  of  0  volts  and  employ  a 
binary  (two’s-complement)  counter  initially  reset  to  — 1010  instead  of  0. 
The  converter  will  then  read  the  correct  two’s-complement  code  (see  also 
Fig.  5-29 b). 

Ramp/comparator  converters  require  that  the  analog  input  remain 
constant  after  a  timed  conversion  command,  so  that  a  sample-hold 
circuit  may  be  needed.  The  ramp/comparator  converter  circuit  of 
Fig.  5-29 b  employs  an  existing  track  hold  integrator  of  a  fast  analog 
computer  as  both  a  sample-hold  and  a  ramp  generator.45 

(b)  Integrating  Converters.  If  a  constant  or  variable  voltage 
>  0  (one  could  handle  negative  inputs  by  adding  a  known  positive 
offset)  is  applied  to  the  input  of  an  electronic  integrator  initially  reset  to 
zero,  the  integrator  output  will  take  ERCjXA  sec  to  reach  the  negative 


(a ) 


reference  level  —E.  In  analog-to-frequency-converter  ADCs  the 
integrator  is  then  quickly  reset  to  zero,  and  the  process  repeats  (Fig. 
4-30+).  The  average  frequency  of  the  reset  pulses,  measured  by  the 
pulse  count  during  a  specified  observation  period  T,  is  approximately 

N  1  _  1  rT 

t™ercXa  Xa  =  t)o  XAt)dt 


(5-5) 
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where  we  have  neglected  the  effect  of  the  integrator-resetting  time.  This 
will  be  permissible  if  rRESET  is  less  than  the  desired  measurement-error 
percentage  of  the  integrator  time  constant  RC ,  and  XA  <  E.  In 
practice,  rRESET  can  be  less  than  10  /usee,  so  that  RC  =  10  msec  is  large 
enough  for  0.1  percent  error  (some  of  the  reset-time  error  could  be 
“calibrated  out”). 

Reset-time  errors  could  be  reduced  by  employing  two  integrators,  one  integrating  while 
the  other  one  resets.  A  better  voltage-to-frequency  conversion  scheme  switches  the  input 
of  a  single  integrator  between  XA  and  —  XA  whenever  the  integrator  output  reaches  —  E 
and  +  E.  This  method  does  away  with  reset  switching  and  also  compensates  integrator 
d-c  offsets. 

The  dual-slope  integrating  ADC  shown  in  Fig.  5-30 b  starts  with  its 
integrator  output  at  0  volts  and  then  integrates  the  analog  input 


0 

-E 


Time 


3W 


'1 


n  n  n  n 


Electronic 


Slope 


Slope 


V  if  X0^0 


NrXa  _  NE_ 
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Fig.  5-30.  Analog-to-frequency  converter  (a)  and  dual-slope  converter  ( b ). 


-XA  <  0  for  Nr  clock-pulse  periods  or  T  =  NR  A /  sec.  Digital  logic 
now  switches  the  integrator  input  to  a  +E  reference,  and  comparator/ 
logic  circuits  count  N  pulses  while  the  integrator  output  returns  to 
0  volts.  Then 

N  =  ^rXA  XA=  1  Jo  xjt)  dt  (5-6) 

which  is  independent  of  the  integrator  RC  and  also  of  the  clock  fre¬ 
quency,  so  that  no  precision  crystal  oscillator  is  needed.  Dual-slope 
ADCs  serve  both  in  inexpensive  and  precision  (0.01  percent  of  half-scale 
dzTaLSB)  digital  voltmeters,  with  conversion  times  between  0.1  and 
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50  msec.  References  67,  70,  and  73  describe  practical  circuits,  including 
bipolar  operation  through  input  biasing,  and  use  of  vernier  counters. 

Integrating  ADCs  read  the  time  average  XA  of  a  possibly  variable 
analog  input  XA  over  a  specified  observation  time  T.  This  is  especially 
useful  for  rejecting  periodic  and  nonperiodic  high-frequency  noise  in 
low-level  d-c  measurements.  In  particular,  line-frequency-noise  effects 
can  be  reduced  by  at  least  70  db  if  we  make  the  observation  interval  T  a 
multiple  of  the  line-frequency  period.  It  may  also  be  possible  to 
“synchronize”  the  observation  time  with  other  periodic  noise.  For 
timed  measurements,  integrating  ADCs  will,  again,  require  sample-hold 
circuits. 

5-13.  Feedback-type  Analog-to-digital  Converters,  (a)  General  Prin¬ 
ciple.  To  obtain  high  accuracy  and  fast  conversion  independent  of 


Reference 


(a) 


U>) 

Fig.  5-31.  Principle  of  a  feedback-type  ADC  ( a )  and  “continuous”  (reversible-counter¬ 
feedback)  converter  ( b ). 

capacitor  properties,  we  use  a  digital-to-analog  converter  to  reconvert 
our  digital  output  XT)  to  a  voltage  EXD,  which  is  compared  with  the 
analog  input  XA  (Fig.  5-3 la);  E  is  the  ADC  reference  voltage.  With 
\Xa\  <  E  and  \XD\  <  1,  we  vary  XD  during  each  conversion  cycle  until 
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the  magnitude  of  the  analog  error  eA  =  EXn  —  XA  is  sufficiently  small 
(i.e.,  less  than  HLSB): 


XD  - 


*A  +  ^ 


(5-7) 


where  u  is  the  required  number  of  bits,  including  the  sign  bit.  Different 
schemes  for  varying  XD  yield  various  compromises  between  circuit  sim¬ 
plicity  and  maximum  /?-bit  conversion  time.  We  shall  measure  conver¬ 
sion  time  in  clock  periods,  where  each  clock  period  must  be  sufficiently 
long  to  permit  comparator,  logic,  and  D/A  converter  switches  to  settle. 
Typical  clock  periods  will  be  between  0.05  and  10  psec. 

In  the  simplest  scheme,  the  D/A  converter  register  is  a  clock-driven 
2"-step  counter  which  starts  at  the  most  negative  value  once  per  conver¬ 
sion  cycle  and  counts  up  to  produce  a  staircase  D/A  output  analogous  to 
the  ramp  voltage  in  Fig.  5-29 a.  Xn  is  read  when  the  staircase  voltage 
reaches  XA.  The  maximum  conversion  time  is  2n  clock  periods,  since 
each  staircase  step  will  be  just  2Ej2n  volts. 

(b)  “Continuous”  Converters.  To  reduce  the  average  conversion 
time,  the  D/A  converter  register  can  be  a  reversible  counter;  we  count  up 
or  down  as  required  by  the  sign  of  the  error  eA  =  EXD  —  XA  (. continuous 
or  incremental  converter ,  digital  servo,  Fig.  5-3 1  b).  A  small  comparator 
deadspace  about  eA  =  0  will  prevent  oscillation  about  the  correct 
output.  Incremental  converters  save  appreciable  time  if  X,  is  not  a 
random  input  (like  a  multiplexer  output)  but  a  time-variable  analog 
voltage  known  to  increase  and  decrease  no  faster  than  R  <  2E/2U  volts 
per  dock  period.  In  this  case,  the  first  conversion  can  take  up  to 
2nRj2E  clock  periods;  the  converter  will  then  track  the  signal  in  suc¬ 
cessive  clock  periods.  We  can  track  faster  signals  at  the  expense  of 
circuit  complexity  if  we  add  comparators  which  sense  large  analog 
errors  and  transfer  the  counter  input  to  a  higher  digit  position  (variable- 
increment  counter). 

(c)  Successive-approximation  Converters.  For  faster  conversion,  we 
program  the  D/A  converter  register  with  digital  logic  to  “weigh”  XA 
by  successive  binary-digit  approximations.  We  start  with  XD  =  0  to 
find  the  sign  of  X A.  If  XA  >  0,  we  next  try  EXD  =  E/2  to  see  if  the 
most  significant  binary  digit  is  0  or  1 ,  and  continue  on  to  the  last  binary 
digit  (. successive-approximation  converter).  The  required  conversion  time 
will  be  n  clock  periods,  one  for  each  bit  in  XD. 

Figure  5-32  illustrates  the  operation  of  a  typical  successive-approxi¬ 
mation  converter.  The  digital  output  XD,  and  thus  the  DAC  output 
voltage  EXd,  is  set  by  the  ADC  {output)  register,  comprising  n  flip-flops 
F0,  FI,  F2, ....  Successive  XD  values  will  be  programmed  by  a  digital 
1  passing  through  an  (n  +  l)-bit  shift  counter  (flip-flops  SO,  SI,  S2, .  . .). 

The  start  conversion  pulse  resets  the  shift  counter  to  1000  .  .  .  and 
the  ADC  register  to  0000  .  .  .  ;  this  also  releases  the  test  pulses  and  shift 
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Reference 
-E  +£ 


pulses  produced  by  the  ADC  clock.  Initially,  XD  =  0000  ....  If  now 
X  <  EXd  =  0,  the  comparator  output  will  be  1,  and  the  first  test  pulse 
(suitably  delayed  to  let  flip-flops,  DAC,  and  comparator  settle)  will  set 
the  sign-bit  flip-flop  F0  to  1 .  The  first  shift  pulse  follows  and  shifts  the 
counter  to  0100  ...  .  We  then  have 


X 


D 


1100...  XA  <0 
0100...  if  XA  >  0 


and  the  corresponding  DAC  output  (— E/2  or  E/ 2)  is  compared  with  the 
analog  input  XA.  If  (and  only  if)  XA  — Ej2  or  0  ^  XA  <  E/2,  the 
second  test  pulse  will  correctly  reset  the  MSB  flip-flop  FI  to  0.  Other¬ 
wise,  the  most  significant  bit  remains,  as  it  should,  at  1.  Successively 
following  shift  pulses  and  test  pulses  similarly  determine  the  other  bits  of 
XD  in  order  of  decreasing  significance.  The  «th  shift  pulse  shifts  the  1 
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Multiple 

comparators 


Digital  output 


Fig.  5-33a.  “Instantaneous'’  converter  employing  parallel  comparators.  A  timed  strobing 
pulse  can  sample  the  input  either  by  enabling  the  comparators  or  by  gating  the  digital 
output. 


Fig.  5-33c.  Principle  of  a  cascade  encoder  employing  precision-limiter  absolute-value 
circuits.  In  practice,  the  summing  amplifiers  between  stages  can  be  replaced  by  summing- 
network  addition.  J  b 
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into  the  (n  +  l)st  shift-counter  flip-flop,  which  serves  as  a  done  flag 
signaling  completion  of  the  conversion. 

•  If  the  number  of  ADC  bits  is  larger  than  8,  it  may  pay  to  replace  the 
n  -f-  1  shift-counter  flip-flops  by  a  binary  counter  with  N  +  1  decoding 
gates  (Appendix  B),  since  this  binary  counter  would  require  at  most 
log2  (n  +  1)  flip-flops.4 

5-14.  Converters  Employing  Multiple  Comparators.  Converters  using 
parallel  comparators  for  each  quantization  level  (Fig.  5-33a)  permit  the 
highest  possible  conversion  speed,  since  all  digits  are  produced  simul¬ 
taneously;  3-  to  4-bit  converters  of  this  type  are  available  as  monolithic 
integrated  circuits. 

A  cascade  encoder 75  reduces  the  required  number  of  comparators  but 
produces  binary  digits  in  succession.  Referring  to  Fig.  5-336  (XA  >  0), 
comparator  1  decides  whether  XA  >  E/2.  If  XA  >  E/2,  comparator  2 
decides  whether  XA  >  E/2  +  £/4;  if  XA  <  E/2,  comparator  2  decides 
whether  XA  >  f/4,  etc.  Cascade  encoders  can  be  very  fast.  The 
converter  shown  in  Fig.  5-336  requires  one  clock  period  per  bit,  but 
improved  circuits  separate  the  converter  stages  with  analog  delay  lines 
one  clock  period  (0.1  /nsec )  long,  so  that  the  earlier  stages  can  begin  to 
work  on  the  next  analog  sample  before  each  conversion  is  completed. 

Figure  5-33c  shows  a  ±  10- volt  cascade  encoder  based  on  the  precision 
absolute-value  circuit  of  Fig.  4-23.76, 77  The  first  encoder  stage  produces 
a  digital  1  if  XA  <  0  (sign  bit)  and  also  an  analog  output  Xx  such  that 


Xx 


>  5  volts  if 


(X4 

XA 


>  5  volts 
<  —  5  volts 


(Xa  >  0) 
(XA  <  0) 


The  second  encoder  stage ,  quite  similar  to  the  first,  produces  a  digital  1  if 
Xx  —  5  volts  >  0,  and  also  a  new  analog  output  X2  to  be  tested  by  the 
third  encoder  stage ,  and  so  on.  The  conversion  time  will  be  the  time 
required  for  the  signal  to  propagate  through  n  stages,  typically  0.2  //sec 
per  stage  with  fast  operational  amplifiers.  Note  that  the  code  produced, 
is  not  the  usual  binary  code,  but  a  “reflected”  code  ( Gray  code),  which 
requires  code  conversion.76  Many  variations  of  this  circuit  exist.77 

Cascade  encoders  are  usually  limited  to  about  8  bits  because  of  error 
accumulation  in  successive  stages. 

5-15.  Discussion.  Accuracies  and  Conversion  Rates.  “Instantane¬ 
ous”  (parallel-comparator)  ADCs  can  be  very  fast,  permitting  conver¬ 
sion  rates  of  at  least  108  words/sec,  if  one  is  satisfied  with  4-  to  6-bit 
resolution.  Such  fast  but  coarse  converters  are  useful  for  pulse-code- 
modulation  communications  and  can  be  fabricated  as  monolithic 
integrated  circuits.  Cascade  encoders  are  next  in  speed.  Their 
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resolution  is  usually  limited  to  8  or  9  bits,  with  107  bits  or  about  106 
words  per  second. 

The  conversion  rate  of  a  ramp/ comparator  or  integrating  ADC  is 
limited  by  analog-switching  and  comparator-response  times,  whose 
unpredictable  fluctuations  must  stay  within  the  specified  error  per¬ 
centage  of  the  total  conversion  time;  7  to  8-bit  ramp/comparator 
circuits  used  in  special  instrumentation71,72  can  convert  at  up  to  106 
words/sec.  Digital-voltmeter  designers,  who  rarely  require  more  than 
1 ,000  words/sec,  prize  integrating  converters  for  their  noise  rejection 
(Sec.  5-126).  Accuracy  of  any  ADC  using  a  capacitor  for  ramp 
generation  or  signal  integration  is  limited  by  dielectric  absorption 
(Sec.  3-9)  to  within  0.01  to  0.02  percent  of  half-scale  iJ/oLSB  (about 
half  the  dielectric-absorption  effects  can  be  calibrated  out).  11 -bit 
integrating  converters  can  convert  at  up  to  5,000  words/sec.73 

The  best  accuracies,  as  well  as  high  conversion  rates  at  extra  cost,  are 
obtained  with  successive-approximation  converters,  which  are  pre¬ 
dominant  in  hybrid  computation.  Inexpensive  ADCs  of  this  type 
yield  8  to  12  bits  at  1  to  2  /isec/bit  (i.e.,  of  the  order  of  105  words/sec)  for 
less  than  $300.  Up  to  15  bits,  together  with  conversion  times  between 
0.1  and  2  /^sec/bit,  can  be  obtained  at  higher  prices.  The  DAC  used  in 
any  feedback-type  ADC  is  subject  to  the  tradeoff  between  accuracy, 
settling  time,  and  cost  already  discussed  in  Sec.  5-9.  Substitution  of 
multiple  slower  (and  thus  less  expensive)  ADCs,  possibly  including 
integrating  and  “continuous”  converters,  for  the  usual  combination  of 
multiplexer  and  high-speed  ADC  may  merit  consideration.74  Other 
compromises  include  the  design  of  subranging  ADCs,  which  combine  a 
fast  “instantaneous”  or  cascade  ADC  having  only  a  few  bits  with  a 
slower,  more  accurate  ADC  of  the  successive-approximation  type.68 


INTEGRATOR  MODE  CONTROL  AND 
TRACK-HOLD  CIRCUITS 

5-16.  Electronic  Mode-control  Switching.  The  very  simplest  scheme 
for  resetting  an  integrator  merely  resets  it  to  zero  by  shorting  the 
integrating  capacitor  (say  with  a  JFET  switch);  the  desired  initial  output 
is  then  added  to  the  output  of  the  integrator  proper.  In  spite  of  its 
simplicity,  this  resetting  method  is  rarely  used,  because  the  two  voltages 
to  be  added  must  be  scaled  down  and  thus  lose  accuracy. 

Relay  switching  in  the  basic  three-mode  (reset-compute-hold) 
integrator  circuit  of  Fig.  1-10  is  now  obsolete  in  view  of  the  critical 
timing  needed  when  switching  into  compute  (Fig.  3-2).  Most  general- 
purpose  analog  computers  employ  FET/bipolar-transistor  switching 
similar  to  Fig.  5-34.  The  simple  hold  switching  scheme  of  Fig.  1-10 
would  require  a  possibly  inaccurate  series  switch  between  the  integrator 
summing  junction  SJ  and  the  amplifier  input  G;  this  is  avoided  (at 
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considerable  expense)  by  the  separately  switched  hold  capacitor  in 
Fig.  5-34,  where  now  all  MOSFET  forward  resistances  are  harmlessly 
inside  feedback  loops  in  the  manner  of  Fig.  5-156. 

The  two-mode  (reset-compute)  integrator  of  Fig.  5-35,  designed  for 
an  ultrafast  iterative  analog  computer  with  low-impedance  computing 
networks  (Sec.  7-26),  employs  only  a  single,  very  fast  switch.  This 
switch  is  a  switched  unity-gain  follower,  which  amplifies  the  reset 


1C  r  r 


HOLD 


Fig.  5-34.  Three-mode  integrator-control  circuit.  Typical  integrators  of  this  type  can  hold 
within  0.01  percent  of  half-scale  (10  volts  or  100  volts)  for  at  least  200  sec/juF  and  switch 
into  compute  or  hold  within  200  to  400  nsec,  with  at  most  50  to  100  nsec  between 
integrators. 


current,  effectively;  the  integrator  sees  reset-network  impedances  of  the 
order  of  the  follower  output  impedance.  In  the  reset  mode  (Fig. 
5-356),  the  integrator  output  will  settle  to  the  value 

=  ~(Xn  +  AW  -  0.2^  +  ^ 

We  see  that,  although  the  integrand  inputs  are  never  switched  off,  even 
can  affect  the  reset  output  only  by  at  most  0.02  percent  of  half-scale. 
The  design  accuracy  of  the  integrator  is  0. 1  percent  of  half-scale.  This 
circuit  also  serves  as  a  fast  track-hold  (Sec.  5- 17c),  which  is  the  reason 
for  having  two  reset/track  inputs. 

The  maximum  time  needed  to  reset  the  electronic  integrators  of 
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Figs.  5-34  and  5-35  within  stated  accuracy  limits  is  determined  not  so 
much  by  their  capacitor-charging  time  constants  CmTrF,  Cn0LI)rF  sec 
(Fig.  5-34 b)  and  0.2 C  sec  (Fig.  5-35 b)  as  by  the  rate  at  which  amplifiers 
and  switches  can  supply  the  charging  current  (see  also  Sec.  5-17). 

5-17.  Track-hold  Circuits  (Sample-hold  Circuits),  (a)  Basic  Track- 
hold  Circuit.  Performance  Specifications.  Track-hold  circuits  (sample- 
hold  circuits)  hold  a  timed  value  of  a  variable  analog  input  for  analog- 
to-digital  conversion  and/or  for  iterative  analog  computation  (analog 
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Fig.  5-35a  to  c.  Two-mode  integrator/summer  circuit  for  an  analog/hybrid  computer 
permitting  very  fast  iterative  operation  (up  to  4,000  runs/sec).  Digitally  switched  relays 
permit  rate  gains  as  high  as  (tfC)-1  =  105  sec-1  with  the  low-impedance  integrator  inputs 
and  a  second  integrator-input  network  also  permits  “slow”  operation  without  excessively 
large  capacitors.  In  the  reset/track  mode  (b),  the  switched  unity-gain  amplifier  acts  as 
an  impedance  transformer,  reducing  the  effective  reset/track-network  resistances  to  0.2 
ohms,  so  that  the  effect  of  the  1  or  10K  integrator  inputs  becomes  negligible.  Typical 
integrators  of  this  type  can  hold  within  0.1  percent  of  half-scale  (10  volts)  for  at  least 
00sec/^F  and  switch  into  compute  or  hold  within  20  to  40  nsec,  with  at  most  5  to 
10  nsec  between  integrators.  ( University  of  Arizona,  Refs.  40,  43,  and  45  ) 


point  storage,  Sec.  1-1 3c).  The  output  X0  of  the  basic  capacitor- 
storage  track-hold  shown  in  Fig.  5-36  tracks  the  input  X1  while  the 
switch  is  on  (track  mode).  A  hold  command  opens  the  switch,  so 
that  the  capacitor  stores  the  last  input  value,  and  the  output  ideally 
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remains  constant  (hold  mode).  The  storage  circuit  can  drive  external 
loads  without  discharging  their  holding  capacitors. 

An  ideal  track-hold  circuit  would  follow  its  input  instantaneously  and 
exactly  in  track,  and  would  hold  instantaneously  and  exactly  for  an 
indefinite  time  after  receiving  a  hold  command.  Figure  5-31a  illus¬ 
trates  the  response  of  an  actual  track-hold  circuit.  The  current  capacity 
of  amplifiers  and  switches  not  only  limits  the  maximum  tracking  rate,  but 
also  places  a  lower  limit  on  the  track  period  required  to  catch  up  with 


Control 


Control 


Fig.  5-35 d.  FET-input  switched  unity-gain  amplifier  for  the  integrator  of  Fig.  5-3 5a. 
Output  impedance  is  0.1  ohm  at  100  Hz,  and  output  current  is  30  mA.  The  integrator 
switches  into  compute/hold  within  40  nsec,  with  ±10-nsec  maximum  difference  between 
two  integrators.  Output  impedance  is  0.1  ohm  at  100  Hz;  output  current  is  30  mA. 
compute/hold  drift  in  10  msec  (0.01  /iF)  is  2  mV  ±  0.05  mV/deg  C.  In  reset/track 
with  0.01  fiF9  the  integrator  tracks  ±  10-volt  sine  waves  up  to  40  KHz  and  follows  a  10-volt 
step  within  0.1  percent  in  10  //sec;  small-signal  dynamic  error  is  within  0.1  percent  up  to 
10  KHz  (no  load),  and  temperature  drift  is  =L100  /iV/deg  C.  {University  of  Arizona  and 
Burr-Brown  Research  Corporation ,  Tucson ,  Ariz.) 


specified  input-signal  excursions  (Fig.  5-376).  For  accurate  tracking  of 
high-frequency  signal  components  too  small  to  cause  rate  limiting,  we 
require  low  phase  shift  in  track,  i.e.,  sufficient  bandwidth  in  the 
capacitor-charging  input  circuit  or  amplifier.  The  effect  of  the 
capacitor-charging  time  constant  on  small-signal  phase  shift  can  be 
compensated  with  suitable  equalizing  networks  in  the  input  amplifier. 
The  charging  time  constant  must,  in  any  case,  be  less  than  one-seventh 
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Fig.  5-36.  Basic  switched-capacitor  sample-hold  circuit. 


of  the  shortest  contemplated  track  period  for  0.1  percent  accuracy 
(about  one-tenth  for  0.01  percent)  to  allow  for  exponential  step  response. 

The  ideally  constant  hold  output  drifts  because  of  capacitor  leakage 
and  dielectric  absorption  (Sec.  3-9),  switch  and  amplifier-input  leakage, 
and  amplifier  voltage  offset.  A  total  error  current  iE  contributes  the 
absolute  drift  error 

e„  =  r„  (5-8<j ) 

where  C  is  the  holding  capacitance,  and  rH  is  the  elapsed  time  in  hold. 
An  amplifier  offset  of  eD  volts  referred  to  the  input  contributes  an  output 


Fig.  5-37ff.  Sample-hold  response  and  error  effects.  Rate  limits  are  determined  by  current 
capacities  of  switches  and/or  amplifiers' and  may  differ  for  positive  and  negative  rates. 
Switching  spikes  (for  electronic  switches  only)  can  be  positive  or  negative.  Timing  error 
and  switching  spike  going  into  track  will  not  affect  hold  output.  Errors  due  to  d-c 
offset  and  phase  shift  in  track  are  not  shown. 
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Fig.  5-37 h.  Response  of  a  sample-hold  circuit  to  sine  waves  at  two  different  amplitudes. 
The  rate  limiting  is  due  to  a  track  period  too  short  in  relation  to  the  maximum  tracking 
rate. 

error  eD  in  Fig.  5-36,  and  an  absolute  output  drift 

e'n  =  ^  th  (5-8 b) 

in  Fig.  5-38c,  where  R  is  the  resistance  from  summing  point  to  ground  in 
the  hold  mode  (see  also  Sec.  3-21). 

With  electronic  switching,  the  switching  spike  caused  by  differentiation 
of  the  hold  control  step  in  the  switch  capacitances  charges  the  holding 
capacitor  and  contributes  a  spurious  voltage  step  (Fig.  5-37tf).  Its 
amplitude  is  approximately 

Cs  =  asEc  (5-9) 

where  Ec  is  the  control-step  amplitude  and  Cs  is  the  effective  switch 
capacitance.  as  is  a  proportionality  factor,  which  we  attempt  to  reduce 
through  push-pull  spike  cancellation  in  symmetrical  switching  circuits 
(Fig.  5-4),  and/or  by  adding  inverted  spikes  through  a  trimmer  capacitor 
(Fig.  5-1 4a).  Nonlinearity  of  electronic-switch  capacitances  makes 
accurate  spike  cancellation  for  all  input-voltage  values  impractical,  but 
considerable  improvement  is  possible.  With  well-designed  circuits, 
switching-spike  errors  are  not  serious  in  ordinary  track-hold  operation, 
but  they  may  accumulate  in  certain  computations  (Secs.  2-5  and  2-6). 

Finally,  switch-  or  relay-response  delays  in  executing  the  hold  com¬ 
mand  result  in  possibly  serious  timing  errors,  i.e.,  the  sample-hold  circuit 
actually  holds  a  later  input  voltage  value  than  desired  (see  also  Sec.  3-2c). 

The  holding  errors  (8)  and  (9)  are  seen  to  improve  with  increasing 
holding  capacitance  C,  while  low  values  of  C  require  less  current  and 
favor  fast  tracking.  The  required  compromise  is  best  resolved  with  high- 
current  solid-state  amplifiers  and  switches,  which  permit  the  use  of 
relatively  large  holding  capacitances.  In  practice,  iD  and  eD  can  be  kept 
below  1  to  10  nA  and  50  to  500  fW,  respectively. 

If  one  must  track  fast  signals  accurately  and  one  also  requires 
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Fig.  5-38.  Track-hold  circuits.  Circuit  (a)  has  been  implemented  with  Siliconix,  Inc. 
integrated-circuit  FET/drivers. 


relatively  long  holding  periods,  it  is  best  to  employ  a  fast  (low-C)  sample- 
hold  to  track  the  signal  and  to  sample  the  output  of  this  fast  sample-hold 
with  a  second,  accurately  holding  (high-C)  sample-hold  after  the  input 
sample-hold  has  just  settled  into  hold.  Such  track-hold  pairs  are,  in 
any  case,  needed  in  applications  requiring  true  zero-order-hold  output 
(i.e.,  output  of  successive  sample  levels  not  separated  by  noisy  track 
periods,  as  in  simple  sample-holds). 

(b)  Improved  Track-hold  Circuits.  In  Fig.  5-38a,  the  same  FET- 
input  high-impedance  follower  (Sec.  3-30)  serves  both  as  the  capacitor 
driver  in  track  and  as  the  output  amplifier  in  hold,  at  the  expense  of 
extra  switching. 

In  Fig.  5-386,  degenerative  feedback  around  the  entire  sample-hold 
circuit  effectively  lowers  the  input-amplifier  output  impedance,  and  thus 
the  capacitor-charging  time  constant  (see  also  Fig.  5-16). 

(c)  Switched  Integrators  as  Track-hold  Circuits.  An  operational- 
amplifier  integrator  without  integrand  input,  shown  in  solid  lines  in 
Fig.  5-38c,  will  track  its  reset  input  with  a  charging  time  constant  rC 
and  will  then  hold  in  its  compute/hold  mode;  the  low-impedance 
output  can  be  loaded  without  discharging  the  holding  capacitor.  The 
speedup  capacitor  shown  in  dashed  lines  will  improve  phase  shift  in 
track;  if  we  also  want  to  speed  up  the  charging  transient  on  switching 
into  track,  we  must  add  the  switch  S W2. 

In  many  general-purpose  hybrid  computers,  integrators  serve  as 
track-hold  circuits,  although  it  may  be  a  pity  to  tie  up  accurate  summing 
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Table  5-3.  Typical  Specifications  of  ±  10-volt  Sample-hold 
Circuits  Used  for  Analog-to-digital  Conversion 


Gain  accuracy:  0.01  to  0.05  percent  of  half-scale  ±0.002  percent  of  half-scale/deg  C 
Bandwidth  in  track  mode:  To  several  megahertz,  full  signal,  depending  on  applications; 
small-signal  dynamic  error  should  match  gain  accuracy  at  working  frequencies; 
frequently  not  properly  specified  (see  Sec.  3-2) 

Acquisition  time  (step-response  or  settling  time  in  track  mode):  2  to  10 //sec  within  gain 
accuracy 

Aperture  time  (switching  time  into  hold):  50  to  500  nsec 
hold  drift:  0.1  to  2  mV  during  typical  hold  period 
Noise:  1  mV  peak-to-peak  (output) 

Input-Output  crosstalk:  0.01  to  0.04  percent  of  half-scale 


integrators  in  this  manner.  In  the  integrator  circuit  of  Fig.  5-34,  the 
track,  charging  time  constant  is  f  if  ^hold  ~  ^int>  where  r^is  the 
forward  resistance  of  the  bipolar-transistor  shunt  switch.  With 
rF  =  10  ohms  and  CINT  =  CH  =  0.001  /fiF,  the  phase-shift  error 
2007 t/  Cint  rF  percent  (Sec.  3-2)  in  the  hold  output  will  result  unless 
we  add  some  sort  of  equalization  such  as  the  speedup  capacitor  in 
Fig.  5-38c;  but  accurate  equalization  is  difficult,  since  rF  is  a  nonlinear 
resistance. 

The  charging  time  constant  of  integrator-type  track-hold  circuits  like 
that  in  Fig.  5-38c  is  dramatically  reduced  if  the  switch  SW\  is  driven  by  a 
current-amplifying  unity-gain  follower  with  low  output  impedance  Zs. 
The  effective  charging  time  constant  is  then  of  the  order  of  ( Zs  +  )C, 

where  R0 N  is  the  switch  resistance  (see  also  Sec.  5-18).35,37  In  the 
integrator/track-hold  circuit  of  Fig.  5-35,  the  switch  is  enclosed  in  the 
follower-amplifier  feedback  loop  (Fig.  5-35 d),  so  that  the  effective 
charging  time  constant  is  only  ZSC,  where  Zs  is  of  the  order  of  0.1  ohm 
at  100  Hz;  phase  shift  in  track  is  further  improved  by  the  equalizing 
networks  shown  in  Fig.  5-35a. 

Capacitance-driving  switching  circuits  like  that  in  Fig.  5-35  may  have 
to  supply  substantial  currents  when  following  fast  signals  (up  to  30  mA 
in  Fig.  5-35).  The  resulting  storage  time  of  saturated  bipolar-transistor 
switches  would  lengthen  the  critical  aperture  time  needed  to  turn  the 
switch  off  (into  hold  or  compute).  For  this  reason,  the  switched- 
amplifier  output  stage  in  Fig.  5-35 d  is  a  nonsaturating  switch  (emitter 
follower  switched  off  by  low-current  saturating  shunt  switches),  which 
can  switch  into  compute/hold  within  40  nsec.  The  FET-input 
switched  amplifier  of  Fig.  5-35 d  was  designed  as  a  low-drift  replacement 
for  earlier  simple  switched  emitter  followers.32,33,42,43,45 

5-18.  Switched  Operational  Amplifiers  (see  also  Sec.  5-5).  Substitution  of  a  resistance  for 
the  integrator  capacitance  C  in  either  Fig.  5-34  or  5-3 5a  produces  an  electronic  two-input 
SPDT  switch  with  sign-inverted  low-impedance  output  (switched  phase  inverter  or  summer, 
Fig.  5-39 a).  Figure  5-396  shows  a  more  general  type  of  switched  operational  amplifier 
implementing 
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In  addition  to  switching-spike  and  switch-leakage  errors,  switched  operational  amplifiers 
will  have  transfer-function  errors  due  to  finite  amplifier  gain  and  follower  and/or  switch 


impedances.  Such  errors  are  readily  calculated  by  the  methods  of  Secs.  3-11  to  3-14.34 
The  circuit  of  Fig.  5-39 b,  for  example,  is  an  ordinary  operational  amplifier  with  the  switch 
off;  with  the  switch  on,  X0  =  -  (Z0IZl)Xl  +  e.  The  error  *>  =  e(r)  is  given  by 


......  /  1  Z‘X  +Jb_hA 

vWo sz,  1  «fcz;  v 


Pi 


Zg  +  Ro:s  I 

Zo 


(5-11) 


at  frequencies  where  \A0sPos\  >  1  and  \ZS  +  Roy\  <|Z0|,  \Z[\,  \Z'0\.Si  Note  that  the 
second  error  term  makes  this  one-switch  circuit  less  practical  than  multiswitch  circuits  if 
low  computing  impedances  are  to  be  used.  Stability  considerations  usually  will  not 
permit  follower-amplifier  gains  a  much  above  unity. 

If  the  switch  in  Fig.  5-39 b  is  enclosed  in  the  follower-amplifier  feedback  loop  in  the 
manner  of  Fig.  5-35,  then  Zs  +  Ro n  in  Eq.  (11)  is  simply  replaced  by  Zs. 
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CHAPTER  6 


ELECTRONIC  MULTIPLIERS, 
DIVIDERS,  AND  RESOLVERS 


INTRODUCTION 

6-1.  Survey.  Early  analog  computers  implemented  multiplication 
with  computer  servomechanisms. 1-21  A  single  servo  could  position 
between  4  and  20  potentiometers  for  multiplication  and  function  genera¬ 
tion,  but  servo  frequency  response  is  necessarily  limited  (Fig.  6-1),  and 


0.01 


0.1  1.0  10.0  1.0  10  100 
Frequency,  cps  Frequency,  cps 

(True)  PerCent  Accuracy  vs  Frequency  and  Amplitude  far  Sinusoidal  Input 

Fig.  6-1.  Performance  of  a  high-accuracy  60-Hz  servomultiplier  employing  10-turn  wire- 
wound  potentiometers  and  of  a  high-speed  400-Hz  servo  using  single-turn  film  potentiom¬ 
eters.  Each  servo  can  position  up  to  four  multiplying  potentiometers.  (. Electronic 
Associates ,  Inc.) 


maintenance  of  electromechanical  components  is  a  nuisance.  High- 
quality  electronic  multipliers  are  not  only  faster  but  also  more  accurate 
than  the  best  servomultipliers. 

The  most  frequently  employed  types  of  electronic  multipliers  are  : 

1.  Diode  quarter-square  multipliers,  which  implement  the  relation 
XY  =  Hl(X  +  Y)2  -  (X  -  T)2] 
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by  means  of  diode-function-generator  squaring  circuits  (Sec.  6-2). 
Such  multipliers  are  almost  exclusively  used  in  general-purpose 
analog/hybrid  computers,  since  errors  can  be  within  0.05  percent  of 
half-scale  at  d-c  and  0.5  percent  of  half-scale  up  to  2  and  even 
10  KHz  (Secs.  6-2  and  6-3). 

2.  Multipliers  employing  devices  with  voltage-controlled  gain.  In  this 
category,  transistor-transconductance  multipliers  are  practically  the 
only  ones  to  survive;  they  combine  moderate  static  accuracy  (0.5  to 
2  percent  of  half-scale)  with  remarkable  bandwidth  (up  to  1  MHz 
for  2  percent  of  half-scale  dynamic  errors  (Secs.  6-5  to  6-8). 

3.  Time-division  or  pnlsed-attennator  multipliers  based  on  simultane¬ 
ous  pulse-amplitude  and  pulse-width  modulation  of  a  pulse  train. 
Such  multipliers  are  potentially  more  accurate  (0.01  percent  of 
half-scale  at  d-c)  as  well  as  more  expensive  than  quarter-square 
multipliers,  but  phase-shift  and  transient  errors  associated  with 
ripple  filtering  have  restricted  time-division  multipliers  to  low- 
bandwidth  applications  (Sec.  6-9). 

Other  multiplier  circuits  sometimes  encountered  are  based  on 
triangle-wave  averaging  (Sec.  6-4),  analogldigitaljanalog  conversion 
(digital  servos,  Sec.  6-8),  logarithmic  function  generators  (Sec.  4-16),  and 
photoresistor  gain  control  for  multiple  (as  many  as  10  to  20)  products 
(Sec.  6-8).  A  vast  array  of  other  electronic  multiplication  schemes 
involving  variable-gain  devices,  special  modulation  systems,  and  even 
cathode-ray-tube  circuits  have  been  tried  and  abandoned.  A  short 
bibliography  on  this  subject  is  appended  to  this  chapter,  since  one  or  the 
other  old  circuit  trick  might,  some  day,  become  useful  in  connection 
with  new  devices  or  technology. 


QUARTER-SQUARE  MULTIPLIERS  AND 
RELATED  CIRCUITS 

6-2.  Diode  Quarter-square  Multipliers.  Low-cost  multipliers  imple¬ 
menting  the  “quarter-square”  relation 

XY  =  y4[(X  +  7) 2  -  (X  -  Y)2}  (6-1) 

have  used  square-law  transfer  characteristics  of  vacuum  tubes,24,25 
temperature-compensated  varistor  networks,26-30  and  field-effect  transis¬ 
tors31  to  produce  static  accuracies  between  0.2  and  0.5  percent  of 
half-scale.  Such  circuits  are  obsolete,  since  transconductance  multi¬ 
pliers  (Sec.  6-6)  are  as  accurate,  cheaper,  and  faster. 

Diode  squaring  circuits  (see  also  Sec.  4-15)  approximate  the  desired 
parabolic  transfer  characteristic  by  straight-line-segment  approxima¬ 
tions  slightly  improved  by  natural  rounding  at  the  breakpoints.  Since 
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dx 2  =  2x  dx,  uniform  breakpoint  spacing  conveniently  permits  us  to  use 
identical  slope  increments  and  hence  identical  diode-limiter  channels  on 
each  side  of  zero.  For  uniform  breakpoint  spacing,  polygonal-ap¬ 
proximation  errors  can  be  kept  within  e  percent  of  half-scale  with  10/  V~e 
segments;33,37  proper  adjustment  will  yield  equal  positive  and  negative 
error  peaks  for  all  segments  (Fig.  6-2).  Nonuniform  breakpoint 

spacing,  discussed  in  Refs.  33  and  37 
to  39,  will  not  reduce  the  required 
number  of  diode  channels  appre¬ 
ciably;  it  may,  however,  be  worth¬ 
while  to  add  two  extra  breakpoints 
near  zero  in  order  to  minimize  zero- 
input  errors. 

Since  an  increase  in  the  number  of 
diodes  for  improved  static  accuracy 
also  tends  to  accumulate  the  effects 
of  diode  capacitances  and  breakpoint 
drift,  10-  to  150-KHz  triangular  or 
sinusoidal  interpolation  dither  (Sec. 
4-15)  has  been  employed  in  some 
diode  quarter-square  multipliers  to 
reduce  static  errors.  Unfortunately, 
the  dither  voltage  must  be  removed 
from  the  multiplier  output  by  means 
of  a  ripple  filter,  which  introduces 
phase  shift  and  thus  deteriorates  the 
multiplication  bandwidth. 

Figures  6-3  and  6-4  show  high- 
quality  quarter-square  multiplier 
circuits.  Note  that  diode  drift  will 
not  affect  the  zero  error,  since  no 
series  diodes  conduct  for  X  =  Y  =  0. 
Although  input  voltages  —X,  —Y 
as  well  as  X,  Y  are  required  because  of  the  nonmonotonic  nature  of 
the  square  function,  amplifier  connections  are  simple.  While  earlier 
general-purpose  computers  used  patched  amplifiers  with  diode- 
multiplier  cards,  modern  machines  employ  committed  amplifiers,  which 
are  no  longer  expensive,  do  not  expose  the  sensitive  summing  point,  and 
can  be  nicely  equalized  for  optimal  frequency  response.  The  absolute- 
value  squaring  circuits  in  Fig.  6-4  reduce  costs  and  simplify  circuit 
adjustment.  The  wideband  multiplier  of  Fig.  6-4#  and  Z>36  employs 
relatively  low  circuit  impedances  and  combined  series/shunt  limiting  to 
minimize  diode-capacitance  effects  (Sec.  4-5). 


Fig.  6-2.  Polygonal  approximation  of  a 
square-law  characteristic.  Slopes  and 
breakpoints  are  set  for  equal  positive 
and  negative  errors.  Additional  break¬ 
points  near  zero  input  could  be  used  to 
reduce  the  percentage  error  for  low -input 
voltages. 
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Fig.  6-3.  A  four-card  diode  multiplier  for  ±  100-volt  computers.  Static  accuracy  is  within 
0.1  percent  of  100  volts  (0.03-volt  error  for  zero  output),  and  phase  shift  is  within  2  deg 
up  to  1  KHz. 


The  fixed-function  diode  networks  used  in  quarter-square  multipliers 
can  be  temperature-compensated  by  temperature-sensitive  resistors  or 
diodes  in  the  bias  circuits  (Figs.  6-3  and  6-4;  see  also  Sec.  4-7)  and  show 
little  drift  with  aging.  References  36  and  41  give  detailed  procedures 
for  diode  temperature  compensation.  If  desired,  one  can  periodically 
recalibrate  each  diode  squaring  card  by  comparing  the  output  voltage  at 


6-3 


ELECTRONIC  MULTIPLIERS,  DIVIDERS,  AND  RESOLVERS 


216 


each  breakpoint  with  the  voltage  from  a  precision  attenuator  furnished 
with  the  multiplier  package. 

The  multiplier  scheme  of  Fig.  6-5  implements  the  modified  quarter- 
square  relation 


XY 

100 


=  F± 


-  3X 


(6-2) 


where  F,(t/)  =  — 3£7  -  X  Ft(V)  =  -3V  +  X  (6-3) 


are  seen  to  be  monotonic  functions  of  the  card-input  voltage.34,35 


XY 

10 


volts 


Fig.  6-4 a.  A  fast  ±  10-volt  multiplier  using  two  squaring  cards  with  absolute-value  circuits. 
Static  accuracy  within  0.2  percent  of  10  volts  between  15  and  40  deg  C.  Dynamic  errors 
(X  =  10,  Y  =  10  sin  cot )  are  within  0.2  percent  of  10  volts  at  1  KHz  and  within  0.5  percent 
up  to  10  KHz.  ( University  of  Arizona ,  Ref.  36.) 


6-3.  High-accuracy  Squaring  Circuits.42"47  If  great  bandwidth  is  not 
needed,  the  number  of  diode  segments  required  for  a  given  polygonal 
square-law  approximation  can  be  reduced  with  the  aid  of  the  relation 

x2  =  1 4(u2  +  2u  +  1)  with  u  —  2  |x|  —  1  (6-4) 

With  proper  scaling,  squaring-circuit  errors  are  reduced  by  a  factor  of  4. 
Suitably  chosen  /^-breakpoint  approximations  to  u2  (or  «/2-breakpoint 
approximations  to  |w|2)  for  -1  <w<l  will  yield  2/z-breakpoint 
approximations  to  x2  (-1  <  x  <  1).  Note  also  that  x2  is  a  monotonic 
function  of  u.  The  relation  (4)  can  be  applied  recursively  to  “fold”  u 2 
in  turn;  at  the  last  stage,  u2  can  be  simply  replaced  by  \u\. 
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Fig.  6-4 b.  Positive  squaring  card  from  Fig.  6-4a;  reverse  diodes  and  bias  for  negative 
squaring  card.  Note  the  use  of  combined  series/shunt  limiters  and  compensating  capacitors 
in  this  wideband  low-impedance  design,  and  the  temperature-compensating  diode  string 
supplying  the  bias  voltages.  ( University  of  Arizona ,  Ref  36.) 
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Fig.  6-4 c.  A  100-volt  diode  network  (B  card)  with  absolute-value  circuit  (reverse  diodes 
and  bias  for  A  card).  Diodes  are  selected  for  low  leakage  (1  nA  at  —36  volts);  absolute- 
value  diodes  are  matched  within  1  mV  at  0.75  mA.  0.5  percent  deposited-carbon  resistors 
are  used,  and  starred  resistors  are  matched  within  0.01  percent.  Multiplier  short-term  static 
accuracy  is  within  0.15  percent  of  the  100-volt  half-scale.  (Systron-Donner  Corporation.) 


Fig.  6-5.  A  modified  quarter-square  multiplier  using  monotonic  diode-function  cards. 
218 
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At  frequencies  up  to  about  2  KHz,  the  absolute-value  functions 
required  for  such  squaring  operations  can  be  implemented  very  ac¬ 
curately  with  the  precision-limiter  circuits  of  Sec.  4-10  (Fig.  6-6). 

A  single  application  of  Eq.  (4)  yields  the  crude  but  very  simple  product 
approximation 

, ,  m-_ 


™  XA(\X  +  y\  —  U'  —  jl)  +  J4(|!-v  4-  y\  —  1|  —  ||.v  —  y\  —  l|) 

(6-5) 

6-4.  Triangle-wave-averaging  Multipliers.48-52  Triangle-wave-averag- 
ing  multipliers  are  quarter-square  multipliers  based  on  the  fact  that  a 
biased  and  clipped  triangular 
waveform  has  a  d-c  component 
proportional  to  the  square  of 
the  bias  voltage  (Fig.  6-6).  In 
Fig.  6-la,  triangular  waveforms 
bV(t)  respectively  biased  by 
a(X  -  T)  and  -a(X  +  Y)  are 
clipped  at  zero  to  produce  the 
limiter-output  voltages  e^t),  e2(t) 
shown  in  Fig.  6-lb.  The  low- 
pass  output-amplifier  circuit  aver¬ 
ages  the  shaded  triangle  portions  and  adds  a  Y  to  produce  the 
desired  output 


Fig.  6-6.  Principle  of  triangle-averaging 
multiplication:  the  running  average  of  the 
clipped  triangular  waveform  shown  in  solid 
lines  is  (1/4K0)(K0  +  X  -  Y)*  +  Y. 


v-bV0  j 

f  1 

a 2  1 

146  V0 

[*K„  +  a(X 


Y)Y 


-  [ bv ,  +  a(X  +  Y)f  +  =  a XY  (6-6) 

Note  that  the  triangle  amplitude  V0  must  be  accurately  constant.  As  in 
the  case  of  modulation-type  multipliers  (Sec.  6-8 d),  the  bandwidth  of  a 
triangle-averaging  multiplier  is  essentially  that  of  the  averaging  filter; 
since  lower  carrier  frequencies  permit  more  accurate  clipping,  each 
design  requires  a  compromise  between  static  and  dynamic  accuracy, 
as  shown  in  Sec.  6-12.  Many  different  triangle-averaging  multipliers 
have  been  designed.  Relatively  good  static  accuracy  (0.1  percent  of 
half-scale)  can  be  obtained  at  the  expense  of  bandwidth  (1  percent  of 
half-scale  dynamic  error  at  1  KHz)  through  the  use  of  precision  limiters 
(Sec.  4-10)  at  low  (5  to  10  KHz)  carrier  frequencies.51,52  To  cancel 
errors  due  to  imperfect  clipping  and  triangle  generation  at  higher 
carrier  frequencies,  one  may  average  more  than  two  clipped  triangular 
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D-c  transfer  impedonce 


Fig.  6-7.  The  basic  triangle-averaging  multiplier  {a)  produces  limiter-output  waveforms  ( b ) 
whose  running  averages  are  added  together  with  aY  to  produce  the  desired  output 

-  ^  {4^7  *V.  +  a(X  -  Y)Y-  -  [bV0  +  a(X  +  Y)]*  +  cy]  =  a XY 


waveforms  to  obtain  a  sort  of  push-pull  operation.50  Several  triangle- 
integration  multipliers  can  share  a  single  triangle  generator;  but 
accurate  four-quadrant  multipliers  of  this  type  tend  to  use  more 
amplifiers  and  may  also  be  harder  to  adjust  than  time-division  multi¬ 
pliers  of  comparable  performance.  As  a  result,  the  most  interesting 
triangle-averaging  multipliers  are,  perhaps,  those  designed  for  low 
static  accuracy  (0.5  to  1  percent  of  half-scale)  with  10-KHz  to  2-MHz 
carrier  frequencies  at  very  low  cost.50,65 
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Triangular  waveforms  are  readily  obtained  through  integration  of 
square  waves  from  astable  multivibrators  and  from  operational- 
amplifier  oscillators  of  the  type  discussed  in  Sec.  4-12.51 


MULTIPLICATION  THROUGH  VOLTAGE- 
CONTROLLED  GAIN 

6-5.  Multiplication  of  Positive  and  Negative  Inputs.  Many  electronic 
multipliers  may  be  represented  by  the  simple  block  diagram  of  Fig.  6-8. 
The  voltage  gain  K  =  XJX  of  such  a  device  is  variable  and  increases  or 


x 

Y 


- jfc 

K(Y) 

w 

i 

Goin-setting 

XK{Y) 


Fig.  6-8.  A  voltage -controlled  variable-gain  device. 


decreases  monotonically  with  a  second  input  voltage  Y.  The  output 
voltage  will  be  proportional  to  the  desired  product  XY  if  the  gain  can  be 
made  at  least  approximately  proportional  to  the  input  Y  (linear  gain 
control). 

The  ideal  electrical  multiplier  would  accept  both  positive  and 
negative  input  voltages  X,  Y,  and  its  output  voltage  X0  would  have  the 
correct  sign  associated  with  the  product  XY.  Such  a  multiplier  is  said 
to  be  capable  of  four-quadrant  operation.  Some  practical  multiplying 
devices  permit  only  two-quadrant  operation:  one  of  the  two  inputs,  say  X, 
must  remain  either  positive  or  negative  for  proper  operation,  while  Y 
can  change  sign  and  produces  the  correct  output-voltage  polarity.  A 
third  class  of  multipliers  can  accept  only  voltages  of  one  sign  for  both  X 
and  Y  {one-quadrant  multipliers). 

Two-quadrant  multipliers  can  readily  produce  four-quadrant  multi¬ 
plication  by  one  of  the  biasing  schemes  of  Fig.  6-9.  In  Fig.  6-9 a,  a  one- 
quadrant  multiplier  multiplies  Y  by  XA(X  +  E ),  where  E  is  a  positive 
voltage  sufficiently  large  to  keep  the  input  voltage  A(X  +  E)  positive 
even  when  X  is  negative.  The  multiplier  produces  the  product  —(a/2) 
(XY  +  EY),  and  the  output  summing  amplifier  subtracts  the  undesired 
term  —(a /2)(EY)  and  yields  the  product  a  XY  with  the  correct  sign  in 
each  case. 

The  circuit  of  Fig.  6-9 b  subtracts  the  outputs  of  two  two-quadrant 
multipliers  to  yield  the  correct  product  and  may  cancel  some  errors 
because  of  the  symmetrical  push-pull  arrangement.  The  biasing 
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Two  -  quodront 
multiplier 


Fig.  6-9.  Adaptation  of  two-quadrant  multipliers  to  four-quadrant  multiplication.  Analo¬ 
gous  schemes  permit  four-quadrant  multiplication  with  one -quadrant  multipliers. 


schemes  of  Fig.  6-9 a  and/or  b  can  also  be  applied  to  both  inputs  of  a  one- 
quadrant  multiplier  to  yield  four-quadrant  multiplication. 

6-6.  Transistor  Transconductance  Multipliers.53-57  Transistor  trans¬ 
conductance  multipliers  are  based  on  the  fact  that  the  gain  (trans¬ 
conductance)  of  a  transistor  amplifier  increases  with  the  transistor 
emitter  current.  Elegant  differential  circuits  with  matched  transistors 
can  cancel  undesired  bias  terms  in  the  output,  improve  linearity,  and 
permit  four-quadrant  multiplication.  Thus,  the  cross-coupled  dif¬ 
ferential  amplifier  circuit  of  Fig.  6- 10a  uses  matched  transistors  to 
produce  an  output  voltage  T0  approximately  given  by 

X0  =  *(VX  -  V2){ix  -  i2)  (6-7) 

Detailed  error  analysis  on  the  basis  of  semiconductor  models54,57  shows 
that  the  accuracy  of  the  idealized  performance  equation  (7)  depends  on 
accurate  matching  of  the  four  transistors  in  Fig.  6-10u  for  VBE  vs. 
collector  current  and  temperature.  The  output  is  then  quite  accurately 
linear  with  respect  to  the  currents  4  and  /2,  which  may  be  derived  from 
corresponding  voltage  inputs  with  the  aid  of  the  differential  current 
source  shown  in  Fig.  6-10 b.  To  improve  the  linearity  with  respect  to 
Vx  and  F2,  the  linearizing  differential  amplifier  of  Fig.  6- 10c  employs  the 
base-emitter  junctions  of  two  more  matched  transistors  as  diodes  in  its 
load  circuit.  The  complete  circuit  of  Fig.  6-10a,  b,  and  c  produces  the 
output  voltage 

To  -  0.1  (X!  -  X2)(F1  -  Y2)  volts 

where  Xx,  X2,  Yx,  Y2  are  input  voltages. 

While  the  multitransistor  combination  of  Fig.  6-10a,  b,  and  c  may 
look  like  a  fairly  complex  circuit,  it  lends  itself  particularly  well  to 
monolithic  integrated-circuit  construction  (one  chip  for  the  multiplier 
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Fig.  6-10a.  A  transistor-transconductance  multiplier  circuit  with  differential  inputs.  Each 
transistor  acts  as  an  amplifier  whose  gain  is  controlled  by  the  emitter  current;  the  differ¬ 
ential  circuit  cancels  d-c  terms  and  improves  linearity.  High-beta  transistors  similar  to 
type  2N2222  are  suitable. 


Fig.  6-10b>  c.  Differential-amplifier  current  source  for  the  multiplier  circuit  of  Fig.  6-10a 
( b ),  and  linearizing  differential  amplifier  for  supplying  the  voltages  Vl9  V2  (c).  Diodes 
are  transistor  base-emitter  junctions  matching  other  transistors  in  the  circuit. 


circuits  proper,  plus  one  for  the  output  amplifier).57  Depending  on 
quantity  and  accuracy,  such  multiplier  circuits  sell  for  between  S10 
and  $70. 

With  careful  transistor  matching  (monolithic  construction)  and 
adjustment,  multipliers  employing  the  circuits  of  Fig.  6-1057  can  keep 
static  errors  within  0.2  percent  of  half-scale  for  ±  10-volt  inputs  and 
output.  Temperature  drift  can  be  within  ±0.05  percent/deg  C  for  gain 
and  ±1  mV/deg  C  for  offset  between  —30  and  ±85  deg  C,  and  dynamic 
errors  reach  1  percent  at  about  10  KHz.  If  one  is  satisfied  with  2  to 
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+  I5V  -H5V 


Fig.  6-11.  Another  transistor-transconductance  multiplier  circuit,  suitable  for  wideband 
operation.  {Ref.  55.) 

5  percent  accuracy,  similar  multipliers  work  nicely  up  to  several  hundred 
megahertz.  Monolithic  construction  makes  them  especially  attractive 
as  balanced  modulators  in  communication  circuits.  Figure  6-1 1  shows 
a  slightly  different  transconductance-multiplier  circuit  suitable  for 
wideband  operation.55,56 

Haase54  supplied  the  currents  iu  i2  in  Fig.  6-10a  from  two  operational-amplifier  current 
sources  (Fig.  1-1 1)  and  linearized  the  multiplier  gain  with  respect  to  Vx  —  V2  with  the  aid  of 
a  feedback  loop  and  “slave”  multiplier  sections  in  the  manner  of  Sec.  6-7.  Because  of  the 
difficulty  of  matching  control  and  slave  sections  accurately  (Sec.  6-7),  static  accuracy  was 
about  the  same  as  that  of  the  multiplier  of  Fig.  6-10,  with  somewhat  reduced  bandwidth. 

6-7.  Feedback  Control  of  Multiplier  Gain,  (a)  The  Basic  Feedback 
Scheme.  The  output  voltage  XK(Y )  of  a  voltage-controlled  variable- 
gain  device  or  modulator/demodulator  is  not  usually  a  linear  function  of 
the  gain-setting  voltage  Y  over  a  wide  range  of  inputs  Y,  as  required  for 
multiplication.  Frequently,  however,  the  multiplier  gain  can  be  made 
very  accurately  proportional  to  Y  with  the  aid  of  a  gain-setting  feedback 


Fig.  6-12.  Feedback  scheme  for  making  the  gain  of  two  or  more  similar  voltage-controlled- 
gain  devices  accurately  proportional  to  a  multiplier  input  voltage  Y. 
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loop.  Referring  to  Fig.  6-12,  Z  is  a  constant  positive  or  negative 
reference  voltage  (e.g.,  +100  volts  or  — 100  volts)  applied  to  a  variable- 
gain  device  whose  gain  K is  assumed  to  be  independent  of Z.  K  =  K(V) 
varies  monotonically  (but  not  necessarily  linearly)  with  the  gain-setting 
voltage 

V  -  A{KZ  +  Y) 

supplied  by  a  summing  network  and  d-c  amplifier  of  combined  high 
gain  A.  It  follows  that 


K  =  K(  V)  =  K(0)  +  Kf  V)  V 
where  Ky  is  either  positive  or  negative.  Hence 


K  =  K(0)  +  AKi(V)(KZ  +  Y ) 


K{ 0)  +AKy{V)Y 
1  -  AKy{V)Z 


Y 

Z 


1 


AKy(V)Z 


m  +  £ 


± 


(6-8) 


if  the  resulting  feedback  is  stable  and  has  a  large  loop  gain  \AKfV)Z\. 
A  necessary  (but  not  sufficient)  condition  for  stability  is  AKy{V)Z  <  0 
at  d-c.  Additional  terms  in  Eq.  (8)  are  of  higher  order  in  \/AK1{V)Z. 
It  is  seen  that  the  feedback  regulates  the  gain  Kso  that  it  is  proportional  to 
the  multiplier  input  Y, 

K  =  -  |  (6-9) 


with  an  error  inversely  proportional  to  the  absolute  loop  gain  \AK1(V)Z\. 

Assume  now  that  it  is  possible  to  obtain  a  second  variable-gain  device 
essentially  similar  to  the  first  one,  i.e.,  with  the  same  gain/voltage  char¬ 
acteristic  K{V).  If  both  variable-gain  blocks  are  controlled  by  the 
amplifier  output  voltage  V  in  Fig.  6-12,  the  second  variable-gain  device 
will  multiply  its  input  voltage  X  by  K  =  —  Y[Z  to  yield  the  desired 
multiplier  output  —XYjZ.  If  additional  variable-gain  devices  with 
identical  gain/voltage  characteristics  K(V)  are  controlled  by  the  gain- 
control  loop  of  Fig.  6-12,  they  can  multiply  additional  inputs  X', 
X", ...  by  AT  =  —  YjZ  {slave  multipliers). 

(b)  Design  Problems.  The  multiplication  scheme  of  Fig.  6-12  will 
require  the  design  of  a  stable  high-gain  feedback  loop  to  implement 
Eq.  (8)  accurately.  This  is  usually  not  difficult,  but  every  implementa¬ 
tion  of  Fig.  6-12  poses  two  serious  problems.  One  requires: 


1.  A  type  of  voltage-controlled  variable-gain  device  whose  gain  is 
accurately  independent  of  one  input  (Z  or  X  in  Fig.  6-12) 

2.  Two  such  devices  with  accurately  similar  gain  vs.  gain-setting  voltage 
characteristics  K(  V) 
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-K  (  V)Z 


Fig.  6-13a.  Servomultiplier. 


Fig.  6-13 b.  A  hybrid  analog-digital  multiplier. 


Practically  all  simple  voltage-sensitive  circuit  elements,  such  as 
Thyrite  resistors  or  semiconductors,  fail  to  satisfy  either  of  these  two 
requirements;  their  gain  may  be  dependent  on  the  input  voltage,  and 
their  characteristics  cannot  be  reproduced  with  sufficient  accuracy. 
One  can  overcome  these  deficiencies  (1)  by  using  one  and  the  same 
variable-gain  device  to  attenuate  both  Z  and  X  on  a  time-sharing  or 
frequency-sharing  basis143  or,  again,  (2)  by  employing  semiconductors 
only  as  switches  which  are  either  off  or  on  (saturated).  Their  specific 
nonlinear  characteristics  will  then  produce  only  relatively  small  effects 
on  the  circuit  output. 
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Fig.  6-13c,  d .  Principle  of  photoresistor  and  heat-transfer  multipliers.  Radiating  elements 
could  be  No.  338  incandescent  lamps  or  No.  40  nichrome  heating  filaments.  Sensing 
elements  are  commercially  available  photoresistors  (e.g.  Clairex  CL-605L-020)  or  heat- 
sensitive  resistors  (e.g.,  No.  40  Teflon  insulated  nickel  wires  wound  with  the  heater  wire 
on  a  Pyrex  rod).  Circuit  and  construction  details  are  given  in  Refs.  60  to  63. 


Fig.  6-13e.  Feedback  Hall  effect  multiplier  using  two  similar  Hall  effect  transducers  in 
the  air  gap  of  an  electromagnet.  Amplifier  1  has  current  feedback  (Sec.  1-17)  to  produce 
an  output  current  proportional  to  the  multiplier  input  voltage  X.  Amplifiers  3  and  4 
form  a  single  amplifier  having  a  current-feedback  output  stage  preceded  by  voltage  ampli¬ 
fication.  The  reference  current  iz  is  obtained  from  a  high-impedance  voltage  source  whose 
sign  is  chosen  so  as  to  keep  the  gain-setting  feedback  loop  stable. 


6-8.  Examples  of  Feedback  Multipliers,  (a)  Servo-  and  Analog- 
digital  Multipliers.  The  best  known  example  of  a  feedback  multiplier 
is  the  electromechanical  servomultiplier  (Fig.  6- 13a).  The  variable-gain 
devices  are  potentiometers  driven  by  a  motor,  which  is,  in  turn,  controlled 
by  the  output  V0  of  the  servoamplifier.  K  —  —  Y/Z  can  be  positive  or 
negative.  Static  accuracy  may  be  within  0.05  percent  of  half-scale. 
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Up  to  at  least  20  “slave”  products  can  be  obtained  with  additional 
potentiometers,  but  bandwidth  is  limited  by  the  electromechanical 
components  (see  also  Fig.  6-1). 

In  the  hybrid  analog-digital  multiplier  of  Fig.  6-136,  the  variable-gain 
devices  are  multiplying  digital-to-analog  converters  ( MDACs ,  Sec.  5-6) 
controlled  by  a  feedback-type  analog-to-digital  converter  (“continuous” 
or  successive-approximation  converter,  Sec.  5-136)  as  the  gain-control 
loop.64-66  Such  multipliers  may  have  any  number  of  slave  sections  and 
can  be  more  accurate  than  any  other  analog  multiplier  at  d-c  (within 
0.005  percent  of  half-scale).  Their  bandwidth  is  limited  by  their 
sampled-data  output;  i.e.,  the  data-reconstruction  errors  derived  in  Sec. 
9-3  must  be  considered.  From  Table  9-1,  0.1  percent  reconstruction 
accuracy  requires  6,280  samples  per  sine-wave  cycle  with  zero- 
order-hold  output  or  200  samples  with  first-order-hold  output.  Con¬ 
version  rates  possible  at  reasonable  cost  range  between  20,000  and 
500,000  samples/sec,  depending  on  accuracy  (see  also  Sec.  5-13),  so  that 
analog-digital  multipliers  can  serve  to  up  to  a  few  hundred  hertz  with 
zero-order-hold  output  and  up  to  a  few  kilohertz  with  first-order-hold 
output.  Section  6-14  indicates  a  method  for  correcting  the  sampled- 
data  errors  with  the  aid  of  an  added  wideband  low-accuracy  analog 
multiplier. 

(b)  Photoresistor  and  Heat-transfer  Multipliers.60-63  In  another  class  of  feedback 
multipliers,  the  variable-gain  devices  are  light-  or  heat-sensitive  resistors  with  resistances 
varied  by  a  voltage-controlled  incandescent  or  neon  lamp  or  a  heating  filament.  In  Fig.  6-1 3c, 
the  gain  changing  voltage  V  is  added  to  the  nominal  operating  voltage  E  of  the  radiating 
element  (light  bulb,  neon  lamp,  or  heater  filament).  The  resulting  light-  or  heat-output 
variation  changes  the  resistance  of  the  sensing  element  (light-  or  heat-sensitive  resistor), 
and  thus  the  gain  K.  Figure  6-13 d  shows  a  feedback-controlled  push-pull  multiplier 
permitter  four-quadrant  operation.  Several  slave  products  can  be  obtained  with  additional 
transducers. 

Photoresistor  and  heat-transfer  multipliers  have  limited  accuracy  (within  1  percent  of 
half-scale)  and  low  bandwidth  (usually  less  than  10  Hz  for  1  percent  dynamic  error). 
Their  chief  virtue  is  low  cost  for  multiple  products,  but  wideband  integrated-circuit 
transconductance  multipliers  (Sec.  6-6)  surpass  them  even  in  this  respect. 

(c)  Magnetoresistance  and  Hall  Effect  Multipliers.  The  resistance  of  metallic  bismuth 
can  be  varied  over  a  10:1  ratio  through  voltage-controlled  magnetic-field  changes  between 
0  and  10  kilogauss.  This  magnetoresistance  effect  has  been  utilized  in  feedback  multipliers 
similar  to  Fig.  6-13rf;75  76  static  accuracies  within  0.1  percent  of  half-scale  are  possible. 

In  a  suitable  conductor  carrying  an  excitation  current ;,  a  magnetic  field  //perpendicular 
to  i  produces  a  voltage 

En  =  A,,//? 

across  the  conductor  at  right  angles  to  both  /  and  H ,  where  B  is  the  magnetic  flux  density 
due  to  H  ( Hall  effect).  Figure  6-1 3c  shows  a  feedback  multiplier  utilizing  the  Hall  effect. 
The  gain-setting  feedback  loop  controls  the  magnetic  field  fortwosimilarthinsemiconductor 
wafers  (Hall  generators)  placed  in  the  narrow  air  gap  of  a  strong  electromagnet.  In 
practice,  the  semiconductor  wafers  may  be  sandwiched  between  iron  or  ferrite  plates  to 
reduce  the  air  gap.  r 

Even  for  the  most  sensitive  Hall  generators,  the  Hall  coefficient  lH  is  small  (50  to  100  mV/ 
kilogauss-ampere  for  thin  indium-arsenide  wafers),  and  the  source  impedance  is  low  (of 
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the  order  of  1  ohm)  and  therefore  hard  to  match  efficiently  to  a  d-c  amplifier.  Lofgren67 
achieved  a  favorable  compromise  of  Hall  coefficient  and  source  impedance  with  specially 
doped  silicon  wafers  and  obtained  a  static  accuracy  within  0.1  percent  of  half-scale  (±20 
volts),  using  a  circuit  similar  to  that  of  Fig.  6-13e.  His  paper  describes  circuit  details, 
including  a  simple  temperature-compensation  method.  It  is  also  possible  to  compensate 
for  the  effects  of  asymmetrical  contact  placement.69 

While  the  magnetoresistance  and  Hall  effects  work,  in  principle,  at  frequencies  as  high 
as  several  hundred  KHz,  the  strong  electromagnet  required  imposes  severe  bandwidth 
restrictions.  Lofgren  was  able  to  trade  flux  density,  and  thus  accuracy,  for  bandwidth  by 
substituting  a  ferrite  magnet  core  for  the  original  ferromagnetic  core,  so  that  he  obtained 
either  0.1  percent  of  half-scale  static  accuracy  with  full-scale  output  up  to  20  Hz,  or  0.3 
percent  of  half-scale  static  accuracy  with  full-scale  output  up  to  500  Hz  (phase  shift  was 
not  specified).6.  Hall-effect  multiplication  is  used  in  special  transducers,  e.g.,  wattmeters. 

(d)  Modulation-type  Multipliers.  A  variety  of  multiplication  schemes 
depend  on  modulation  of  a  sinusoidal  or  square-wave  carrier  waveform 
whose  amplitude  or  mean  absolute  value  is  already  proportional  to  one 
of  the  multiplier  inputs;  such  modulation  can  be  made  more  accurate 
with  the  feedback  gain-control  scheme  of  Fig.  6-12.  Essentially  every 
possible  combination  of  amplitude  modulation,  pulse-width  modula¬ 
tion,  frequency  modulation,  phase  modulation,  and  delta  modulation 
has  been  tried.77-110  In  particular,  relatively  complicated  combined 
amplitude  and frequency  modulation  ( AMfFM )  multipliers  have  employed 
carrier  frequencies  as  high  as  2  MHz  to  obtain  accuracy  within  0. 1 
percent  of  half-scale  at  zero  frequency  and  within  1  percent  of  half-scale 
up  to  200  Hz,79-81  but  they  could  not  maintain  such  accuracy  for 
prolonged  periods  and  were  abandoned.  The  most  successful  dual¬ 
modulation  scheme  has  been  amplitude! pulse-width  modulation  (AM/ 
PWM;  time-division  multipliers ,  Secs.  6-9  to  6-12),  where  the  output 
product  is  obtained  by  simple  averaging  without  complicated  demodula¬ 
tor  circuits.  Sampling  multipliers 108-110  can  multiply  a  voltage  by  a 
function  of  a  second  voltage  (Sec.  6-23).  The  bandwidths  of  all  basic 
modulation-type  multipliers  are  compromised  by  output  low-pass 
filters  needed  to  remove  the  carrier  ripple  (Sec.  6-12). 


TIME-DIVISION  MULTIPLIERS 

6-9.  Principle  of  Operation.  Time-division  multipliers  (AM/ PWM 
multipliers,  mark-space  multipliers,  pulsed-attenuator  multipliers )  depend 
on  combined  pulse-amplitude  and  pulse-width  modulation  of  a  rec¬ 
tangular  pulse  train.  The  average  (smoothed)  values  of  the  waveforms 
pictured  in  Fig.  6- 14a  and  b  are  respectively  given  by 

-  T'  x  =  "Tix  T~T  x  =  ( 2nT ■  -  Vx  (6-10) 

*  i  ~r  J  2  ■*-  i  i~  2 


where  X  is  the  pulse  amplitude,  and  7\  and  T2  are  the  widths  of  the  posi¬ 
tive  and  negative  portions  of  the  pulses;  n  =  1/(7^  +  T2)  is  the  pulse 
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Fig.  6-14.  The  running-average  value  (d-c  or  low-frequency  component)  of  the  waveforms 
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shown  is  — — — —  X  in  Fig.  6-l4a  and  —  X  in  Fig.  6-146. 
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repetition  rate  in  hertz.  These  relations  implement  multiplication  of  a 
voltage  X  by  a  second  voltage  Y  which  controls  the  duty  cycle  nTx  of  the 
pulse  train;  the  desired  product  is  recovered  by  an  averaging  filter.  In 
practice,  the  pulse  repetition  rate  must  be  large  compared  with  the 
highest  signal  frequency  (Sec.  6-12).  Repetition  rates  between  1  and 
300  KHz  are  used. 

Such  multipliers  yield  high  static  accuracy  (0.1  to  0.01  percent  of 
half-scale)  and  fair  frequency  response  (dynamic  errors  within  2  percent 
of  half-scale  for  sinusoidal  inputs  up  to  F25  of  the  pulse  repetition  rate 
used)  at  comparatively  low  cost.  A  complete  four-quadrant  multiplier 
of  this  type  requires  6  to  14  transistors,  in  addition  to  three  or  four  d-c 
amplifiers. 

6-10.  Externally  Excited  Time-division  Multipliers.  In  Fig.  6-15,  a 
phantastron  or  delay  multivibrator  is  periodically  triggered  and  pro- 


Trigger 


Fig.  6-15.  Externally  excited  AM/PWM  (time-division)  multiplier.  A  periodically 
triggered  phantastron  or  delay  multivibrator  generates  gate  pulses  whose  width  increases 
with  the  voltage  V  produced  by  the  gain-setting  feedback  loop.  The  circuit  is  capable 
of  four-quadrant  multiplication;  the  waveforms  shown  correspond  to  a  positive  input  Y. 

If  one  desires  to  employ  electronic  switches  capable  of  switching  only  between  Z  or  X 
and  zero  rather  than  between  positive  and  negative  inputs,  one  must  use  a  biasing  scheme 
similar  to  that  of  Fig.  6-166. 
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duces  rectangular  gate  pulses  whose  width  is  determined  by  the  gain¬ 
setting  input  voltage  V*  These  gate  pulses  are  suitably  amplified  and 
periodic  triangular  waveform  is  biased  by  the  gain-controlling  voltage  V, 
so  that  a  polarity-sensing  comparator  amplifier  produces  longer  or 
shorter  gate  pulses,  depending  on  the  value  of  V.  This  multiplier 
circuit  is  capable  of  four-quadrant  multiplication;  the  electronic 
switches  used  must  work  with  inputs  of  either  polarity.  Additional 
switches  may  be  driven  synchronously  to  produce  additional  products 
by  Y.  The  oscillators  producing  the  triggering  waveforms  can  be 
common  to  a  number  of  multipliers. 

6-11.  Self-excited  Time-division  Multipliers,  (a)  Basic  Four-quadrant 
Multiplier.  The  self-excited  time-division-multiplier  circuits  of  Fig.  6- 1 6 
oscillate  of  their  own  accord  and  do  not  require  external  trigger  in¬ 
puts.97-99  In  Fig.  6-1 6a,  an  initially  positive  switch  output  Ez  =  Z  >  0 
combines  with  the  multiplier  input  voltage  Y  to  produce  a  positive 
integrator  input  current  Y/Ry  +  ZjRz  which  is  integrated  downward. 
When  the  integrator  output  reaches  the  voltage  Eoff,  the  bistable 
multivibrator  changes  state  and  releases  the  electronic  switches.  Ez  is 
now  equal  to  — Z,  and  the  total  integrator  input  current  is  Y/Ry  —  Z/Rz, 
which  must  be  negative  for  proper  operation,  i.e., 


Z_ 

Rz 


(6-1 1) 


for  all  values  of  Y.  The  integrator  output  voltage  then  increases  until 
it  reaches  the  value  £ON  required  to  return  the  bistable  multivibrator  to 
its  original  state.  The  process  now  repeats  in  a  self-oscillatory  fashion. 
It  is  seen  that  an  increase  in  the  multiplier  input  voltage  Y  accelerates 
the  downward  integration  and  slows  the  upward  integration,  so  that  the 
duty  cycle  nTx  decreases. 

More  specifically,  the  integrator  output  voltage  in  Fig.  6-1 6a  decreases 


,  1 
at  the  rate  —  — 


and  increases  at  the  rate  — 


so 


that 


(Eos  E0pF)C  _ (Eqs  £off)C 

Z\Rz  T/flr  2  Z\Rz  +  Y\Ry 


(6-12) 


Assuming  perfect  switching,  the  average  value  of  the  V-switch  output 
equals  the  desired  product 


Ti  ~  r2  Rz  XY 

Tx  +  T2  Ry  Z 


(6-13) 


*  In  such  circuits,  each  trigger  pulse  starts  a  rectangular  pulse  which  is  integrated  until 
the  absolute  value  of  the  integral  equals  a  predetermined  fraction  of  the  control  voltage. 
At  this  point,  the  pulse  is  terminated  by  regenerative  action. 


I 
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Fig.  6-16.  Simplified  block  diagram  of  a  self-excited  time-division  multiplier  (a)  and  modified  circuit  ( b )  for  use  with  simple  single-throw 
electronic  switches  capable  of  passing  only  positive  voltages.  Four-quadrant  multiplication  is  obtained  through  addition  of  a  bias  voltage 
—E  to  both  X  and  Y  and  subtraction  of  the  unwanted  product  terms  EXjZ,  EY/Z,  and  E2/Z  in  the  output  amplifier  (see  also  Fig.  6-9 n). 
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which  is  suitably  scaled  and  inverted  by  the  output  amplifier  to  produce 
XY/Z.  The  pulse  repetition  rate  is 


n 


1 

T \  +  T2 


2(£"on  Eqyy)RzC  _ 


1  - 


(6-14) 


in  hertz.  Note  that  n  decreases  in  the  ratio  1  -  ( RzlRv )2  to  1  as  Y 
changes  from  Y  =  0  to  Y  —  ±Z. 

Figure  6-16 b  illustrates  a  similar  self-excited  multiplier  circuit 
designed  to  employ  simpler  (single-throw)  electronic  switches.  This 
circuit  will,  in  fact,  yield  four-quadrant  operation  even  with  electronic 
switches  such  as  simple  diode  switches,  which  can  pass  current  in  one 
direction  only  (Sec.  5-2)." 

(b)  A  Modified  Circuit.  The  Telefunken*  self-excited  time-division 
multiplier  employs  an  interesting  modification  of  the  circuit  of  Fig.  6-16 
to  make  the  pulse  repetition  rate  less  dependent  on  the  reference  input  Z, 


Fig.  6-17.  In  this  improved  self-excited  time-division  multiplier,  the  operate  and  release 
levels  of  the  switch-actuating  bistable  circuit  are  proportional  to  the  reference  input  Z. 
This  reduces  the  dependence  of  the  pulse  repetition  rate  on  Z,  so  that  direct  division  by  a 
variable  input  Z  becomes  practical.  ( Telefunken  G.m.b.H.) 


so  that  direct  division  by  Z  becomes  practical.105,106  The  modified 
circuit  is  shown  in  Fig.  6-17.  Operation  is  similar  to  that  in  Fig.  6-16a, 
but  the  bistable  multivibrator  is  replaced  by  a  simple  comparator 
(nominally  without  hysteresis),  which  receives  positive  feedback  pro¬ 
portional  to  Ez  from  the  Z  switch.  The  resulting  regenerative  loop 
again  acts  like  a  bistable  multivibrator  and  changes  states  whenever  the 
integrator  output  voltage  decreases  to  EOFF  =  — ( R1/R2)Z  or  increases 
to  Eq n  =  (Ri/R^Z  (see  also  Sec.  4-12),  assuming  that  any  remaining 
hysteresis  in  the  comparator  circuit  is  negligible.  The  expression  (13), 

*  Telefunken  G.m.b.H.,  Konstanz,  West  Germany. 
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which  determines  the  multiplier  output  for  ideal  switching,  remains 
unchanged.  The  pulse  repetition  rate  becomes 


n  = 


2(^o  n  —  E0FF)RZC 


1  - 


_  (RzYr 
4RZC  Rfj  \RyZJ_ 


(6-15) 


which  is  seen  to  depend  much  less  on  the  reference  input  Z  than  the 
repetition  rate  (14)  for  the  circuit  of  Fig.  6-1 6a. 

As  an  example,  let  Rr  =  2RZ  =  200K,  C  =  1,000  pF,  and  Y  =  10 
volts.  Then  in  Fig.  6- 16a  with,  say,  EON  —  EOFF  =  25  volts,  a  decrease 
fromZ  =  100  volts  to  Z  =  10  volts  reduces  n  from  about  20  to  1.5  KHz. 
But  in  Fig.  6-17  with  R2/Ri  =  8,  a  similar  decrease  in  Z  reduces  n  from 
about  20  KHz  to  only  15  KHz.  As  a  result,  the  Telefunken  circuit, 
which  provides  a  kind  of  automatic  gain  control  for  the  gain-setting 
feedback  loop,  permits  direct  division  by  a  variable  input  Z  over  a  wide 
range  of  values,  a  significant  advantage  (see  also  Sec.  6-16). 


6-12.  Static  vs.  Dynamic  Accuracy  in  Multipliers  Employing  Ripple 
Filters.  Ripple-filter  Design.  The  design  of  every  multiplier  employ¬ 
ing  a  high-frequency  (1  KHz  to  2  MHz)  carrier  involves  an  essential 
conflict  between  static  multiplication  accuracy,  bandwidth,  and  carrier- 
ripple  suppression.  This  problem,  discussed  here  for  time-division 
multipliers,  is  common  to  all  modulation-type  multipliers  and  applies 
also  to  triangle-averaging  multipliers  (Sec.  6-4). 

Accurate  multiplication  requires  accurate  resistance  networks, 
possibly  mounted  in  common  oil  baths  to  maintain  resistance  ratios  with 
temperature  changes;  low-drift  chopper-stabilized  operational  amplifiers 
with  high  loop  gains;  and  careful  circuit  layout  and  shielding  to  avoid 
crosstalk  effects  (noise  and  carrier  beats)  where  several  multipliers  are 
mounted  in  close  proximity  to  each  other.  Assuming  also  sufficient 
gain  in  the  gain-setting  loop,  the  remaining  static  errors  in  time-division 
multipliers  will  be  due  to: 


1.  Imperfect  switch  timing,  i.e.,  asynchronous  operation  of  the  Z  and 
X  switches 

2.  D-c  offset  variations  due  to  changing  control-voltage  leakage  or 
rectified  switching  spikes  in  electronic  switches  (see  also  Secs.  5-1 
and  5-5) 

3.  Variations  of  switch  timing,  forward  resistance,  or  back  resistance 
with  the  multiplier  input  voltage  X  or  with  tube  aging 

All  these  errors  decrease  with  the  ratio  of  the  switching  time  to  the 
repetition  period,100  so  that  lower  carrier  frequencies  tend  to  yield 
improved  static  accuracy.  But  the  frequency  response  of  a  time-divi¬ 
sion  multiplier,  like  that  of  most  modulation-type  multipliers,  is 
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essentially  that  of  the  ripple  filter  needed  to  remove  carrier-frequency 
components  from  the  multiplier  output,  so  that  a  compromise  between 
static  and  dynamic  accuracy  must  be  made. 

Phase  shift  and  attenuation  due  to  the  ripple  filter  deteriorate  multi¬ 
plication  accuracy  at  frequencies  much  lower  than  one-half  the  carrier 
frequency  or  repetition  rate  which,  in  principle,  constitutes  an  upper 
frequency  limit  because  of  the  sampled-data  nature  of  the  gain-setting 


Fig-  6-18.  Frequency  relationships  for  ripple-filter  design  (a)  and  filter  design  for  a  self- 
excited  time-division  multiplier  (b).  (Based  on  Ref.  105.) 


loop.  While  moderate  carrier-frequency  noise  is  not  usually  objection¬ 
able  at  the  input  of  integrators,  summers,  or  recording  devices,  ripple 
voltages  can  be  rectified  by  other  multipliers  or  by  function  generators  to 
cause  low-frequency  errors.  Conventional  low-pass  ripple  filters 
designed  to  reduce  rms  ripple  below  an  acceptable  0.1  percent  of  full- 
scale  would  cause  3  to  5  deg  phase  shift  at  least  two  decades  below  the 
carrier  frequency. 

Figure  6- 18a  illustrates  the  frequency  relations  determining  ripple- 
filter  design.  The  lowest  carrier  circular  frequency  Inn  cannot  be  higher 
than  some  value  eoMIN  determined  by  the  worst-case  static  errors 
obtained  with  a  given  switching  circuit.  If  the  amplitude  response 
|<j(co)|  of  the  ripple  filter  could  have  the  ideal  shape  indicated  in  the 
dashed  line  of  Fig.  6- 18a,  Bode’s  phase/amplitude  relation  for  minimal- 
phase  networks105,106  indicates  that  the  phase  shift  (p(w)  at  the  computing 
frequency  o>/2tt  cannot  be  less  than 

V(m)  =  —  f ”!°&  |C(w)l 
77  Jo 


dco 


OJ~ 


2  co 


1 


77  Lg>min 


|^(C0MIn)|  —  ( - )  l°gr  |C,(COl)l 

\fJJ  1  WJV1IN'  J 


(6-16) 
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where  |(?(coMIN)|  is  the  required  ripple  attenuation,  and  |C7(to1)|  is  intro¬ 
duced  to  reduce  the  low-frequency  phase  shift  (16)  at  the  expense  of  an 
amplitude  error  at  computing  frequencies  above  This  amplitude 

error  manifests  itself,  in  particular,  as  overshoot  and/or  ringing  in  the 
multiplier  step-input  response.  Real  filters  can  only  approximate  the 
ideal  filter  characteristic  (dashed  line  in  Fig.  6-18 a)  in  the  manner  shown 
by  the  solid  line,  so  that  amplitude  errors  start  at  lower  computing  fre¬ 
quencies.  Practical  filter  designs  will  compromise  between  low  phase 
shift  and  low  overshoot,  using  the  idealized  relation  (16)  as  a  rough 
planning  guide. 

Figure  6-186  shows  a  practical  filter  design.105  The  operational- 
amplifier  circuits  used  simplify  the  design  by  reducing  interaction  be¬ 
tween  the  different  filter  sections.  Fixed-carrier-frequency  multipliers, 
such  as  externally  excited  time-division  multipliers,  can  use  band- 
suppression  sections  sharply  tuned  to  the  carrier  frequency  and  its 
harmonics.  This  permits  somewhat  better  ripple  filtering  than  is 
possible  for  self-excited  time-division  multipliers,  whose  repetition  rate 
varies  by  15  to  30  percent  as  Y  changes.  Figure  6-186  shows  a 
phase-compensating  lead  network  in  the  output-amplifier  feedback 
circuit,  but  it  may  be  preferable  to  apply  lead  terms  as  a  sort  of  high- 
frequency  preemphasis  at  the  multiplier  inputs,  so  that  the  lead  terms 
cannot  enhance  the  output  ripple.23  Typical  high-quality  filter  designs 
yield  rms  output  ripple  less  than  0. 1  percent  of  half-scale,  and  about 
0.2  deg  phase  shift  at  ojmx/l00;  the  price  paid  for  such  low  phase  shift 
is,  unfortunately,  a  step-function  overshoot  as  large  as  20  to  30  percent. 


SOME  IMPROVED  MULTIPLICATION 
SCHEMES 


6-13.  High-frequency  Correction  of  a  Time-division  Multiplier.  Figure  6-19  shows  a 
one-quadrant  version  of  a  feedback  scheme  suggested  by  Stojanovic  and  Milicevic  to 
improve  the  bandwidth  of  an  accurate  time-division  multiplier.118  The  output  Z  combines 
the  output  XY  4-  E  of  a  relatively  inexpensive  wideband  multiplier  (incorporating  an  error 
E)  and  a  feedback  voltage  [K{XYjZ)  —  1]  derived  from  the  accurate  time-division  multi¬ 
plier,  i.e.. 


(6-17) 


The  feedback-amplifier  gain  K  is  large  at  low  frequencies  (where  the  time-division  multiplier 
is  at  its  best),  so  that  then 

Z  =  XY 

At  high  frequencies,  the  gain  K  is  rolled  off  to  zero  by  the  ripple  filter,  so  that 


i.e.,  the  output  is  now  mainly  determined  by  the  wideband  multiplier  and  is  not  greatly 
affected  by  the  ripple-filter  phase  shift.  Operation  of  the  nonlinear  feedback  circuit^ in  the 
mid-frequency  crossover  range  is  not  well  understood  and  should  be  investigated  with 
different  ripple  filters. 
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F'g-  6-19.  A  suggested  method  for  correcting  the  high-frequency  response  of  a  time- 
division  multiplier  with  an  inexpensive  wideband  multiplier  (scaling  in  machine  variables). 
{Based  on  Ref.  118.) 

6-14.  Hybrid  Analog-digital  Multipliers  Employing  Coarse  and  Fine 

Channels.115-117  If  the  residual  errors  of  an  electronic  multiplier  are  not 
primarily  due  to  aging,  drift,  or  temperature  effects  but  stay  accurately 
constant,  one  should  be  able  to  improve  the  accuracy  by  adding  a  small 
correction  function  f(X,Y)  generated,  say,  by  an  inexpensive  two- 
variable  function  generator,  to  the  multiplier  output  (see  also  Sec.  4-19). 
Although  the  static  errors  encountered  with  most  electronic  multipliers 
are  not  sufficiently  constant  to  justify  this  procedure,  such  correction 
schemes  offer  the  possibility  of  improving  dynamic  errors  at  the  expense 
of  some  circuit  complexity;  in  particular,  the  correction-function 
generator  may  be  a  relatively  inaccurate  wideband  electronic  multiplier. 
Proper  scaling  will  keep  the  correction  function  sufficiently  small  to 
prevent  ill  effects  on  static  errors.  A  sophisticated  and  ingenious 
multiplier  design  due  to  Maslov116  (Fig.  6-20)  employs  a  wideband 
varistor  quarter-square  multiplier  to  correct  the  output  of  an  accurate 
analog/digital/analog-converter  multiplier.  As  a  feature  of  special 
interest,  the  operation  of  this  multiplier  is  predicated  on  the  fact  that, 
while  the  analog/digital/analog-converter  multiplier  (Sec.  6-8 a)  is 
relatively  slow  with  respect  to  its  Y  input,  it  has  essentially  the  band¬ 
width  of  an  operational  amplifier  with  respect  to  the  X  input.  As  a 
result,  the  coarse  varistor  multiplier  usually  has  to  supply  only  a  rela¬ 
tively  small  product  —  cxX1X2  due  to  high-frequency  components  of  X 
and  Y.  The  correction  terms  X2,  Y2  in  Fig.  6-20 b  are,  however, 
automatically  adjusted  to  compensate  for  errors  in  the  A/D/A  con¬ 
version.  If,  say,  Y  varies  too  rapidly  for  accurate  conversion,  the 
correction  Y2  takes  up  the  slack,  and  correct  multiplication  continues  at 
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Coarse  wideband 


ia) 


Coorse  widebond 


{t» 

Fig.  6-20.  Multiplier  circuits  designed  to  combine  products  from  “coarse”  and  “fine” 
channels. 


reduced  accuracy.  This  is  true  even  if  the  T-channel  A/D/A  converter 
fails  completely  and  produces  an  erroneous  output  voltage.  A  simple 
deadspace  circuit  (back-to-back  junction  diodes)  following  the  coarse 
multiplier  prevents  the  latter  from  contributing  excessive  errors  when 
the  product  output  is  near  zero. 

Maslov’s  original  multiplier  used  simple  stepping-switch  converters 
and  was  able  to  combine  static  accuracy  within  0.02  percent  of  half-scale 
with  1  percent  multiplication  at  10  KHz,  a  remarkable  result.  An 
improved  multichannel  multiplier  could  employ  all-electronic  A/D/A 
conversion  and  a  fast  transconductance  multiplier. 
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ELECTRONIC  MULTIPLIERS:  TESTING 
AND  DIVISION  CIRCUITS 

6-15.  Multiplier  Adjustment  and  Testing.  The  static  multiplication 
error  of  an  analog  multiplier  can  be  arbitrarily  written  in  the  form 

e(X,  7)  =  X0  -  ccXY  =  e0  +  exX  +  er  Y  +  eXY(X,  Y)XY  (6-18) 

where  a77is  the  desired  multiplier  output  voltage,  and  e0,  ex,  ev  are 
approximately  constant  for  small  X,  Y.  The  following  adjustment  pro¬ 
cedure  will  reduce  the  first  three  static-error  terms  on  the  right  of  Eq 
(18): 

1.  With  X  =  7  =  0,  change  e0  by  adding  a  d-c  voltage  to  the  multi¬ 
plier  output  until  X0  =  e0  =  0.  This  adjustment  minimizes  the 
static  zero  error. 

2.  With  7  =  0,  X  =  Xmax  (100  volts,  say),  change  ex  by  adding  a 
voltage  proportional  to  X  to  the  multiplier  output  until  *0  = 

?x  7max  0. 

3.  With  X  =  0,  7  =  7max,  change  eY  by  adding  a  voltage  propor¬ 
tional  to  7  to  the  multiplier  output  until  *0  =  er  7max  =  0. 

4.  With  X  =  Wmax,  7  =  7max,  adjust  the  actual  multiplier  gain  until 

7nax)  (X.XY  —  Cr(7luax,  7max)  =  0. 

These  adjustments  may  interact  slightly  and  should  be  repeated  until  no 
further  change  is  noted.  Since  ex  and  er  may  depend  somewhat  on  X 
and  7,  respectively,  it  may  be  possible  to  reduce  static  errors  by  a  com¬ 
promise  between  the  above  adjustments  and  similar  adjustments  with 
X  =  -Imas  and/or  7  =  —  7max.  Note  the  readjustment  of  the  static 
zero  error  (step  1),  since  errors  near  X  =  0,  7  =  0  will  cause  large 
absolute  percentage  errors. 

Figure  6-21  shows  a  practical  switching  circuit  designed  to  simplify  the 
adjustment  procedure.  Such  a  calibration  circuit  can  be  shared  by 
several  multiplier  channels.  In  most  of  the  electronic-multiplier  types 
discussed,  the  d-c,  X,  and  7 adjustments  are  simply  trimming  resistors  in 
an  output-amplifier  summing  network. 

A  possibly  better,  if  slightly  more  complex,  method  for  testing  and 
calibrating  analog  multipliers  is  shown  in  Fig.  6-22.  Here  the  input 
voltage  7  is  set  to  7  =  —  1/a,  while  a  triangular  voltage  waveform 
sweeps  the  other  input  X  through  its  full  range.  The  error  voltage 

X0  +  X  =  X0  -  ocXY 

is  slightly  filtered  to  remove  high-frequency  noise  and/or  ripple, 
amplified,  and  continuously  displayed  on  an  oscilloscope  or  recording 
device.  With  a  low-frequency  triangular  waveform  (0.1  to  2  Hz), 
static-error  adjustments  are  readily  made  by  reference  to  the  output 
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To  potchboy  iX) 


Fig.  6-21.  A  multiplier  calibration  circuit.  Such  a  circuit  can  be  shared  by  four  to  eight 
multiplier  channels. 

display.  The  roles  of  the  two  inputs  can  be  interchanged.  Dynamic 
errors  are  checked  with  the  same  computer  setup  with  higher  input 
frequencies.  In  multipurpose  computers,  the  triangular  waveform  is 
easily  generated  by  the  computer  itself  (Sec.  4-12).  The  entire  test  setup 
is  often  included  in  prewired  test  boards  for  electronic  analog  computers. 

Small-signal  amplitude  and  phase  response  of  a  multiplier  can  be 
measured  with,  say,  X  =  10,  Y  =  10  cos  cot. 

The  maximum  of  the  static  residual  multiplication  error  er(X,  Y)XY 
remaining  after  careful  adjustment  is  the  static  error  quoted  in  most 
manufacturers’  specifications.  Since  practical  static  errors  are  largely 
due  to  changes  in  the  semiconductors  and  voltage  levels  after  calibration, 
honest  specifications  ought  to  state  the  maximum  static  error  8  hr 
and/or  1  week  after  adjustment  as  well  as  immediately  after  calibration. 

6-16.  Electronic  Division.  Electronic  division  is  most  frequently 
implemented  through  implicit  solution  of  the  equation  al0  Y  +  X  =  0 


+  reference  (a<0) 
or -reference  (a>0) 


Fig.  6-22.  Triangle-input  circuit  for  multiplier  testing  and  adjustment. 
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with  a  multiplier  and  high-gain  amplifier  in  the  manner  of  Figs.  1-2  and 
6-23,  so  that  X0  =  —X/  Y;  Y  must  not  change  sign  (see  also  Secs.  6-7 
and  8-9 b).  This  division  technique  applies  to  all  types  of  multipliers; 
the  high-gain  feedback  loop  may  require  special  stabilization  networks 
for  smooth  loop-gain  rolloff,  particularly  if  the  multiplier  in  question  has 


Fig.  6-23.  A  possible  equalization  scheme  for  high-gain  division  loops  employing  electronic 
multipliers  with  ripple  filters.23 


a  sharp-cutoff  ripple  filter  (Fig.  6-23).  Note  also  that  the  divider  accu¬ 
racy,  frequency  response,  and  output  noise  will  all  vary  with  the  input  Y, 
since  the  latter  affects  the  loop  gain.  Automatic  gain  control  in  the 
division  loop  can  improve  this  situation,  but  the  added  cost  is  usually 
not  justified,  and  a  worst-case  design  over  a  suitable  range  of  Y  values 
suffices. 


Fig.  6-24.  Electronic  multiplier  with  multiply-divide  mode  switch  or  relay.  Sx  switches 
the  input  X  and  converts  the  multiplier  output  amplifier  into  a  high-gain  amplifier  for 
division  by  Y.  Additional  switch  or  relay  contacts  can  be  used  to  introduce  various 
stabilization  networks  into  the  division  loop. 


In  many  electronic  multipliers,  a  switch  or  patchbay-controlled  relay 
can  reconnect  the  multiplier  output  amplifier  as  a  high-gain  amplifier  for 
division  (divide  mode.  Fig.  6-24),  so  that  no  external  amplifier  is  re¬ 
quired.  Additional  contacts  on  the  multiply-divide  switch  can  also 
change  the  amplifier  equalization  as  needed. 
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Since  in  our  feedback  division  scheme  small  output  voltages  X0  correspond  to  larger 
products  X0Y,  multipliers  whose  output  error  decreases  with  the  product  output  perform 
best  in  division  loops.  This  is  true  for  time-division  multipliers  but  not  for  diode  quarter- 
square  circuits,  whose  output  error  fluctuates  more  or  less  periodically  with  increasing 
input  voltages. 

In  principle,  every  multiplier  employing  the  feedback  gain-control  scheme  of  Fig.  6-12 
can  serve  for  division  by  its  reference  input  Z,  which  can  be  variable  as  well  as  fixed.  This 
division  scheme  conveniently  produces  the  output  olXY/Z  but  usually  is  employed  only  in 
special-purpose  computers  where  Z  varies  over  a  relatively  small  voltage  range;  most 
designers  prefer  a  constant  loop  gain  in  the  critical  multiplier  gain-control  loop  (Fig.  6-12). 
Automatic  gain  control  can,  again,  improve  this  situation.  In  particular,  the  Telefunken 
multiplier  circuit  of  Fig.  6-17  inherently  has  automatic  gain  control  in  its  gain-setting 
loop  and  permits  direct  division  byZ.105,106 


VECTOR  RESOLUTION  AND  COMPOSITION 

6-17.  Vector  Resolution  and  Composition.  Important  computer 
applications,  such  as  navigation,  range  instrumentation,  trajectory  com¬ 
putation,  and  flight  simulation  require  one  to  implement  relations  of  the 
the  form 

x  =  r  cos  ■&  y  =  r  sin  $  (6-19) 

Equation  (19)  represents,  in  particular,  the  resolution  of  a  vector  of 
magnitude  r  along  rectangular  cartesian  axes,  or  the  transformation  from 
polar  point  coordinates  r,  ■&  to  rectangular  cartesian  coordinates  x,  y 
(Fig.  6-25 a).  Such  relations  are  also  combined  in  the  transformation 

u  =  x  cos  D  +  y  sin  •&  v  =  — x  sin  d  +  y  cos  ■&  (6-20) 

which  represents  either  (1)  the  new  components  (coordinates)  u,  v  of  a 
given  vector  in  a  u,  v  coordinate  system  rotated  through  the  positive 
angle  d  with  respect  to  the  x,  y  system  or  (2)  the  components  u,  v  of  a 
vector  rotated  through  the  angle  —■&  (Fig.  6-25 b).  Three-dimensional 
rotations  are  described  by  similar  somewhat  more  complicated  formu¬ 
las.126  The  great  practical  importance  of  such  relationships  has  led  to 
the  development  of  multiplier/function  generators  known  as  resolvers, 
which  are  specifically  designed  to  produce  products  of  the  form  (19). 


Fig.  6-25.  Resolution  of  a  vector  in  polar  coordinates  (a)  and  transformation  of  vector 
components  or  coordinates  ( b ). 
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Vector  composition  {inverse  resolution ,  rectangular-to-polar  co¬ 
ordinate  conversion)  requires  computer  setups  which  produce  outputs 
corresponding  to 

r  =  \/.\'2  +  /  (6-2  la) 

#  =  arctan  ^  (.v2  -f  y2  ^  0)  (6-21  b) 

for  pairs  of  inputs  proportional  to  .y  and  y.  Although  Eq.  (21a)  can  be 
implemented  directly,  one  more  frequently  obtains  &  through  implicit 
solution  of  the  equation 

— .Y  sin  #  +  y  cos  $  =  0  (6-22a) 

so  that  r  can  be  produced  in  the  form 

r  =  x  cos  ■&  +  y  sin  ft  (6-22 b) 

(Fig.  6-25a;  see  also  Sec.  6-22).  Commercially  available  resolvers 
usually  yield  two  pairs  of  products  (±2fsin  ±X  cos  ft,  ±  Y  sin 
±  Y  cos  &)  and  can  be  set  up  to  implement  Eq.  (22)  ( inverse-resolver  or 
polar  mode  of  operation)  as  well  as  Eqs.  (19)  and  (20)  {resolver  or 
RECTANGULAR  mode). 

6-18.  Resolver  Servos  Using  Sine-Cosine  Potentiometers.  Figure  6-2 6a  shows  a  resolver 
servomechanism  positioning  precision  continuous-rotation  sine-cosine  potentiometers  in 
accordance  with  the  input  voltage  Such  servo  resolvers  can  have  static  accuracies 

within  0.05  percent  of  full  scale  (200  volts)  for  2  volts/deg  scaling.  Film-type  sine-cosine 


Fig.  6-26a.  Basic  resolver  servo  employing  wirewound  continuous-rotation  sine-cosine 
potentiometers.  The  sine-cosine  potentiometer  is  geared  to  the  (1-turn  or  10-turn)  linear 
follow-up  potentiometer,  so  that  the  resolver-potentiometer  shaft  turns  through  #  deg 
corresponding  to  volts  follow-up  voltage.  In  ±  100-volt  computers,  the  scale  factor 
a&  is  usually  lA  volt/deg  (—200  deg  <  &  <  200  deg)  or  yA  volt/deg  (— 400  deg  <  #  < 
400  deg).  It  is  possible  to  use  end  resistances  on  the  follow-up  potentiometer  to  obtain, 
instead,  a  ±180-deg  or  ±360-deg  range  with  slightly  improved  accuracy. 
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f  To  additional  resolver 


Fig.  6-26Z>.  Servo  resolver  employing  an  a-c  induction  resolver  with  precision  modulators 
and  demodulators  to  implement  the  coordinate-rotation  transformation  (23).  For  X  =  0, 
one  obtains  the  simpler  outputs  Y  cos  #,  Y  sin  Many  induction  resolvers  have  push-pull 
rotor  outputs  instead  of  the  single-ended  outputs  indicated  here. 

potentiometers  permit  greater  servo  bandwidth  with  0.3  percent  static  accuracy.  Different 
gear  ratios  permit  4  volts/deg  scaling  with  “360  deg  <  $  <  360  deg  at  reduced  accuracy ; 
the  range  of  #  can,  instead,  be  extended  with  relay  or  diode  quadrant-switching  circuits 
(Sec.  6-21).  Servo  resolvers  used  in  general-purpose  analog  computers  usually  have  two 
sine-cosine  potentiometers  and  two  or  more  linear  potentiometers  for  follow-up  and 
multiplication.  Their  sine-cosine  potentiometers  are  usually  designed  for  1M  load 
resistances. 

6-19.  Induction  Resolvers.  Induction  resolvers  may  be  regarded  as  special  a-c  transformers 
with  two  mutually  perpendicular  stator  windings  and  two  mutually  perpendicular  rotor 
windings  rotated  by  a  servo  shaft.  If  modulated  a-c  voltages  X  sin  cot,  F  sin  cot  are 
applied  to  the  resolver  stator  windings,  the  two  rotor  output  voltages  are  U  sin  cor,  V  sin  cor, 
with 

U  =  X  cos  ft  +  Y  sin  #  V  =  —X  sin  #  +  Y  cos  #  (6-23) 

where  #is  the  servo-shaft  displacement,  so  that  Eq.  (19)  or  Eq.  (20)  can  be  implemented 
with  the  aid  of  phase-sensitive  modulators  and  demodulators  (Fig.  6-2  6b).  Note  that  carrier 
phase  reversal  corresponds  to  a  sign  change  in  the  modulating  waveform.  The  most 
frequently  employed  carrier  frequency  <x>\2tt  is  400  Hz,  which  permits  the  modulation 
waveforms  X(t),  Y(t),  U(t),  V(t)  a  useful  bandwidth  between  0  and  5  to  15  Hz.  As  a 
rule,  a  square-wave  carrier  rather  than  a  sinusoidal  carrier  is  used  in  order  to  simplify 
modulation  and  demodulation.  v  3 

The  design  of  accurate  induction  resolvers  is  described  in  Refs.  4  and  5.  High-quality 
induction  resolvers  have  at  least  as  good  conformity  as  sine-cosine  potentiometers.  In¬ 
duction  resolvers  have  infinite  resolution  and,  since  their  only  rotating  contacts  are  sliprin°s, 
there  is  no  wear  on  precision  parts;  for  the  same  reason,  one  obtains  lower  output  noise' 
reduced  friction,  and  a  longer  maintenance-free  life.  The  main  disadvantage  of  a-c 
resolvers  is  the  requirement  for  very  accurate  modulation  and  demodulation;  in  addition, 
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the  carrier  phase  must  be  carefully  controlled  throughout  each  resolver  system  to  avoid 
errors  in  addition  and/or  demodulation. 

In  special-purpose  computers,  several  operations  on  trigonometric  functions  can  be 
combined  without  intermediate  demodulation  and  modulation. 


DFG 


-Y 


100  sin  if 


A'sin* 


-Y  sin  O’ 


6-20.  Electronic  Resolvers  Combining  Function  Generators  and  Multi¬ 
pliers.  Accurate  resolver  servos  are  both  expensive  and  slow.  Ac¬ 
curate  all-electronic  implementation  of  the  multiple  products  by 
trigonometric  functions  required  especially  in  aircraft  and  space-vehicle 
simulation  still  represents  a  challenging  and  somewhat  difficult  problem 
because  of  the  possible  error  accumu¬ 
lation  in  differences  of  products. 

Conventional  analog-computer  set¬ 
ups  for  three-dimensional  coordinate 
transformations  are  all  cumbersome 
and  expensive;  it  is  to  be  hoped 
that  more  elegant  and  more  easily 
serviced  hybrid  analog-digital  tech¬ 
niques  will  be  developed  in  the  future 
(see  also  Sec.  9-8). 

The  most  straightforward  elec¬ 
tronic  resolver  circuits  simply  com¬ 
bine  the  best  available  diode  function 
generators  with  electronic  multipliers 
(Figs.  6-27  and  6-28).  A  suitable 
patchbay  layout  can  permit  different  connections,  such  as  polar  and 
rectangular  modes,  complete  Euler-angle  transformations,  and 
individual  use  of  the  electronic  multipliers  and  function  generators.125-139 


~dfg\ 


100  COS  & 


10.01 


—X 


-  Y 


—  A'cos  £ 


—  Y  cos  £ 


Fig.  6-27.  Electronic  resolver  using 
diode  function  generators  and  electronic 
multipliers. 


6-21.  Quadrant  Switching  and  Rate  Resolvers,  (a)  Although  many 
sine-cosine  potentiometers  (Fig.  6-26a)  permit  continuous  rotation  and 
hence  do  not  limit  the  range  of  the  resolver  angle  ft,  the  resolver-servo 
follow-up  potentiometer  limits  the  range  of  ■&  within  fixed  limits,  usually 
±90  deg,  ±180  deg,  or  ±360  deg.  Diode  function  generators,  like 
that  in  Fig.  6-28,  are  usually  restricted  to  |#|  <  90  deg.  In  applications 
requiring  a  wider  range  of  angles  (e.g.,  tumbling  aircraft  motion,  special 
maneuvering  turns),  one  can  implement  relations  like 


sin  l±  ^  ±  <p 

/  377 

sm  ^±  —  +  (p 


(6-24o) 


cos  (  —  <p)=  cos  cp  cos  (±77  ±  cp)  =  cos  (±77  —  cp )  (6-246) 


with  quadrant-switching  circuits  actuated  whenever  #  reaches  predeter¬ 
mined  limits.  A  quadrant  switch  intended  to  extend  the  range  of  a 
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Fig.  6-28.  A  wideband  db  10-volt  sine-function  generator.  Successive  feedback-limiter 
channels,  and  finally  a  pair  of  transistor  limiters  (Sec.  4-8),  reduce  the  slope  of  10  sin  6 
to  zero  as  |0|  increases  to  90  deg;  combined  series-shunt  diode  limiting  (Sec.  4-5)  improves 
high-frequency  operation;  errors  are  within  0.2  percent  of  half-scale  at  zero  frequency 
and  are  still  0.5  percent  of  half-scale  at  10  KHz.  ( University  of  Arizona.) 
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±90-deg  sine-function  generator  to  +270  deg  would,  for  instance, 
replace  the  function-generator  input  by  —  0)  whenever  0 
exceeds  tt/2.  Figure  6-29  shows  a  number  of  electronic  quadrant¬ 
switching  schemes  which  are  readily  implemented  with  the  accurate 
precision-limiter  circuits  of  Sec.  4-10;  static  accuracies  well  within  0.1 
percent  of  half-scale  are  possible. 


Fig.  6-29.  Electronic  quadrant-switching  circuits  used  to  extend  the  range  of  trigonometric- 
function  generators.  The  precision-limiter  circuits  of  Sec.  4-10  are  particularly  useful  in 
this  application. 

(b)  In  many  applications,  a  voltage  proportional  to  the  time  derivative 
d&fdr  of  the  desired  resolver  angle  0  is  available  in  the  computer  setup. 
In  this  case,  we  can,  if  desired,  obtain  unlimited  resolver  rotation  by 
driving  a  360-deg  electromechanical  resolver  with  a  rate  servo  whose 
output-shaft  displacement  0  changes  at  a  rate  proportional  to  the  input 
voltage  dd/dr,  so  that 

fT  d& 

0  =  -r  dr  +  0(0) 

J  o  ClT 


(6-25) 
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In  such  a  rate  resolver ,  the  follow-up  potentiometer  feedback  is  replaced 
by  d-c  tachometer  feedback.  Since  the  resolver  now  acts  as  an  integra¬ 
tor  as  well,  we  shall  require  control  relays  for  resetting  to  initial  con¬ 
ditions  [#  =  #(0),  see  also  Sec.  8 -9b];  the  servo  feedback  must  be 
switched  from  a  rate  signal  to  a  position  follow-up  in  reset.  The 
follow-up  potentiometer  used  with  a  resolver  having  a  rate-resolver 


Fig.  6-30.  An  electronic  rate  resolver  generating  100  sin  6  and  100  cos  6  with  the  aid  of 
electronic  single-pole/double-throw  switches  controlled  by  comparators  and  logic.  Com¬ 
parators  1  and  2  are  the  quadrant-sensing  comparators.  Comparator  3  and  the  associated 
logic  pi  event  errors  due  to  sign  changes  in  6.  The  trigger  flip-flop  triggers  on  logic 
transitions  to  1.  Scaling  shown  is  in  volts.  (Refs.  134  and  136.) 

mode  must  be  a  single-turn  potentiometer  bridged  to  permit  continuous 
rotation;  either  solenoid-retractable  limit  stops  or  switched  electrical 
limit  stops  may  have  to  be  provided.  The  design  and  equalization  of 
computer  servomechanisms  with  rate  feedback  are  discussed  in  some 
detail  in  Refs.  1  to  5. 

Figure  6-30  illustrates  a  typical  automatic  quadrant-switching  scheme 
for  an  all-electronic  rate  resolver  (see  also  Sec.  6-24). 
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Error  feedbock 


Fig.  6-31.  Rectangular-to-polar  coordinate  transformation  (polar  mode  of  resolver, 
inverse  resolver)  using  a  servo  resolver  (a)  and  electronic  resolver  circuits  ( b ). 

6-22.  Inverse  Resolvers  (POLAR  Resolver  Mode).  Figure  6-31  shows 
a  resolver-servo  connection  implementing  Eq.  (22)  to  yield  voltages 
proportional  to  r  and  ft  when  the  rectangular  coordinates  or  vector 
components  x,  y  are  given.  The  feedback  loop  will,  in  each  case,  null 
an  error  signal  proportional  to  x  sin  ft  —  y  cos  ft.  The  resulting  feed¬ 
back  ratio  is  proportional  to  r  =  V x2  +  y2,  and  ft  =  arctan  (y/x)  is 
necessarily  indeterminate  for  x  —  y  =  0.  To  improve  the  servo  per¬ 
formance,  we  can  employ  automatic  gain  control  (AGC)  to  increase  the 
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servo-amplifier  gain  for  small  r,  as  in  Fig.  6-3 la.  Practical  AGC 
circuits  (Refs.  2  and  134)  will  keep  the  loop  gain  within  about  6  db  as  r 
varies  over  a  50: 1  to  100:1  range. 

If  one  requires  only  an  output  proportional  to  r,  it  may  be  simpler  to 
implement  Eq.  (21a). 

6-23.  Use  of  Sampling  and  Comparator  Circuits,  (a)  The  sample-hold 
resolver  shown  in  Fig.  6-32  is  based  on  the  principle  of  the  sampling 


Fig.  6-32.  A  sample-hold  resolver  using  repetitive-analog-computer  circuitry.  Shaded 
integrators  are  under  rep-op  control.  First-order  holds  are  recommended  (Sec.  9-3). 

multiplier  of  Ref.  108.  A  carefully  adjusted  repetitive-analog-computer 
setup  (shaded  integrators  in  Fig.  6-32)  generates  the  voltages  —R  sin  cot, 
—R  cos  cot,  and  (6/7r)(cor  —  7 r)  20  to  1,000  times  per  second.  A  fast 
comparator  samples  — R  sin  cot  and  — R  cos  cot  whenever  the  periodic 
ramp  voltage  ( b/7r)(coT  —  7r)  reaches  the  value  of  the  input  voltage  (ah). 
The  filtered  sample-hold  output  voltages  are,  then,  R  sin  (aTrjb)h  and 
R  cos  (a7T/b)h,  where  both  (ah)  and  the  initial-condition  input  R  can  be 
slowly  varying  machine  variables.109 110 

A  sample-hold  resolver  performs  both  sine-cosine  generation  and 
multiplication  in  one  operation  but  is  subject  to  a  severe  compromise 
between  computing  bandwidth  (about  K28  of  the  repetition  rate  for,  say, 
1  percent  zero-order-hold  error)  and  accuracy.  For  an  accuracy  within 
e  percent  of  half-scale,  the  worst  comparator/switch  timing  error  must 
be  below  e/277  percent  of  one  repetitive-computer-run  period  2  77/co  so  that, 
for  example,  a  10-/csec  timing  error  limits  the  repetition  rate  to  140e  runs 
per  second  if  we  allow  for  a  10  percent  reset  period  after  each  run.  The 
corresponding  computer  bandwidth  would  be  less  than  6e  Hz. 

(b)  The  circuit  of  Fig.  6-33o129-131  employs  a  pulse-width  modulator  with  sinusoidal 
excitation  to  generate  periodic  pulses  of  width  (77  —  2 X)/co  symmetrical  with  respect  to 
the  sine-wave  peaks,  where  X  is  measured  in  radians  (|A|  <  77-/2).  These  pulses  gate  the 
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(a) 


Fig.  6-33.  Generation  of  (a)  cos  X  and  (b)  arcsin  ( X\a )  by  operations  on  a  periodic  sine- 
wave  voltage. 


same  sine-wave  carrier  to  produce  a  chopped  sinusoidal  waveform  whose  running  average 
is  proportional  to 

7T-2X 


cos  cot  dr  =  2  cos  X 


(6-26) 


2co 


Static  accuracy  within  0.2  percent  of  half-scale  (±10  volts)  is  possible  if  we  combine 
push-pull  chopped  sinusoids.129  In  the  arcsine-function  generator  of  Fig.  6-336,  the  input 
voltage  X  is  added  to  a  sin  cor  to  produce  a  biased  sinusoid  positive  and  negative  for 
alternate  periods  Tx  =  (2/co)  arccos  ( X/a )  and  T2  =  (2/co)[tt  —  arccos  (X/a)];  so  that  the 
running  average  of  the  comparator  output  is 


b 


T\  —  T2 
Tx+  T2 


2b  (tt  X\  2b  .  X 

—  I—  —  arccos  —  I  = - arcsin  — 

tt  \2  a  I  it  a 


(6-27) 


where  X  is  measured  in  radians.  Such  arcsine  generators  can  have  static  accuracies 
within  0.2  percent  of  half-scale  and  may  be  used  in  the  inverse-function  loop  of  Fig.  4-32<s 
to  yield  sin  cX. 

Each  of  the  circuits  of  Fig.  6-33  requires  an  accurate  sine-wave  oscillator,  which  can 
serve  several  function  generators.  If  some  type  of  phase-shift  oscillator  is  used,  we  must 
minimize  oscillator  amplitude  jitter  even  at  the  expense  of  increased  distortion  (Sec.  4-13), 
since  distortion  effects  can  be  corrected  with  the  aid  of  crude  diode  correction-function 
generators  in  the  manner  of  Fig.  2-5. 133 


6-24 
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6-24.  Implicit-computation  Schemes.  If,  as  is  often  the  case,  a  voltage 
proportional  to  &  is  available  in  the  computer,  then  we  can  employ  the 
generalized-integrator  circuit  of  Fig.  1-15  to  generate  X  =  50  cos  &  and 
Y  =  50  sin  &  without  scale-factor  restrictions  (Sec.  6-21)  as  solutions  of 
the  differential  equations 


dX  _  dY 

dd  ~  ~  Tfo 


(6-28) 


where  ■&  is  measured  in  radians  (Fig.  6-34a).  To  prevent  exponential 
sine-wave-amplitude  changes  due  to  integrator  and  multiplier  phase 
shift  (Sec.  3-24),  Howe  and  Gilbert119  have  devised  an  ingenious 
amplitude-correction  circuit.  Referring  to  Fig.  6-346,  we  continuously 
compute  the  amplitude-error  voltage 


e  =  A  (cos2  0  +  sin2  0  -  1)  =  A(X2  +  Y2  -  1)  (A  >  0)  (6-29) 
and  minimize  e2  by  feeding  voltages  proportional  to 


I^!=  Y 

4  ex 


ldf 
4  dY 


=  €  Y 


(6-30) 


as  respective  corrections  to  —dXfdr  and  —dY\dr  into  the  integrators 
producing  X  —  50  cos  $  and  Y  =  50  sin  0.  Note  that  the  correction 
voltages  are  zero  whenever  the  output  amplitude  is  correct.  This  com¬ 
puter  circuit,  a  special  instance  of  the  steepest-descent  method  discussed 


Fig.  6-34.  (a)  Generation  of  sin#  and  cos#  by  implicit  computation  and  (b)  electronic 
rate  resolver  with  steepest-descent-type  correction  of  the  amplitude  error  cos2  #  +  sin2  #  — 
1.  {From  H.  D.  Huskey  and  G.  A.  Korn ,  Computer  Handbook,  McGraw-Hill,  New  York, 
1962.)  If  the  25-volt  input  to  the  e  amplifier  is  replaced  by  a  (slowly)  variable  input 
r2(r)/ 100,  the  two  integrators  will  produce  the  products  r(r)  cos#,  r(r)  sin#  with  suitable 
initial  conditions,  although  the  response  to  r(r)  may  be  somewhat  sluggish  (see  also  Sec. 
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in  Sec.  8-9 b,  employs  only  multipliers  and  linear  computing  elements  to 
generate  sin  ■&  and  cos  &  with  about  the  component  accuracy  of  the 
multipliers  used.  Brunner120  has  reduced  the  relatively  large  number  of 
electronic  multipliers  required  by  minimizing  |e|  rather  than  e2  (see  also 
Sec.  8-9 b). 

Analogous  correction  schemes  also  permit  computation  of  three 
direction  cosines  cos  a,  cos  /?,  cos  y  for  three-dimensional  coordinate 
transformations;  our  correction  feedback  must,  in  this  case,  enforce  the 
relation132 

cos2  a  +  cos2  /5  +  cos2  y  —  1=0  (6-31) 

Such  implicit-computation  methods  are  economical  only  if  the  relatively 
large  number  of  accurate  products  required  can  be  obtained  at  reason¬ 
able  cost.  Solid-state  time-division  multipliers  with  multiple  transistor- 
switch  slave  channels  (Sec.  6-11)  may  be  suitable  for  this  purpose. 
Figure  6-34 b  can,  of  course,  also  be  implemented  with  two  multiproduct 
servomultipliers. 
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CHAPTER  7 


COMPUTER  SYSTEMS 
AND  INTERFACE  DESIGN 


SPECIAL-PURPOSE  SYSTEMS 

7-1.  Special-purpose  Computer  Systems  and  Subsystems.  An  over¬ 
whelming  majority  of  analog  and  hybrid-computer  applications  employ 
the  circuits  and  techniques  described  in  Chaps.  1  to  6  in  special-purpose 
computer  systems  rather  than  in  the  better  known  general-purpose 
analog/hybrid  computers.  Operational  amplifiers,  analog  multipliers, 
function  generators,  comparators,  and  switches,  fabricated  as  integrated 
circuits  or  epoxy-cast  discrete-component  assemblies,  are  combined 
with  or  without  digital-computer  interface  logic.  Such  components 
appear  on  etched-circuit  cards  mounted  in  simple  card  cages,  special 
environment-proof  enclosures,  or  component  ovens.  +  10-volt  analog 
computing  elements  with  ±  1 5-volt  power  supplies  are  preferred  for  such 
applications  and  can  be  purchased  for  “commercial”  temperature 
ranges  between  0  and  50  deg/C  or  for  military/space  temperature  ranges 
(  —  50  to  +150  deg/C).  Familiarity  with  such  analog/hybrid  computer- 
system  components  and  their  applications  can  be  invaluable  to  designers 
of  instrumentation  and  control  systems,  because  a  $300  handful  of 
integrated-circuit  amplifiers,  diodes,  resistance  networks,  and  logic  may 
be  miraculously  tranformed  into  a  $1,500  subsystem  card  when 
purchased  from  an  instrument  manufacturer. 


GENERAL-PURPOSE 
ANALOG/HYBRID  COMPUTERS 

7-2.  Typical  Installations  and  General  Design  Principles,  (a)  Small 
Tabletop  Computers.  Small  analog  computers  incorporating  between  6 
and  24  ±  10-volt  amplifiers,  plus  coefficient-setting  potentiometers  and 
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Fig.  1-la.  The  University  of  Arizona’s  APE  II  has  12  operational  amplifiers  (with  20-MHz 
unity-gain  bandwidth),  2  multipliers,  2  comparators,  and  assorted  diodes  and  switches 
mounted  on  cards  plugged  directly  into  the  analog  (bottom)  patchbay.  The  digital  (top) 
patchbay  has  a  digital  clock,  1  preset  and  8  free  decimal  counters,  10  or/nor  gates,  5  free 
flip-flops,  plus  20  shift-register  flip-flops  with  2  xor  circuits  for  sequence  generation, 
pushbuttons,  indicator  lights,  and  a  counter  readout.  Prewired  “experiment  boxes” 
committing  the  amplifiers  to  specific  student  experiments  can  replace  the  analog  patchboard. 
The  machine  is  described  in  detail  in  Refs.  10  to  13. 


Fig.  1-lb.  This  figure  illustrates  the  simplicity  of  APE  II  construction.  Unused  patchbay 
points  (with  their  patchbay  springs  broken  off)  terminate  power-supply  and  mode-control 
connections,  so  that  no  wiring  to  the  circuit  cards  is  needed.  ( University  of  Arizona; 
from  Ref.  10.)  ' 
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some  multipliers  and  function  generators  are  widely  used  in  educational 
institutions  to  teach  ordinary  differential  equations  and  their  applica¬ 
tions  to  control  systems,  chemical  reactions,  and  other  dynamical 
systems.  Modern  computers  of  this  type  have  electronic  mode-control 
switching  and  permit  repetitive  operation  and  simple  iteration.  More 
importantly,  modern  tabletop  hybrid  computers10  can  incorporate  a 
great  deal  of  inexpensive  patchable  integrated-circuit  logic,  viz.,  clocks, 
gates,  flip-flops,  counters,  and  shift  registers,  and  hybrid  computing 
elements  such  as  analog  comparators,  track-hold  circuits,  and  simple 
A/D  and  D/A  converters.  Analog  computing  elements  used  in  such 
machines  are  the  same  rugged  and  inexpensive  ±  10-volt  modules  with 
db  15-volt  power  supplies  employed  in  special-purpose  hybrid  computing 
equipment  (Sec.  7-1).  Such  small  hybrid  computers  are  ideal  tools  for 
breadboarding  as  well  as  for  simulation  of  all  kinds  of  computer  systems 
used  in  control,  instrumentation,  statistical  data  processing,  and 
digital-computer  interfacing.  Figure  7-1  illustrates  a  modern  tabletop 
computer  of  this  type  used  in  various  electrical-engineering  courses  at 
the  University  of  Arizona,  and  Table  7-1  lists  some  of  the  student 
experiments  possible  with  this  small  hybrid  computer. 

Table  7-1.  Examples  of  APE  II  Experiments* 

A.  Simulation  techniques 

1.  Aircraft/autopilot  simulation 

2.  Simulation  of  a  nuclear  reactor 

3.  Bouncing-ball  simulation  using  analog  memory 

4.  Simulation  of  a  sampled-data  control  system;  solution  of  difference  equations 

5.  Solution  of  a  two-point  boundary-value  problem  by  iterative  optimization 

6.  Simple  model-matching  experiments 

B.  Hybrid-computer  hardware  techniques 

1.  Study  of  fast  diode  circuits  and  precision  limiters 

2.  Study  of  a  simple  analog-to-digital  converter 

3.  Accurate  signal  generators  and  pulse- width  modulators 

4.  Study  of  track-hold  operation  and  data  reconstruction 

5.  Simulation  of  combined  analog-digital  computation;  error  compensation 

C.  Statistical  measurements  and  communication/detection 
system  simulation 

1.  Measurement  of  continuous  and  sampled-data  averages 

2.  Measurement  of  correlation  functions  and  delay  error 

3.  Polarity-coincidence  correlation 

4.  Measurement  of  impulse  response  by  input-output  correlation 

5.  Measurement  (estimation)  of  probability  and  probability  density 

6.  Demonstration  of  modulation  waveforms  with  and  without  noise 

7.  Simulation  of  a  superheterodyne  receiver 

8.  Simulation  of  an  FM  communication  system 

9.  Simulation  of  a  phase-lock  loop 

10.  Simulation  of  matched-filter  detection  using  pseudorandom  signals  (shift-register 
sequences) 


*  See  also  Ref.  10. 
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Fig.  7-2a.  The  Applied  Dynamics  AD/FIVE  medium-sized  ±  10-volt  hybrid  computer 
has,  when  fully  expanded,  240  operational  amplifiers,  of  which  36  are  integrator/summers 
and  about  80  are  committed  to  some  50  function  generators  and  quarter-square  multipliers. 
0.01  percent  resistance  networks  are  used,  and  linear-circuit  errors  are  within  0.1  percent 
up  to  about  1  KHz.  Patchbay-spring  modules  of  the  unshielded  patchbay  have  rear  card 
receptacles  for  both  amplifiers  and  patchable  logic.  There  are  up  to  60  gates,  48  flip-flops, 
and  8  two-decade  BCD  counters,  with  16  analog  comparators  and  up  to  48  electronic 
switches.  Coefficient-setting  potentiometers  would  be  mounted  in  the  front  panels  below 
the  patchbay  but  have  been  replaced  with  digital  coefficient-setting  units  in  the  machine 
shown.  The  panel  above  the  patchbay  holds  diode  function  generators.  The  control 
panel  on  the  left  has  overload  lights,  logic-state  indicators  for  the  patched  digital  logic, 
counter  controls,  and  a  keyboard  addressing  system  and  digital  voltmeter  for  setting 
coefficients  and  checking  analog  component  output  voltages.  A  hybrid-computer  interface 
is  available  as  an  integral  component  of  the  AD/FIVE,  which  can  also  be  supplied  with  a 
Digital  Equipment  Corporation  PDP-11  16-bit  minicomputer  built  into  an  expanded 
console.  Several  AD/FIVE  consoles  can  be  slaved  together.  ( Applied  Dynamics,  Inc., 
Ann  Arbor,  Mich.) 

Small  analog  computers  with  or  without  storable  patchboards  and 
digital  logic  are  also  very  useful  in  the  laboratory  for  making  up  special 
signal  generators  (Secs.  4-12  and  4-13),  signal-conditioning  circuits,  and 
test  systems. 

(b)  Medium-size  and  Large  Installations.  Larger  analog/hybrid 
computers  range  from  medium-size  installations  (between  50  and  150 
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Digital -logic  and  timer 
counters  and  indicators 


Shielded  analog  Overload 
patchbay  lights 


Digital 

patchbay 


Control  panel  with  manual 
readout  /addressing  system 


Fig.  l-2b.  Applied  Dynamics  AD/FOUR  is  a  large  ±  100-volt  machine  capable  of  expansion 
to  several  hundred  amplifiers  with  multiple  consoles.  Interesting  features  of  this  machine 
are  summing-junction  patching  of  coefficient-setting  units,  which  permits  DCU  gains  up 
to  6.5432  and  potentiometer  gains  to  1.6358;  optional  dielectric-absorption  compensation 
(Fig.  3-1 8c);  and  optional  automatic  patching  for  one  patchbay  quadrant.  (Applied 
Dynamics ,  Inc.,  Ann  Arbor ,  Mich.) 


amplifiers)  to  large  computers,  which  can  employ  multiple  consoles  to 
accommodate  as  many  as  1,000  amplifiers  and  appropriate  nonlinear 
equipment.  Both  ±10-  and  ±  100-volt  computers  are  used;  the  larger 
American-made  machines  usually  employ  ±100  volts.  High-quality 
±10- volt  analog  computers  can  match  the  accuracy  of  ±  100-volt 
machines,9  although  the  smaller  dynamic  range  tends  to  make  nonlinear 
operations  less  accurate  or  more  expensive;  ±  10-volt  operation  reduces 
heat  dissipation  and  makes  it  easier  to  mount  computing  elements 
directly  behind  the  computer  patchbay  (Fig.  7-lZ>);  ±  10-volt  operation 
also  favors  computer  bandwidth,  both  because  faster  amplifiers  are 
available,  and  because  the  lower  power  dissipation  permits  one  to  use 
lower  computing  impedances. 

System  design  begins  with  selection  of  the  voltage  scale,  current 
output,  and  bandwidth  required  of  the  d-c  amplifiers.  Experience 
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shows  that  computers  will  be  expanding  as  users  begin  to  realize  their 
possibilities,  so  that  ease  of  expansion  is  an  important  design  con¬ 


sideration.  Increasing  installation 
on  individual  amplifiers,  but  only 


size  does  increase  current  demand 
moderately  so;  ±30-  to  ±50-mA 
amplifiers  are  generally  sufficient. 
Figures  7-2  and  7-3  show  typical 
computer  consoles. 

(c)  Power  Supplies.  Analog 
computers  must  incorporate  posi¬ 
tive  and  negative  computing- 
element  power  supplies  (Table  7-2) 
and  reference  power  supplies  (±10 
volts  or  ±100  volts).  With  all 
reference  voltages  slaved  to  a 
single  system  reference,  reference- 
voltage  accuracy  will  affect  only 
nonlinear  operations  and  external 
instruments  but  should,  in  general, 
at  least  match  computing-element 
accuracies  at  all  working-load 
currents  and  temperatures. 


Fig.  7-3.  Ten  times  faster  than  commercially 
built  analog  computers,  the  40-amplifier 
LOCUST  can  make  up  to  4,000  differential- 
equation-solving  runs  per  second  under 
control  of  a  small  digital  computer. 
LOCUST  amplifiers  have  30-MHz  0-db 
bandwidth,  with  full  ±10-volt  30-mA 
output  to  5  MHz;  integrators  switch  into 
compute  in  40  nsec  and  within  10  nsec  of 
one  another.  Phase-inverter  error  is  0.1 
percent  at  10  KHz,  using  IK  resistors. 
Analog  and  digital  circuits  plug  directly 
into  the  rear  of  the  patchbay  receivers. 
Emitter-coupled  integrated-circuit  logic 
minimizes  digital  noise  in  the  wideband 
analog  circuits.  ( University  of  Arizona, 
Ref.  14;  see  also  Figs.  3-35,  4-17,  4-35, 
5-29,  5-35,  and  6-4.) 


7-3.  Logic  and  Control  Systems, 
(a)  Mode  Control  and  Patched 
Digital  Logic.  While  earlier 
generations  of  electronic  analog 
computers  employed  relays  for 
integrator  mode-control  switch¬ 
ing,2  the  modern  control  circuits 
of  Figs.  1-10,  5-34,  and  5-35  all  use 
electronic  switches  to  switch  into 
compute  or  hold  when  appro¬ 
priate  digital-logic  voltages  are 
high  (digital  1 ;  see  Sec.  2-2  and, 
specifically,  the  footnote  to  Sec. 
2-2 b).  Three-mode  (reset,  com¬ 


pute,  hold)  integrators  require  a 
second  logic  input  to  go  into  the  hold  mode.  All  state-variable 
integrators  for  a  set  of  differential  equations  are  normally  controlled  by 
master  reset  and  hold  logic  buses  which  can,  if  desired,  control  the 
entire  machine.  It  pays,  however,  to  patch  the  integrator-control  logic 
in  a  digital  patchbay ,  which  also  terminates  other  switch  logic,  clocks, 
comparator  outputs,  and  free  logic  (“logic  box”).  Patched  logic  and/or 
a  digital-computer  control  register  (Sec.  7-8)  also  brought  out  to  the 
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Table  7-2.  Specifications  for  Typical  Analog-computer  Power  Supplies 
Note  that  actual  requirements  vary  widely 


Voltage  change  for  a  5-percent  line-voltage 

change  . 

Voltage  change  for  a  load-current  change 
of  50  percent  of  rated  load,  and  recovery 

time  to  99.9  percent  of  steady  state . 

24-hr  drift,  hum,  and  noise . 

Source  impedance . . 


,0.5  to  0.005  percent 

.0.5  to  0.005  percent;  250  to  2  //sec 
.0.5  to  10  mV 

0.1  to  0.01  ohm  (1  to  10  KHz);  shunt 
capacitance  and  decoupling  at  higher 
frequencies 


digital  patchbay  can  then  switch  individual  integrators,  e.g.,  as  track- 
hold  circuits  (Secs.  2-3,  2-4,  and  8-14).  Figure  7-4  shows  a  practical 
digital-patchbay  layout  for  this  purpose. 

In  the  potset  mode,  relays  switch  summing-resistor  junctions 
away  from  each  amplifier  and  ground  them  to  permit  coefficient- 
potentiometer  setting  without  amplifier  overloads,  potset  relays 
may,  instead,  decrease  summing-amplifier  feedback  resistances.  An 
even  better  scheme14  is  to  provide  all  amplifiers  with  fast  limiters 
(Fig.  4-8 d)  which  keep  summing  junctions  at  zero  voltage  even  during 
voltage  overloads. 

(b)  Timing  Circuits.  Figure  7-6  illustrates  a  simple  and  convenient 
system  for  timing  analog-computer  runs,  sample  readouts,  and  mis¬ 
cellaneous  time  intervals  in  analog  or  hybrid  computation.  A  4-MHz 
crystal-oscillator  output  is  counted  down  to  provide  master  clock  pulses 
at  pulse  rates  of  2  MHz,  1  MHz,  and  500,  250,  100,  50,  and  10  KHz. 
The  clock  rate  to  be  used  for  the  analog-computer  master  clock  (“clock” 
in  Fig.  7-6)  is  selected  by  a  time-scale  switch  or  through  logic  controlled 
by  the  digital  computer.  Clock  counters  preset  manually  or  by  the 
digital  computer  can  now  accurately  establish  the  duration  of  compute 
and  reset  periods  and  of  various  sampling  times.  It  is  easy  to  produce 
either  a  single  run  or  repetitive  operation;  a  typical  repetition  period  is 
given  either  1 ,000  or  10,000  clock  intervals.  Either  the  digital  computer 
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Fig.  7-4.  Digital-patchbay  layout  which  permits  logic  control  of  individual  integrators, 
with  the  possibility  of  simple  shorting-link  patching  to  the  frequently  used  R-bus. 
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F'S-  7-5.  Permissible  state  sequences  for  a  simple  analog  computer  (a)  and  a  control- 
circuit  implementation  illustrating  both  latching-relay  and  set/reset  ( R-S )  flip-flop  logic  (b). 
In  the  patch/potset  state,  reference  power  is  removed  from  the  patchbay  but  not  from  the 
potentiometer  calibration  circuits,  to  permit  patching  and  coefficient  setting.  Pot-set 
relays  are  obsolete  with  modern  fast  overload  limiters  (Sec.  4-5). 


or  patched  digital  logic  can  readily  change  readout  sampling  times  from 
run  to  run  (Fig.  7-6c).  In  iterative  analog  computation,  repetitive 
computer  operation  may  be  preceded  by  an  initial  reset  period  used  to 
establish  initial  trial  parameters  for  recursive  operations  (Secs  2-4 
and  8-14). 

The  sampling  technique  of  Fig.  l-6c  is  especially  useful  for  reading 
fast  periodic  analog-computer  solutions  into  slow  recorders,  printers,  or 
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RESET  COMPUTE 


Fig.  7-6c.  By  increasing  the  delay  rx  of  a  readout  sampling  pulse  £1  during  successive 
compute  periods,  we  can  read  sampled-data  time  histories  of  periodically  repeated  analog- 
computer  solutions  into  slow  recorders,  printers,  or  digital  computers. 


digital  computers.  Multitrace  oscilloscope  displays  used  with  repetitive 
analog  computers  also  can  employ  digital  timing  signals  derived  from 
the  counters  to  switch  oscilloscope  multiplexers  similar  to  Fig.  5-15. 

(c)  Patched  Digital  Logic  (see  also  Appendix  C).  Patched  gates, 
flip-flops,  and  monostable  multivibrators  connected  to  analog  com¬ 
parators  and  electronic  switches  have  been  used  in  many  clever 
iterative-analog-computer  setups  (Secs.  8-13  and  8-14,  Ref.  76).  When 
a  digital  computer  is  available,  it  is  convenient  to  implement  as  many  of 
the  logic  and  sequencing  operations  as  possible  through  the  digital 
program.  But  some  patchable  logic  (say  about  40  gates,  30  flip-flops, 
and  a  few  decimal  counters  and  shift  registers  for  a  150-amplifier 
installation)  still  helps  to  supplement  iteration  and  interface  logic  and, 
above  all,  to  breadboard  simulated  instruments  involving  digital  logic. 
Transistor-transistor  logic  (TTL)  is  most  readily  available,  although 
emitter-coupled  logic  (ECL)  introduces  much  less  noise  in  fast  analog 
circuits  (Sec.  7-14).  Clock-gated  flip-flops  present  fewer  programming 
hazards,  but  the  most  flexible  patched-logic  arrangement  provides 
flip-flops  capable  of  both  clocked  and  nonclocked  operation. 

Some  computers  have  monostable  multivibrators,  which  are  triggered 
to  provide  a  single  pulse  whose  length  is  controlled  by  a  variable 
resistor  and/or  a  switchable  capacitor.  Monostables  are  simple  but  not 
very  accurate,  and  the  capacitors  must  be  switched  with  analog-com¬ 
puter  time-scale  changes.  The  writers  prefer  to  mark  time  intervals 
with  counter  circuits  slaved  to  the  analog-computer  clock,  which 
determines  the  time  scale  (Fig.  7-6). 

7-4.  Patching  and  Other  Programming  Systems,  (a)  Analog-computer 
Patchbays.  General-purpose  analog  computers  are  set  up  through 
plug-in  interconnections  with  patchcords.  Direct  patchcord  connec¬ 
tions  between  jacks  on  computing-element  panels  permit  a  minimum 
of  wiring  and  shunt  capacitance;  incomparably  better  computer 
utilization,  however,  is  obtained  when  setups  are  patched  on  removable 
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problem  boards  ( patchboards ,  prepatch  panels),  which  can  be  plugged 
into  a  central  patchbay.  This  system  permits  patching  away  from  the 
computer,  which  is  then  free  for  other  work;  and  patched  programs  can 
be  stored  for  later  reuse.  Most  larger  machines  have  contact-spring 
patchbay  systems  like  those  shown  in  Fig.  7-6. 

D-c  leakage  and  crosstalk  considerations  (Fig.  7-7)  make  it  mandatory 
to  employ  shielded  patching  systems  with  coaxial  patchcords  in  all  but 
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Fig.  7-7.  A  solid-metal  or  conductive-plastic  patchboard  grounds  the  shields  of  coaxial 
patchcords.  The  patchbay  locking  lever,  or  an  electric  motor,  presses  the  protruding 
patchcord  tips  against  corresponding  contact  springs  with  a  self-cleaning  wiping  action; 
carefully  designed,  precious-metal-plated  contacts  minimize  contact  resistances.  To  avoid 
accidental  shorting  of  “hot”  patchcord  tips  against  the  grounded  patchboard,  the  operator 
must  deenergize  the  patchbay  before  patching.  ( Electronic  Associates ,  Inc,) 

the  most  inexpensive  computers,  in  spite  of  the  added  shunt  capacitances. 
Grounded  printed-silver  grids  on  plastic  patchboards  will,  however,  at 
least  eliminate  surface  leakage.  Shielded  systems  use  all-metal  or 
conducting-plastic  patchboards;  the  use  of  honeycomb  shield  structures 
in  plastic  patchboards  has  been  largely  abandoned  as  too  expensive, 
although  it  prevents  short  circuits  from  “hot”  patchcords  touching  the 
shield  by  accident. 
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To  make  an  inexpensive  unshielded  patchbay  into  a  shielded  patching 
system  suitable  for  fast  analog/hybrid  computation  :14 

1.  Connect  a  pattern  of  unused  patchbay  springs  to  ground  or 
power-supply  terminations  (a-c  ground)  to  serve  as  shielding 
between  analog  terminations 

2.  Replace  the  original  plastic  patchboards  with  metal  patchboards 
drilled  only  for  the  desired  analog  terminations 

Only  low-leakage  plastic  (diallylphthallate)  should  be  employed  in 
analog  patchbays. 

Patchboards  can  have  pressure-sensitive  overlays  printed  in  bright 
colors  to  identify  terminations.  This  makes  it  possible  to  change 
terminations,  add  new  components,  etc.  Large  patchboards  have  to  be 
quite  rigid;  they  must  not  deform  appreciably  under  the  substantial 
forces  required  for  positive  contact  of  1,000  to  3,000  patchcord  tips.1 

Good  system  design  minimizes  wiring  between  computing  elements  and 
patchbay,  for  signal  wiring  and  connectors  cause  capacitive  loading, 
noise,  and  crosstalk,  as  well  as  added  initial  and  maintenance  expenses. 
Computing  networks,  mode-control  relays,  electronic  switches,  diode 
networks,  and  solid-state  amplifiers  are  best  constructed  as  separately 
shielded  modules  plugged  directly  into  the  rear  of  the  patchbay, 
or  module  boxes  bearing  patchbay  springs  may  be  bolted  into  a 
patchbay  receiver.  Patchbay  ovens  complicate  access  to  components 
and  are  really  needed  only  for  high-precision  capacitors.  Note  that 
such  capacitors  may  require  recalibration  each  time  the  oven  is  opened 
(Sec.  3-8)  and  are  therefore  best  off  in  an  oven  by  themselves.  Ovens 
can  employ  blanket-type  heating  elements  to  reduce  temperature 
gradients  without  recirculating  fans. 

Clever  patchbay  layout,  with  a  view  to  short  patching  connections, 
improves  operating  convenience  and  reduces  errors  due  to  patchcord 
clutter.  In  larger  computations,  though,  patchcord  clutter  is  prac¬ 
tically  unavoidable,  and  one  can  no  longer  see  the  block-diagram 
structure  on  the  patchbay. 

Shielded  patching  systems  are  not  cheap  but  cost  just  under  $2  per 
patchbay  termination  and  per  patchcord.  On  the  other  hand,  high- 
quality  d-c  amplifiers  are  becoming  less  and  less  expensive.  It  follows 
that  all  inverting  and  output  amplifiers  associated  with  multipliers, 
function  generators,  resolvers,  and  digital-to-analog  converters  should  be 
permanently  wired  (not  patched)  to  these  computing  elements.  This  not 
only  saves  patching  connections  but,  more  importantly,  improves 
bandwidth  through  short  connections  and  special-purpose  equalization. 

Hybrid-computer  logic  terminations,  which  include  integrator  and 
track-hold  control  inputs,  multiply/divide  and  resolver  mode  control, 
timing  circuits,  interface  logic,  and  free  logic  (Sec.  7-3),  do  not  require 
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shielded  patching  systems  and  are  usually  brought  out  to  an  inexpensive 
unshielded  “digital”  patchbay. 

(b)  Setting  Coefficients  and  Functions.  Coefficient  potentiometers 
and  diode  function  generators  can  be  set  with  a  digital  voltmeter, 
which  can  also  read  amplifier  output  voltages  in  reset  and  hold.  For 
manual  potentiometer  setting,  simple  calibration  pushbuttons  im¬ 
mediately  adjacent  to  each  potentiometer  (Fig.  3-7)  are  preferable  to 
relay-selector  switching,  which  requires  the  operator  to  check  the 
potentiometer  number  against  the  selector  keyboard. 

Larger  analog  computers  may  have  servo-set  potentiometers  and 
function  generators  controlled  individually  from  a  central  control  panel 
or  from  digital  storage  to  permit  rapid  problem  changes.  Potentiom¬ 
eters  can  have  individual  servomotors,  or  a  motor  serves  10  to  40 
solenoid-engaged  rubber-idler  friction  drives  associated  with  each 
potentiometer.  Relays  operated  by  a  selector  keyboard  place  the 
computer  into  potset,  apply  a  reference  voltage  to  a  potentiometer,  and 
connect  it  into  the  servo  system.  The  potentiometer  is  set  when  its 
output  equals  that  of  an  accurate  reference  DAC  controlled  by  a 
coefficient-setting  keyboard ,  by  a  punclied-tape  reader,  or  by  a  digital 
computer.  The  potentiometer  setting  can  be  checked  visually  and 
independently  by  the  computer  digital  voltmeter.  In  addition  to  the 
coefficient-setting  keyboard,  the  control  panel  may  have  a  comparison 
potentiometer  permitting  continuous  adjustment  of  servo-set  potentio¬ 
meters. 

Ten-turn  potentiometers  can  be  servo-set  within  0.02  percent  of 
full  scale  (20  mV  for  ±  100-volt  computers,  since  the  lo  terminal  is 
grounded).  A  typical  servo-setting  operation  takes  1  to  3  sec.  A 
punched-tape  system  or  a  digital  computer  can  servo-set  100  potentio¬ 
meters  in  less  than  6  min. 

Digital  coefficient  units  (DC Us,  digital  attenuators )  are  accurate  (14- 
to  16-bit)  but  relatively  slow-setting  MDACs  (see  also  Sec.  5-9)  for 
multiplying  an  analog  voltage  by  a  digitally  set  nonnegative  coefficient, 
which  need  not  be  less  than  unity.  DCUs  are  more  expensive  ($100  to 
$250)  than  servo-set  potentiometers  ($20  to  $50)  but  set  much  more 
quickly,  are  more  reliable,  last  longer,  and  can  have  better  bandwidth, 
especially  if  they  are  plugged  directly  into  the  analog  patchbay.  Reed- 
relay-switched  DCUs  have  given  way  to  FET  switching  (Sec.  5-7). 
Some  DCUs  do  not  employ  calibrated  resistor  networks  but  are  set  with 
a  feedback  circuit  controlled  by  a  precision  reference,  just  like  servo-set 
potentiometers. 

Function-generator  setting  will  be  further  discussed  in  Sec.  9-8. 

(c)  Automatic  Patching  and  Time-shared  Analog  Computation. 

Automatic  patching  systems  replace  patchbays  and  patchcords  with 
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relay  or  electronic-switch  interconnections,  which  can  be  programmed 
by  a  digital  computer.  The  enormous  number  (5,000  to  50,000, 
depending  on  installation  size)  of  on-off  switches  required  amounts,  at 
$2  to  $5  per  switch,  to  perhaps  25  percent  of  the  total  installation  cost. 
Automatic  patching  may,  nevertheless,  be  attractive,  because: 

1.  Complete  repatching  requires  only  10  to  100  msec,  so  that  the 
analog  I  hybrid  computer  can  be  time-shared  among  several  users 
operating  cligital-computer-type  terminals.  Since  ordinary  hybrid 
computers  are  often  idle  between  computer  runs,  substantial  savings 
may  be  realized. 


t 

1000 


Fig.  7-8 a.  During  a  typical  100-sec  computer  run,  patchbay  leakage  and/or  patchcord 
leakage  resistances  as  high  as  105  megohms  can  cause  integrator  errors  exceeding  0.1  percent 
of  half-scale. 
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Fig.  l-8b .  Patchbay  and  patchcord  capacitances  between  inputs  cause  crosstalk  into 
patchbay  terminations  which  are  not  connected  to  low-impedance  amplifier  outputs  or 
ground.  Open  termination  shown  contributes  ARC  co  cos  cot  volts  errors  (0.3  percent  of 
half-scale  for  C  =  5  pF,  R  =  100K,  F  =  cojlir  =  1  KHz).  Grounding  unused  input 
terminations  reduces  crosstalk  but  also  amplifier  bandwidth.  Termination  capacitances 
to  ground  (not  shown)  will  reduce  the  crosstalk,  typically  to  about  one-half  of  the  values 
given  in  the  figure. 
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Fig.  7-9a.  Automatic-patching-system  design  (simplified).  In  each  functional  group  or 
module  (only  one  is  shown  in  some  detail),  each  white  input  terminal  can  be  connected 
to  any  one  black  output  terminal.  A  one-level  crossbar  matrix  is  used;  each  matrix  output 
can  connect  to  a  single  input,  while  matrix  inputs  can  connect  to  any  number  of  outputs. 

2.  Patchboards  and  patchcords  for  problem  storage  are  not  cheap 
(about  $900  for  a  typical  problem),  so  that  punched-tape  storage 
of  10  to  20  problems  may  pay  for  automatic  patching. 

3.  Fast  problem  changing  saves  engineering  time  and  overhead. 

Optimal  use  of  automatic  patching  systems  requires  special  digital 
software,  viz.,  an  “analog  compiler”  such  as  APACHE,18-19  APSE,29  or 
ACTRAN30  to  generate  the  interconnection  pattern  from  a  set  of 
differential  equations,  plus  a  diagnostic  program  for  checking  the 
necessarily  large  number  of  relays  or  electronic  switches  automatically. 

It  is  not  necessary  to  provide  “exhaustive”  switching  of  every  com¬ 
puting-element  output  to  every  input.  Instead,  one  divides  the  available 
computing  elements  into  (largely  similar)  functional  groups  or  modules 
chosen  so  that  typical  problems  place  most  connections  within  modules. 
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Fig.  l-9b.  A  three-level  switching-matrix  system.  ( Based  on  Ref.  25.) 

A  fairly  comprehensive  set  of  possible  interconnections  is  then  provided 
within  each  module,  while  intermodule  connections  are  made  through  a 
limited  number  of  trunks.  A  trunk  line  can  connect  to  a  number  of 
module  outputs  through  a  selector  switch  (concentrator)  and/or  to  a 
number  of  module  inputs  through  an  expander  switch.  To  reduce  the 
number  of  trunks  needed,  trunks  can  be  connected  through  crossbar 
(matrix)  switches  (Fig.  l-9a),  possibly  arranged  in  several  levels  (Fig. 
7-9 b).  In  addition  to  these  interconnections,  some  extra  switches 
connect  limiter  diodes  and  integrator  capacitors,  switch  multiplier  and 
resolver  modes,  etc.  (see  also  Refs.  79  and  80). 

References  23  to  26  present  formulas  for  the  number  of  switches 
required  with  different  dimensions  of  functional  groups,  concentrators, 
expanders,  and  crossbar  matrices.  The  designer  attempts  to  minimize 
this  number  subject  to  constraints  on  the  size  and  design  of  the  func¬ 
tional  groups,  which  depend  on  the  class  of  problems  usually  solved; 
the  number  of  probable  intermodule  connections  is  another  constraint. 
Intermodule  connections  may  or  may  not  be  restricted  to  adjacent 
modules. 

As  an  example,  a  functional  group  in  the  Applied  Dynamics  AD-4  computer  (Fig.  7-2) 
comprises  16  summer/integrators  and  12  multipliers  and  is  digitally  programmed  through 
only  2,184  FET  switches  plus  64  digital  coefficient  units.  Economy  in  the  use  of  switches 
was  realized  by  clever  restriction  of  possible  interconnections.  Connections  between  each 
pair  of  functional  groups  require  another  768  FET  switches.  Hence  a  system  comprising 
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three  modules  (48  summer/integrators,  36  multipliers)  would  require  3  X  2,184  +  3  X 
768  =  8,856  switches. 

Reference  28  describes  a  solid-state  crossbar  matrix  based  on  the  multiplexer  circuit  of 
Fig.  5-156. 

To  limit  the  number  of  switches  needed,  automatic  patching  can  very  well  be  applied  to 
only  part  of  a  computer,  while  setup  portions  requiring  less  frequent  changes  are  manually 
patched.  Applied  Dynamics  “time-sharing”  terminals,  intended  mainly  for  educational 
purposes,  are  an  example;  each  time-sharing  terminal  switches  only  a  few  connections, 
sets  a  few  coefficients,  and  includes  a  stcrage-CRT  display. 

7-5.  Readout  Systems,  (a)  Analog-computer  Readout.  The  most 
accurate  way  to  extract  numerical  data  from  analog-computer  solutions 
is  by  sampled-data  digital  readout  (Sec.  7-36).  In  practice,  however,  we 
require  insight  into  an  entire  solution  rather  than  discrete  numerical 
data;  and  immediately  available,  storable  graphical  computer-solution 
records  are  an  indispensable  machine-man  link.  This  is  true  even 
though  the  accuracy,  speed,  cost,  and  maintainability  of  electromechani¬ 
cal  recorders  leave  much  to  be  desired.  Direct-writing  strip-chart 
recorders  (Fig.  7-10)  capable  of  recording  two,  four,  six,  or  eight 
variables  against  time  are  still  the  principal  means  for  recording  com¬ 
puter  solutions;  simultaneous  presentation  of  multiple  records  can 
provide  very  valuable  insight  into  the  operation  of  a  simulated  system. 
Strip-chart  recorders  are  inaccurate,  slow,  and  expensive.  Servo 
plotting  boards ,  while  more  accurate,  are  even  slower  and  still  more 
expensive.  Light-beam-galvanometer  recorders,  with  or  without  direct- 
writing  features,  are  faster  (useful  up  to  several  kilohertz),  but  are 
also  inaccurate  and  expensive.  Multistylus  and  facsimile  recorders  are 
too  slow. 

Even  in  “slow”  analog  computers,  oscilloscope  displays  are  useful  for 
preliminary  checking  and  scaling  runs  as  well  as  for  servicing;  they  also 
produce  permanent  Land-camera  records.  Oscilloscope  voltage  and 
time  scales  should  duplicate  those  of  the  recorders  used  with  the 
computer. 

(b)  Strip-chart  Recorders.  Strip-chart-recorder  penmotors  are  either  galvanometer 
movements  or  miniature  a-c  servo  actuators.  Permanent  records  are  produced  either 
with  ink  fed  through  tubular  recorder  pens  by  gravity  or  pressure  (aerosol  can),  or  on  heat- 
sensitive  paper  contacted  by  heated  ridges  on  each  pen  along  a  sharp  edge  perpendicular 
to  the  paper  feed  (Fig.  7-106).  The  latter  method  inherently  converts  the  angular  pen 
motion  into  a  rectilinear  displacement  along  the  contact  edge;  in  ink  recorders,  a  special 
pen  linkage  is  required  to  produce  rectilinear-displacement  records.  Although  not  more 
accurate,  records  with  rectilinear  coordinate  lines  are  much  more  pleasing. 

A  recorder  penmotor  is,  essentially,  a  second-order  dynamical  system  with  mechanical 
inertia,  spring  stiffness  supplied  either  by  a  spring  or  by  the  penmotor-servo  stiffness,  and 
damping  through  friction  together  with  equalization  in  the  penmotor  drive  or  amplifier 
circuit.  Damping  is  usually  adjusted  for  a  slight  overshoot.  The  best  strip-chart  re¬ 
corders  claim  accuracies  between  0.5  and  1  percent  of  half-scale  up  to  a  few  hertz,  with 
useful  output  at  reduced  accuracy  up  to  between  100  and  150  Hz.  Ink  recordings  are 
crisper,  use  more  durable  paper  (heat-sensitive  paper  is  pressure-sensitive  as  well),  and  their 
trace  width  does  not  change  with  pen-displacement  rate  and  paper  speed;  they  also  tend 
to  be  somewhat  faster  than  heat-writing  recorders.  Heated-pen  recorders,  however,  do 
away  altogether  with  the  recurring  nuisance  of  filling  and  maintaining  ink-supply  systems. 
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Fig.  7-lOa.  Multiple-channel  strip-chart  recorders  can  plot  several  variables  against  time  and 
are  the  most  generally  used  analog-computer  readout  devices.  ( Brush  Instrument  Division 
Clevite  Corp.) 


Fig.  7-106.  Heated-pen  strip-chart  recorder.  The  heated  edge  of  each  pen  contacts  the 
heat-sensitive  recorder  paper  along  a  sharp  edge  perpendicular  to  the  direction  of  paper 
travel  and  produces  rectilinear-coordinate  records.  r  v 


Ge/r:Shlft  leveJS„  °r  remote,y  controllable  solenoid  systems  permit  a  range  of  paper 
speeds  between  0.05  and  200  mm/sec.  The  paper  feed  is  driven  by  a  line-frequency 
synchronous  motor  or,  preferably,  by  a  tuning-fork-oscillator-controlled  motor  A 
chart-speed  accuracy  within  0.25  percent  is  reasonable.  In  many  analog-computer  in¬ 
stallations  recorders  can  be  controlled  from  the  main  console,  which  may  provide  for 
starting  and  stopping,  paper-speed  changes,  and  remotely  controlled  calibration  inputs 
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Fig.  1-lla.  A  large  servo  plotting  board  permitting  vertical,  horizontal,  or  tilted  operation. 
0 Computer  Systems,  Inc.) 


Fig.  7-116.  Tabletop  xy  recorder  with  chart-drive  and  photoelectric  curve -follower 
accessories  set  up  as  a  transport-delay  simulator.  In  this  application,  the  *  servo  is  not 
used,  but  a  chart  drive  feeds  paper  at  2,  4,  8,  16,  24,  or  32  in. /sec.  The  servo-positioned 
pen  records  fit),  and  the  curve  follower  reads  fit  —  td),  with  delays  rD  between  4  sec 
and  7  min  determined  by  the  adjustable  distance  between  pen  carriage  and  curve  follower 
and  by  the  paper  speed.  With  the  pen  replaced  by  a  second  curve-follower  head,  the  device 
also  reads  fit)  and  fit  —  td)  from  a  given  curve  for  correlation  measurements.  With 
the  time-delay  accessory  removed,  the  recorder  functions  as  a  normal  xy  recorder  or  curve 
follower.  ( Moseley  Division,  Hewlett-Packard  Corp .,  Pasadena,  Calif) 

(zero,  ±10  volts,  and/or  ±100  volts).  It  is  also  possible  to  print  computer-run  numbers 
on  the  recorder  track.  It  is  very  convenient  to  have  all  recorder  voltage  and  speed  scales 
duplicated  on  a  checkout  oscilloscope,  since  preliminary  oscilloscope  runs  to  check  scales 
and  presentation  can  save  a  great  deal  of  chart  paper. 

Modern  computer  d-c  amplifiers  can  drive  recorder  penmotors  directly,  but  most 
recorders  contain  their  own  d-c  amplifiers  complete  with  output-current  limiters  and 
equalizing  networks  producing  a  desired  pen-displacement  step  response. 
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(c)  Servo  Plotting  Boards  and  Curve  Followers.  Servo  plotting  boards  (. xy  recorders) 
produce  inked  plots  of  a  computer  variable  y(t)  against  another  variable  x(t)  or  against 
the  time  with  the  aid  of  a  servo-positioned  pen  (Fig.  7-11).  The  larger  plotting  boards 
may  have  two  pens  with  separate  y-servo  drives  on  the  same  x  carriage  to  record  two 
functions  yx(x)  and  y2(x);  a  relay  comparator  interchanges  the  roles  of  the  pens  whenever 
the  two  curves  intersect.  Servo  plotting  boards  can  have  static  accuracies  within  0.1 
percent  of  half-scale,  but  they  are  quite  slow,  with  typical  output  rates  and  accelerations 
respectively  below  20  in. /sec  and  750  in. /sec2,  and  5-deg  phase  shift  for  3-Hz  8-in.-peak-to- 
peak  sine  waves.  In  some  recorders,  the  y  displacement  (pen)  can  respond  more  quickly 
than  the  x  displacement  (pen  carriage).  As  with  strip-chart  recorders,  preliminary  oscillo¬ 
scope  runs  can  save  scaling  troubles. 

Most  xy  recorders  can  be  fitted  with  photoelectric*  curve-follower  heads  which  are 
connected  to  the  y  servo  to  follow  an  inked  curve  y  =  f{x)  as  the  pen  carriage  is  driven 
in  the  x  direction,  so  that  the  j-follow-up  potentiometer  produces  an  output  voltage 
y  —  fix).  Curve  followers  will  not  be  misled  by  suitably  colored  coordinate  lines  and  are 
a  very  convenient  means  for  entering  low-frequency  data  into  computations. 

Most  servo  tables  can  be  obtained  with  internal  time-base  circuits  or  time  motors  to 


Reodout 

bus 


Reodout 

bus 


(0) 


(b) 


i 


To  reodout 
switch 


(C) 


Fig.  7-12.  Readout  scanning  circuits.  Circuit  (a)  employs  separate  switches  or  relays 
and  loads  amplifier  2  with  «CswiTCH  plus  wiring  capacitance.  Circuit  ( b )  produces  the 
smaller  load  Cs witch  plus  wiring  capacitance.  Resistance  r  (10  ohms  to  IK)  in  (c)  “stops” 
amplifier  phase  shift  due  to  readout-circuit  capacitances  at  the  expense  of  a  simple  calibration 
change  in  d-c  readout  instruments;  the  high-frequency  response  of  oscilloscope  and  sampling 
readout  circuits  will  be  impaired,  although  equalization-network  correction  may  be  possible. 


record  y  against  the  time  with  a  variety  of  time  scales.  Servo  tables  fitted  with  multiple 
pen  carriages  and  a  paper-feed  drive  can  record  f(t)  and  read  fit  —  td)  to  produce  fixed 
or  variable  transport  delays  (Fig.  7-116;  see  also  Sec.  2-19). 

(d)  Amplifier-readout  Switching.  Recorder  connections  are  usually  patched,  but  a 
system  of  switches  or  relays  connecting  a  selected  amplifier  output  to  a  readout  voltmeter 
and/or  oscilloscope  is  convenient  for  quick  checks  of  computer  setups,  solutions,  and 
amplifier  balance.  Stepping  relay,  reed-relay  matrix,  or  crossbar  switching  systems  require 
maintenance  and  are  justified  only  with  automatic  or  semiautomatic  checking  and  setup 
systems  (Sec.  7-6).  The  simplest  readout  selectors  are  inexpensive  rotary  switches.  They 
are  inconvenient  to  use  with  more  than  a  few  amplifiers;  interlocking  pushbuttons  are  more 
convenient,  but  a  system  of  n  parallel-connected  switches  loads  the  readout  circuit  with 
n  —  1  switch  capacitances  (Fig.  7-12a,  6).  We  can ,  however ,  practically  eliminate  readout- 
circuit  capacitance  effects  on  amplifier  bandwidth  and  stability  by  inserting  an  accurately 
known  100 -ohm  to  5K  resistance  between  each  amplifier  output  and  its  readout  connection 

*  Earlier  inductive,  capacitive,  and  resistive  curve  followers  could  only  follow  special 
conducting-ink  traces  and  may  be  considered  obsolete. 
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(Fig.  7-12c).  Readout  voltmeters  are  readily  recalibrated  to  allow  for  the  added  resistances 
In  “slow”  analog  computers,  even  oscilloscopes  and  recorders  can  be  suitably  recalibrated 
and  reequalized. 

7-6.  Calibration  and  Program  Checks,  (a)  Calibration  and  Amplifier- 
balance  Checks.  Since  most  chopper-stabilized  d-c  amplifiers  will 
overload  briefly  when  high  voltage  is  switched  off  and  on,  the  potset/ 
balance  check  mode  (see  also  Sec.  7-3 a)  of  most  analog  computers 
removes  only  the  computer  reference  voltages  from  patchbay  and  diode 
function  generators  to  permit  safe  patching;  in  this  condition,  outputs  of 
all  properly  functioning  computing  elements  read  zero.  A  balance- 
check  relay  or  pushbutton  in  each  d-c  amplifier  can  decrease  the  feedback 
ratio,  so  that  amplifier  offset  above  a  few  millivolts  will  light  the  over¬ 
load  light  without  causing  too  serious  an  overload.  The  amplifier  is 
then  balanced  so  as  to  extinguish  the  overload  light,  by  reference  to  a 
balance  meter,  or  for  minimum  chopper  noise. 

A  conveniently  located  set  of  calibration  pushbuttons  operative  in  pot- 
set  or  reset  makes  it  easy  to  check  the  positive  and  negative  reference 
voltages  and  the  recorder  calibration  and  null  against  the  digital  volt¬ 
meter. 

(b)  Overload-alarm  Systems  and  Minimum-excursion  Indicators. 

Overload-alarm  systems  inform  the  operator  that  an  amplifier  overload 
due  to  scaling  or  malfunction  has  made  the  current  computer  solution 
meaningless.  The  simplest  overload  indicators  for  ±  100- volt  computers 
are  simply  60-  to  80-volt  neon  lights  connected  across  each  amplifier 
output  through  voltage-divider  networks.  Error  lights  at  the  outputs 
of  d-c  amplifier  chopper-stabilizer  channels  (Sec.  3-36)  indicate  excessive 
d-c  amplifier  summing-point  voltages  and  therefore  detect  not  only 
voltage  overloads  but  also  current  overloads  and  a  variety  of  amplifier 
malfunctions.  Error  lights  are  usually  preferred  in  “slow”  analog 
computers.  Error  lights  will,  however,  miss  overload  peaks  too  short 
for  the  low-pass  chopper-stabilizer  channels  and  are  therefore  not  appro¬ 
priate  for  overload  detection  in  repetitive  analog  computers,  where  our 
main  interest  is  in  transient  voltage  overloads. 

Since  the  operator  might  overlook  a  momentary  overload  in  one  of  a 
large  number  of  amplifiers,  the  individual  overload  indicators  are  often 
connected  to  a  common  master  overload-alarm  circuit.  The  latter 
operates  a  light,  an  audible  alarm,  and/or  digital  logic  which  places  the 
analog  computer  into  hold  or  reset,  sets  an  overload  flip-flop  {stored 
overload),  or  interrupts  a  digital  computer. 

A  minimum-excursion  indicator  (MEI)3  indicates  that  a  corresponding 
amplifier  output  voltage  has  exceeded,  say,  10  percent  of  its  total 
dynamic  range  in  the  course  of  a  computer  run.  MEIs  show  up 
excessively  low  scale  factors ;  with  proper  scaling,  all  MEI  lights  must  be 
extinguished  at  the  end  of  each  computer  run. 
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Figure  7-13  shows  a  possible  design  for  a  ±  10-volt  overload  indicator 
or  MEI.3 

(c)  Static  Checks,  Rate  Tests,  and  Time-scale  Check.3  In  the  reset 
mode,  the  output  voltages  of  potentiometers,  summers,  multipliers, 
etc.,  must  be  specified  functions  of  the  integrator  initial-condition 
settings.  Static  checks  of  analog-computer  programs  check  these 


Lamp  reset  relay  or  switch 


Fig.  7-13.  A  ±10-volt  overload-indicator  circuit  with  visual  and  logic  outputs,  using  a 
silicon  controlled  rectifier.  ( University  of  Arizona,  Ref.  14.) 

output  voltages  to  detect  programming  errors  or  malfunctions.  Im¬ 
proved  static-checking  systems  also  permit  one  to  switch  each  integra¬ 
tor  summing  junction  into  a  summing-amplifier  circuit  whose  output  is 
read  out  to  indicate  the  initial  rate  of  change  of  the  integrated  variable. 
Furthermore,  since  ordinary  static  checks  cannot  properly  check  points 
whose  initial  voltage  is  zero,  one  may  introduce  artificial  initial  conditions 
during  a  preliminary  static  check  with  the  true  initial  conditions. 
Similar  tests  can  also  be  applied  in  mid-problem  with  the  computer  in 
the  hold  condition. 

In  an  alternative  static-checking  scheme  (problem  check  static  mode 
in  Reeves  Instrument  Corp.  computers),  a  relay  disconnects  each  inte¬ 
grator  output  from  the  computer  setup  and  substitutes  a  test  voltage. 
The  same  relay  shunts  a  feedback  resistor  across  each  integrating  capaci¬ 
tor,  so  that  the  integrator  output  can  be  used  to  read  the  input  sum. 

To  check  integrator  and  mode-control  operation,  a  variety  of  rate-test 
circuits  permit  each  integrator  to  integrate  a  known  input  for  a  known 
time  interval.  The  computer  is  then  switched  into  hold,  and  integrator 
outputs  are  read. 

A  rapid  check  for  effects  of  insufficient  computing  bandwidth  is  to 
repeat  the  solution  at  one-half  the  original  time  scale.  Large  analog 
computers  may  provide  a  time-scale-check  switch  which  doubles  all 
integrating  capacitors  and  halves  the  recorder  speed  through  ap¬ 
propriate  relays. 

With  modern  hybrid  computers,  suitable  digital-computer  programs 
precompute  static-test  results,  perform  the  complete  static  check 
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automatically,  and  produce  accurate  records  of  the  test  results  (see  also 
Sec.  9-11). 

7-7.  Analog-computer  Accuracy  Checks  and  Maintenance  Procedures. 

Effective  computer  utilization  requires  a  preventive-maintenance 
program  to  minimize  operating  failures  and  computer  down  time;  it  is 
also  desirable  to  check  component  accuracies  periodically.  Depending 
on  the  size  and  workload  of  the  computer  installation,  one  performs 
daily,  weekly,  and/or  monthly  checks  on : 

Power-supply  and  reference  voltages 
Resistor  and  potentiometer  continuity 
Calibration  of  readout  devices 
Amplifier  gain,  noise,  and  offset 
Amplifier  input  gains 

Integrating-capacitor  calibration  (rate  test,  Sec.  7-6c) 

Operation  of  servo  and  electronic  multipliers  (triangle  test,  Sec.  6-15) 

Operation  of  function  generators,  diodes,  and  relays 

Digital-module  operation 

Spikes  and  offset  in  electronic  switches 

Recorder  ink  and  paper  supplies 

Suitable  test  circuits  are  wired  permanently  on  special  test  patch¬ 
boards  substituted  for  the  computer  problem  boards;  Refs.  32  to  43 
list  many  such  circuits  (see  also  Chaps.  3  and  6).  Defective  or  in¬ 
accurate  components  are  unplugged  and  replaced.  It  is  desirable  to 
have  about  one  spare  amplifier  in  20. 

Hybrid  computers  can,  again,  automate  maintenance  test  procedures 
with  suitable  digital-computer  programs  for  testing  analog,  logic,  and 
linkage  circuits  (see  also  Sec.  9-16). 

Proper  maintenance  procedure  must  include  a  filing  system  for 
failure  reports  and  service  reports  designed  to  locate  sources  of  frequent 
failures  for  eventual  circuit  modification,  to  ensure  a  proper  supply  of 
spare  parts,  and  to  establish  responsibilities. 


DIGITAL  COMPUTER  AND  INTERFACE 

7-8.  Survey:  Digital-computer  and  Linkage  Requirements.49'51  The 

data  and  control-logic  interchange  between  a  digital  computer  and  an 
associated  hybrid-computer  linkage  is  rather  similar  to  that  for  a  digital 
computer  supervising  an  industrial  process,  so  that  many  digital  com¬ 
puters  designed  for  process-control  applications  and  real-time  super¬ 
vision  of  experiments,  etc.,  are  suitable  for  hybrid  computation.  The 
digital  computer  will  require  a  parallel  input/output  bus  (I/O  bus)  for 
programmed  operations  (Secs.  7-9  and  7-10),  a  priority-interrupt  system 
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with  between  4  and  128  interrupt  lines  (Sec.  7-1 1),  and,  if  possible,  also  a 
direct-memory-access  channel  for  fast  block  transfers  of  data  (Sec.  7-12). 

16-  and  18-bit  minicomputers  with  8  to  16K  memories  are  perfectly 
suitable  for  “housekeeping”  operations  such  as  coefficient  setting, 
static  checks,  and  analog  diagnostics;  such  small  computers  can  also 
sequence  analog  operations,  process  and  print  results,  and  serve  for 
simple  iterative  optimization  and  statistics,  plus  some  function- 
generation  and  time-delay  simulation.  They  can  even  do  some  com¬ 
bined  simulation  if  an  accessory  floating-point-arithmetic  unit  is  added 
or  if  a  block-oriented,  fixed-point  simulation  language  is  available 
(Sec.  9-15).  For  serious  combined  simulation,  however,  much  more 
expensive  medium-size  machines  with  floating-point  arithmetic  and 
moderate-size  memories  (16K  to  32K)  are  most  common.  Very  large 
scientific  and  general-purpose  digital  computers  are  time-shared  and 
even  dedicated  for  hybrid  computation  in  large  installations,  but  such 
machines  are  not  always  designed  for  real-time  work  and  usually 
require  an  auxiliary  smaller  digital  computer  (peripheral  processor)  for 
efficient  time-shared  operation. 

Interface  operation  and  programming  for  typical  applications  will  be 
described  in  Secs.  9-1 1  to  9-17.  We  now  list  the  hardware  functions  of  a 
general-purpose  hybrid-computer  interface  linking  a  typical  150-  to 
250-amplifier  analog  computer  to  a  medium-size  digital  machine 
(Fig.  7-14). 

1.  4  to  40  channels  of  analog-to-digital  conversion.  Except  with  very 
slow  analog  variables  (say  below  10  Hz),  a  multiplexed  ADC  will 
require  a  sample-hold  circuit  for  each  channel.  Most  installations 
multiplex  a  fast  (5  to  20  //sec)  13-  to  14-bit  ADC,  but  this  should  be 
weighed  against  the  possibility  of  using  separate  slower  (and  less 
expensive)  ADCs,  which  save  the  cost  (and  errors)  of  multiplexer 
and  sample-hold  circuits,  provide  separate  buffers,  and  simplify  the 
interface  design.  In  combined  simulation,  20  separate  200-//sec 
ADCs  are  just  as  fast  as  one  multiplexed  10-//sec  ADC.14-50 

2.  4  to  120  MDACs.  Only  double-buffered  MDACs  are  recom¬ 
mended,  unless  hold  circuits  of  the  type  shown  in  Fig.  9-3  are 
provided;  in  some  applications,  fast  MDACs  can  be  replaced  by 
more  digital  coefficient  units  (DCUs). 

ADCs  and  MDACs  ought  to  interface  with  direct-memory-access  data 
channels  as  well  as  with  the  program-controlled  I/O  bus  (Secs  7-9 
and  7-12). 

In  addition  to  data  conversion,  the  interface  must  implement  essential 
control  logic  and  timing.  Some  of  the  following  functions  can  be  hard¬ 
wired,  but  it  is  convenient  to  have  most  of  them  terminated  in  the 
hybrid-computer  digital  patchbay: 
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Fig.  7-14.  A  general-purpose  hybrid-computer  linkage. 


3.  A  patchable  8-  to  24-bit  control  register  (or  one  patchable  and  one 
hard-wired  control  register)  loaded  by  the  digital  computer  via  the 
I/O  bus  can  place  the  analog  computer,  or  selected  integrators,  into 
reset,  compute,  and  hold;  change  integrator  capacitors;  and 
operate  any  other  analog-computer  switches  through  patched 
digital  logic. 

4.  A  few  digital-computer  command  pulses  (IOT  or  IO  pulses)  and 
subdevice-bit  levels  corresponding  to  specific  I/O  instructions  (Sec. 
7-96). 

Discrete-signal  terminations  leading  from  the  analog  to  the  digital 
computer  include: 

5.  8  to  18  bus  gates  (Sec.  7-9c)  for  reading  analog-computer  logic 
levels  into  the  I/O  bus. 
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6.  4  to  20  sense  lines  (Sec.  7-10)  which  can  be  interrogated  by  digital- 
computer  instructions  to  read  analog-computer  logic  levels 
(“flags”). 

7.  4  to  32  interrupt  lines  (Sec.  7-11). 

8.  Terminations  for  requesting  direct-memory-access  data  transfers 
(Sec.  7-12). 

Some  sense  and  interrupt  lines  can  be  hard-wired  to  signal  ADC 
conversion  completed.  The  analog-computer  master  overload  signal 
(Sec.  7-6/>)  can  be  either  patched  or  hard-wired  to  an  interrupt  line. 

Some  interface  functions,  such  as  ADC  read  and  double-buffered- 
DAC  update  commands  (Sec.  7-9c)  are  best  ORed  to  both  a  hard-wired 
processor  command  and  a  patchbay  termination. 

The  remaining  interface  function  is  the  addressing  of  perhaps  up  to 
1,000  selector  switches  or  relays  used  to  set  coefficient  potentiometers 
(Fig.  3-7o)  and  to  read  amplifier  outputs  into  an  ADC  or  digital 
voltmeter  (Fig.  7-12).  Logic  circuits  controlling  each  switch  decode  a 
selection  code  set  into  an  analog-component  selector  register,  which  can 
be  loaded  from  a  keyboard  as  well  as  through  the  digital-computer  I/O 
data  bus.  The  selector  register  may  also  control  the  ADC  multiplexer, 
or  the  latter  may  have  a  separate  address  register.  More  elaborate 
linkages  also  permit  the  digital  computer  to  read  the  code  in  the 
selector  register. 

We  will  next  discuss  the  various  interface  functions  in  more  detail. 


7-9.  Programmed  I/O  Operations.50  (a)  The  Party-line  I/O  Bus. 

Most  process-control  and  hybrid  computers  transmit  digital  data  on 
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Fig.  7-15.  Programmed  control  of  multiple  devices  by  a  digital  computer  with  party-line 
I/O  bus.  An  I/O  instruction  addressed  to  a  specific  device  is  recognized  by  a  device  selector, 
which  gates  data-transfer  or  command  pulses  to  the  device  in  question.  {Based on  Ref.  78.) 
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parallel  8-  to  18-bit  buses;  i.e.,  all  data  bits  are  transmitted  simultane¬ 
ously  in  the  interest  of  processing  speed.  Serial  data  transmission  is 
usually  restricted  to  communication  links. 

The  8  to  18  data-bit  lines  can  be  bidirectional  (this  takes  extra  logic  at 
each  device),  or  we  may  have  separate  input  and  output  buses  (this  takes 
less  logic  but  more  interconnections).  In  addition  to  the  data  lines,  we 


16*bit  instruction  ward 


omplifiers) 


Fig.  7-16.  Program-controlled  selection  (decoding)  of  device  address  and  device  functions. 
(Based  on  Ref.  50.) 


will  need  a  comparable  number  of  interface-control-logic  lines.  Provi¬ 
sions  for  switching  (multiplexing)  all  these  connections  to  as  many  as 
1,000  or  as  few  as  three  peripheral  devices  could  compromise  our 
processor  design.  Thus,  most  interface  systems  employ  a  party-line 
I/O  bus  of  the  general  type  illustrated  in  Fig.  7-15.  Here,  all  “devices” 
(printers,  displays,  ADCs,  DACs,  etc.)  intended  to  receive  or  transmit 
data  words  are  wired  to  a  parallel  I/O  data  bus  connected  to  a  processor 
register  via  suitable  logic.  Additional  party-line  wires  carry  control- 
logic  signals  for  selecting  a  specific  device  and  its  function  (e.g.,  trans¬ 
mission  or  reception),  and  also  synchronize  data  transfers  with  the 
digital-computer  operating  cycle. 

(b)  Program-controlled  Device  Selection  and  Operation.  For  a 

minimum  of  linkage  hardware,  interfaces  work  with  programmed 
digital-computer  instructions  (see  Sec.  7-12  for  direct-memory-access 
operation).  Figure  7-16  shows  how  the  individual  bits  of  an  input/ 
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output  instruction  word  in  a  typical  processor  determine  device¬ 
selection  and  control-line  signals  on  a  party-line  I/O  bus: 

1.  Bits  0  to  4  tell  the  processor  that  an  I/O  instruction  is  wanted. 
One  of  these  bits  can  select  a  read  or  write  operation,  or  this 
decision  may  be  left  to  a  logic  input  from  the  device. 

2.  Bits  5  to  10  place  logic  levels  (0  or  1)  on  device-selection  lines 
parallel-connected  to  all  devices  on  the  I/O  bus.  When  these  lines 
carry  the  device-selection  code  assigned  to  a  specific  device,  its 
device  selector  (decoding  and  gate)  accepts  (and  regenerates)  a  set 
of  one,  two,  or  three  successive  command  pulses  (IOT  pulses)  used 
to  effect  data  transfers  and  other  operations  in  the  selected  device, 
as  determined  by  instruction  bits  13  to  15. 

3.  Bits  11  and  12  (“subdevice  bits”)  determine  levels  on  two  more 
control  lines.  These  can  be  used  to  select  additional  devices  or 
different  functions  to  be  performed  by  a  given  device. 

The  arrangement  of  Fig.  7-16  permits  selection  among  211  =  2,048 
functions  corresponding  to  different  combinations  of  IOT  pulses  and 
subdevice  bits.  This  system  requires  four  complete  digital-computer 
machine  cycles  for  each  I/O  operation,  one  to  fetch  the  instruction,  and 
one  for  each  IOT  pulse.  Many  modifications  of  our  basic  scheme  are 
possible: 

1.  Different  numbers  of  processor-code  bits,  device-selection  bits, 
subdevice  bits,  and  IOT  pulses  may  be  used. 

2.  IOT  pulses  can  be  simultaneous  (on  different  lines),  rather  than 
successive,  to  save  execution  time. 

To  save  interconnections  at  the  expense  of  time  and  hardware,  some 
I/O  systems  employ  their  data  lines  to  transmit  device  address  and 
function  in  a  first  instruction;  data  transfers  then  require  a  second 
instruction  (note  that  not  all  I/O  instructions  transmit  data).  Quite 
in  general,  devices  with  more  different  functions  than  we  can  control 
with  subdevice  bits  and  IOT  pulses  can  be  designed  to  accept,  store,  and 
execute  multibit  “device  instructions”  transmitted  over  the  I/O-bus  data 
lines  by  I/O  instructions.  Examples  of  such  superdevices  are  data 
channels  (Sec.  7-12),  displays,  and  the  analog-component  selector 
system  of  Fig.  7-12. 

(c)  Data  Transfers  and  Other  Device  Operations.50  The  most 
common  application  of  the  device-selector-gated  command  pulses  is 
data  transfer  from  and  to  the  processor;  note  that  the  pulses  are  synchro¬ 
nized  with  the  processor  operation  cycle,  and  thus  with  the  processor’s 
ability  to  transmit  or  accept  data.  Figure  7-17  illustrates  the  principal 
data-transfer  techniques. 
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( From  device  selector) 


(From  device  selector) 


(«) 
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Fig.  7 -11 a  to  c.  Transfer  of  numerical  data  or  control-logic  bits  into  a  device  register: 
clear  and  strobe  (a),  jam  transfer  (6),  and  double-buffered  DAC  interface  ( c )  (see  also 
Appendix  B). 


Data  lines  Device  register 

(or-ed  in  processor)  or  buffer 


Fig.  7-17 J .  Writing  device  data  or  control  logic  into  the  digital  computer. 
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1.  Clear-and-strobe  Transfer  from  I/O  bus  parallel  data  lines  into  the 
flip-flops  of  a  device  register  (Fig.  7-1  la).  Each  flip-flop  is  first 
cleared  by  IOT2;  then  IOT4  strobes  the  Is  on  the  data  bus  into  the 
flip-flop  register. 

2.  Jam  Transfer  (Fig.  7-176).  A  single  command  pulse  (IOT4)  sets  or 
resets  the  device-register  bits  in  accordance  with  the  data-bus 
levels.  Jam  transfers  require  only  one  pulse  period  and  must  be 
used  whenever  the  register  resetting  operation  would  disturb 
device  functions.  This  is  true,  for  instance,  with  DACs  required 
to  have  a  continuous  voltage  output  and  also  with  analog-computer 
logic-control  registers,  which  must  continuously  establish  computer 
modes. 

3.  Double-buffered-register  Transfer  (Fig.  7- 17c).  Data  are  trans¬ 
ferred  into  the  buffer  register  by  either  a  clear-and-strobe  or  jam- 
transfer  operation  and  are  then  jam-transferred  into  the  device 
register.  Double-buffered  DACs  permit  simultaneous  transfer 
(“updating”)  of  the  analog  output  of  all  DACs  in  an  analog 
computer. 

4.  Reading  from  a  Device  into  Processor.  In  Fig.  7- 1  Id,  the  correctly 
timed  IOT2  pulse  gates  data  from  a  device  into  a  processor 
register  such  as  the  accumulator  via  the  I/O  data  lines. 

Device-selector-gated  processor  command  pulses  (IOT  pulses)  are 
not  only  used  to  transfer  data.  Command  pulses  can  also  themselves 
set  and  reset  flip-flops  and  increment  or  decrement  counters  in  device 
interfaces. 

7-10.  Sense-line  Operation.50  The  IOT  pulses  implement  program- 
controlled  operations  at  the  correct  processor-timed  instants.  But  a 
device  thus  addressed  might  not  be  ready;  a  very  important  example  is 
an  ADC  which  has  not  completed  a  conversion.  In  such  cases, 
program-controlled  data  or  control-logic  transfers  may  be  preceded  by  a 
sense-line  interrogation  or  flag  test.  The  device  status  is  indicated  by  a 
flag  (logic  level,  usually  a  flip-flop  output).  A  special  instruction 
addressed  to  the  associated  device-selector  gates  one  of  the  command 
pulses  (IOT1  in  Fig.  7-18)  into  a  sense  gate  and,  if  the  flag  level  (sense 
line)  is  up,  onto  the  skip  bus  in  the  interface  cable.  The  pulse  on  the  skip 
bus  then  increments  the  processor  instruction  counter,  which  skips  the 
next  instruction  to  produce  a  program  branch.  An  example  would  be : 

1.  SKIP  IF  ADC  FLAG  IS  UP 

2.  REPEAT  LAST  INSTRUCTION 

3.  READ  ADC 

The  program  will  cycle  until  the  device  flag  is  up,  at  which  time  the 
program  continues,  usually  with  a  data-transfer  instruction. 
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Other  sense-line  systems  exist.  Many  computers  do  away  with 
device-selector  addressing  of  sense  gates  by  simply  accepting  flag  levels 
on  multiple  sense  lines,  which  are  interrogated  with  processor  in¬ 
structions  like  SKIP  IF  SENSE  LINE  5  IS  UP. 

Instead  of  interrogating  multiple  sense  lines,  one  may  have  a  special 
read  flags  instruction  which  gates  several  flags  onto  the  data  bus.  The 
resulting  “status  word”  can  then  be  logically  interpreted  by  the  com¬ 
puter  program;  in  particular,  the  data  word  may  serve  as  an  indirect 
address  for  the  next  instruction  and  thus  permit  multiple  branching. 
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Fig.  7-18.  Sense-line  operation  using  a  device  selector,  sensing  gate,  and  common  skip  bus. 


Sense  lines  are  inexpensive,  but  even  small  digital  computers  can 
rarely  afford  the  time  for  “idle”  sense/skip  loops  such  as  the  simple  ADC 
example  shown  above.  Sense  lines  are  therefore  used  mainly  for 
decisions  between  device-dependent  program  branches  which  do  not 
cause  idling.  Otherwise  we  require  program  interrupts. 

7-11.  Interrupt-system  Operation.50  In  an  interrupt  system,  a  device¬ 
flag  (level)  indication  interrupts  the  computer  program  after  the  current 
instruction,  causes  the  program  counter  and  selected  processor-register 
contents  to  be  saved  (in  memory  or  spare  registers),  and  starts  a  new 
instruction  sequence  ( interrupt-service  subroutine )  from  a  specific 
memory  location  associated  with  the  interrupt.  The  service  routine 
can  be  a  data-transfer  routine  after  an  ADC  conversion  complete 
interrupt,  an  emergency-shutdown  routine  on  power-supply  failure,  etc. 
As  a  service  routine  completes  its  job,  it  restores  program  counter  and 
registers  to  return  to  the  original  program  like  any  subroutine. 

Interrupt  operation  would  be  simple  if  there  were  only  one  possible 
source  of  interrupts,  but  this  is  practically  never  true.  Even  a  stand¬ 
alone  digital  computer  usually  has  several  interrupts  corresponding  to 
peripheral  malfunctions  (tape  unit  out  of  tape,  printer  out  of  paper), 
and  flight  simulators,  space-vehicle  controllers,  and  process-control 
systems  may  have  hundreds  of  different  interrupts. 
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A  practical  interrupt  system,  therefore,  must: 

1.  “Trap”  the  program  to  different  memory  locations  corresponding 
to  specific  individual  interrupts,  and 

2.  Deal  with  priorities  in  case  of  simultaneous  or  successive  demands 
for  service. 

The  most  primitive  system  is  to  or  all  interrupt  flags  onto  a  single 
interrupt  line,  whose  interrupt-servicing  routine  then  tests  all  the 
device  flags  in  the  sequence  of  their  relative  priority.  As  soon  as  the 
flag  causing  the  interrupt  is  found,  it  will  be  necessary  to  disable 
transmission  of  all  lower-priority  flag  levels.  Such  a  system  requires 
only  simple  electronics  and  disposes  of  the  priority  problem,  but  the 
flag-sensing  program  is  time-consuming  (n  devices  may  require  log2  n 
successive  decisions,  even  if  the  flag  sensing  is  done  by  successive 
binary  decisions).  A  somewhat  faster  method  might  be  to  employ  a 
flag  status  word  for  indirect  addressing. 

A  true  priority-interrupt  system  involves  a  number  of  additional  lines 
in  the  interface  system.  A  device  flag  can  cause  an  interrupt  if  (1)  the 
interrupt  is  enabled  (armed)  by  the  digital-computer  program,  and  (2)  no 
higher-priority  interrupt  is  being  serviced. 

Each  interrupt-line  subsystem,  then,  has  three  states:  it  may  be  in¬ 
active,  enabled,  or  waiting  for  service.  Figure  7-19  shows  simplified 
hardware  for  one  interrupt.  An  interrupt  request  (device-flag  level) 
sets  the  request  flip-flop  in  synchronism  with  a  digital-computer-clock 
output  (I/O  sync),  unless  the  interrupt  is  disabled  by  the  program  or  by  a 
higher-priority  interrupt.  The  request  flip-flop  transmits  an  accurately 
timed  interrupt-request  step  to  the  processor,  which  then  disables  all 
lower-priority  interrupt  lines  and  transmits  an  interrupt-grant  level.  The 
latter  permits  the  processor-clocked  active  flip-flop  to  gate  the  starting 
address  for  the  interrupt  program  into  the  memory-address  register  at  the 
correct  time  in  the  computer  cycle.  The  device  flag  is  cleared  at  the 
same  time.  Different  systems  of  priority-deciding  logic  exist,  for 
instance : 

1.  The  request  flip-flops  may  be  clocked  in  sequence  of  relative 
priority,  so  that  the  highest-priority  request  wins.  This  method  is 
practical  only  with  a  relatively  small  number  of  devices,  because  it 
involves  a  delay  in  servicing  lower-priority  interrupts. 

2.  With  interrupt  circuits  similar  to  that  of  Fig.  7-19  physically 
associated  with  each  device,  the  devices  are  arranged  on  the  party¬ 
line  interrupt  cable  so  that  the  device  closest  to  the  computer  has 
the  highest  priority  and  can  inhibit  the  request  flip-flops  of  devices 
farther  down  the  interrupt  bus  (priority  in  and  priority  out 
terminations  in  Fig.  7-19). 
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Fig.  7-19.  Interrupt  request/grant  logic  for  one  device.  Similar  logic  can  control  direct 
memory  access.  ( From  G.  A.  Korn ,  Minicomputers  for  Scientists  and  Engineers ,  McGraw- 
Hill ,  New  York ,  1973.) 


Substantially  more  complex  interrupt  logic  exists.  It  may  be 
possible  to  arm  or  disarm  individual  interrupts  or  groups  of  interrupts 
under  the  control  of  the  main  digital-computer  program  or  by  the 
interrupt-servicing  routines.  In  general,  the  program  will  revert  to  the 
next-lower-priority  interrupt-servicing  routine  and  then  to  the  main 
program  after  a  high-priority  interrupt  has  been  serviced.  Interrupts 
thus  await  service  in  a  queue. 

7-12.  Direct  Memory  Access  and  Block  Transfers,  (a)  Cycle  Steal¬ 
ing.50  Step-by-step  program-controlled  data  transfers  limit  data- 
transmission  rates  and  use  valuable  processor  time  for  alternate 
instruction  fetches  and  execution ;  programming  is  also  tedious.  It  is 
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often  preferable  to  use  additional  hardware  for  interfacing  a  parallel 
data  bus  directly  with  the  digital-computer  memory  data  register  and  to 
request  and  grant  one-cycle  pauses  in  processor  operation  for  direct 
transfer  of  data  to  or  from  memory  {interface  or  cycle-stealing  op¬ 
eration).  In  larger  digital  computers,  a  data  bus  may  even  access  one 
memory  bank  without  stopping  processor  interaction  with  other 
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Fig.  7-20.  A  direct-memory-access  (DMA)  interface. 


memory  banks.  To  make  direct  memory  access  practical,  we  must  be 
able  to: 

1 .  Address  desired  locations  in  memory 

2.  Synchronize  cycle  stealing  with  processor  operation 

3.  Initiate  transfers  by  device  requests  (this  includes  clock-timed 
transfers)  or  by  the  computer  program 

Since  two  or  more  devices  may  request  data  transfers  at  the  same  time, 
one  requires  priority  logic  essentially  similar  to  that  shown  in  Fig.  7-19. 
Figure  7-20  shows  a  simple  direct-memory-access  (DMA)  interface.  A 
service  request  (caused  by  device-flag  level),  unless  inhibited  by  a 
higher-priority  request,  is  answered  by  a  priority-grant  level.  This 
signal  sets  a  processor-clocked  enable  flip-flop,  which  strobes  a  suitable 
memory  address  into  the  processor  memory-address  register  and  then 
causes  memory  and  device  logic  to  transfer  data  from  or  to  the  DMA 
data  bus. 
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In  some  computer  systems  (e.g.,  Digital  Equipment  Corporation 
PDP-15),  the  DMA  data  lines  are  identical  with  the  programmed- 
transfer  data  lines.  This  simplifies  interconnections  at  the  expense  of 
processor  hardware.  In  other  systems,  the  DMA  data  lines  are  used  to 
transmit  the  DMA  address  to  the  processor  before  data  are  transferred. 
This  further  reduces  the  number  of  bus  lines  but  complicates  hardware 
and  timing. 


Fig.  7-21.  A  simple  data  channel  for  automatic  block  transfers.  ( From  G .  A .  Korn , 
Minicomputers  for  Scientists  and  Engineers ,  McGraw-Hill,  New  York ,  1973.) 


Note  that  cycle  stealing  in  no  way  disturbs  the  program  sequence. 
Even  though  smaller  digital  computers  must  stop  computation  during 
memory  transfers,  the  program  simply  skips  a  cycle  at  the  end  of  the 
memory  cycle  (no  need  to  complete  the  current  instruction)  and  later 
resumes  just  where  it  left  off.  One  does  not  have  to  save  register  con¬ 
tents  or  other  information,  as  with  program  interrupts. 

(b)  Automatic  Block  Transfers.50  As  described,  the  DMA  data 
transfer  was  dmce-initiated.  A  program-dependent  decision  to  transfer 
data,  even  directly  from  or  to  memory,  still  requires  a  programmed  in¬ 
struction  to  cause  a  DMA  service  request.  This  is  hardly  worth  the 
trouble  for  a  single-word  transfer.  Most  DMA  transfers,  whether 
device-  or  program-initiated,  involve  not  single  words  but  blocks  of  tens, 
hundreds,  or  even  thousands  of  data  words. 

Figure  7-21  shows  how  the  simple  DMA  system  of  Fig.  7-20  can  be 
expanded  into  an  automatic  data  channel  for  block  transfers.  Data  for 
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a  block  can  arrive  or  depart  asynchronously,  and  the  DMA  controller 
will  steal  cycles  as  needed  and  permit  the  program  to  go  on  between 
cycles.  A  block  of  words  to  be  transferred  will,  in  general,  occupy  a 
corresponding  block  of  adjacent  memory  registers.  Successive  memory 
addresses  can  be  gated  into  the  memory-address  register  by  a  counter, 
the  current-address  counter.  Before  any  data  transfer  takes  place,  a 
programmed  instruction  sets  the  current-address  counter  to  a  desired 
initial  address;  the  desired  number  of  words  {block  length )  is  set  into  a 
second  counter,  the  word  counter,  which  will  count  down  with  each  data 
transfer  until  zero  is  reached  after  the  desired  number  of  transfers.  As 
service  requests  arrive  from,  say,  an  analog-to-digital  converter  or  data 
link,  the  DMA  control  logic  implements  successive  cycle-steal  requests 
and  gates  successive  current  addresses  into  the  memory-address  register 
as  the  current-address  counter  counts  up. 

The  word  counter  is  similarly  decremented  once  per  data  word. 
When  a  block  transfer  is  completed,  the  word  counter  may  cause  an 
interrupt,  so  that  a  new  block  of  data  can  be  processed.  If  desired,  the 
word  counter  can  also  serve  for  sequencing  device  functions  (e.g.,  for 
selecting  successive  ADC  multiplexer  addresses). 


NOISE,  GROUND  SYSTEMS, 

AND  INTERCONNECTIONS 

7-13.  Noise  and  Ground  Systems.  Noise  in  analog-computer  signal 
circuits  and  ground  systems  is  due  to  line-frequency  components  and 
harmonics,  chopper  noise,  and/or  high-frequency  pickup  from  digital 
circuits  and  radio-frequency  disturbances.  A  few  millivolts  rms  of 
noise  are  usually  tolerable.  Fluctuations  of  millivolt  amplitude  will  not 
affect  solutions  appreciably,  but  noise  rectified  in  multipliers  or  function 
generators  might  be  integrated  to  cause  more  serious  errors.  Chopper- 
frequency-noise  pickup  can  cause  chopper-channel  offsets  (Sec.  3-36). 

Ground-system  noise  and  common-ground  impedances  can  cause 
serious  problems,  especially  in  low-voltage,  high-frequency  computers. 
A  good  earth  ground  is  not  always  easy  to  come  by,  and  the  power-line 
“industrial”  ground  should  be  used  for  a-c  return  only.  To  minimize 
common-ground  impedances,  we  select  a  single  common-ground  point , 
usually  near  a  patchbay.  We  employ  separate  copper-bar,  No.  10  wire 
or  heavy  braid  returns  from  amplifier  signal  ground  and/or  chopper 
ground  (Fig.  3-36),  power  ground,  coefficient-potentiometer  ground 
points  for  (small)  groups  of  computing  elements,  and  a  single  chassis- 
ground  connection  to  the  computer  cabinet  (Fig.  7-22).52-56 

Even  with  a  properly  designed  ground  system,  we  still  have  electro¬ 
magnetic  noise  pickup  from  ground  loops,  which  are  unavoidable  at 
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Fig.  7-22.  Analog-computer  ground  system,  showing  separate  ground  returns  and  an 
unavoidable  ground  loop.  Low-impedance  transistor  computers  may  require  individual 
potentiometer  returns. 


least  in  general-purpose  analog  computers  (Fig.  7-22).  Circulating  cur¬ 
rents  can  cause  ground-return  voltage  drops  of  the  order  of  millivolts 
rms.  Aside  from  high-frequency  pickup,  ground  noise  is  mostly 
induced  by  magnetic  fields  at  the  line  frequency  and  its  harmonics. 
Third-harmonic  pickup  can  be  especially  troublesome  but  may  be 
reduced  by  the  symmetrical  input-transformer  connection  of  Fig.  7-23, 
and  possibly  by  power-line  filters  and  balancing.  Harmonic  fields  may 
also  be  generated  by  saturable-reactor  filament-voltage  regulators  and 
by  ordinary  transformers  operated  near  their  maximum  ratings.  If 
practicable,  the  entire  power-supply  system  can  be  housed  away  from  the 
main  computer  cabinet;  but  old  vacuum-tube  computers  still  employ 
individual  filament  transformers  on  the  computing-element  modules  to 
avoid  high-current  a-c  wiring.  All  a-c  filament  leads  must  be  twisted. 

Electrostatic  shielding  of  signal 
wiring,  modules,  and  power- 
supply  transformers  reduces  high- 
frequency  pickup  but  increases 
shunt  capacitances.  In  stubborn 
cases,  even  ground  returns  and 
filament  leads  have  been  shielded, 
while  “slow”  analog  computers 
may  omit  shielding  of  low- 
impedance  amplifier-output  con¬ 
nections.  Signal-cable  shields 
must  never  carry  ground-return 
currents ;  a  ground-return  line  can 
be  twisted  with  the  signal  lead 
inside  a  shield  grounded  at  the  source  end.  A  system  earth  ground  is 
used  for  electrical  safety  but  may  actually  increase  high-frequency 
noise55  because  the  ground  lead  can  act  as  an  antenna!  It  may  pay 
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Fig.  7-23.  Use  of  an  isolation  transformer  to 
cancel  third-harmonic  line-voltage  com¬ 
ponents.  ( Contributed  by  H .  Stewart , 
University  of  Arizona.) 
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to  shield  the  ground  lead  with  copper  tubing  grounded  at  an  experi¬ 
mentally  determined  point  or  points.52 

7-14.  Digital-system  Noise.  Interconnection  Problems.  Digital-sys¬ 
tem  noise,  especially  high-frequency  spikes  and  pulse  ringing,  can  cause 
very  objectionable  noise  in  wideband  analog  circuits  via  ground  cur¬ 
rents  and  radiation.  This  can  be  true  even  though  the  digital  circuits 
themselves  work  well  within  their  noise-immunity  limits.  Transistor/ 
transistor  logic  (TTL)  and  diode/transistor  logic  (DTL),  with  their  harsh 
ground-current  transients  and  relatively  high  output  impedances,  are 
bad  offenders  in  this  respect.  Emitter-coupled  logic  (ECL)  has  near¬ 
constant  ground  current  and  low  output  impedances  and  is  recommended  as 
the  best  choice  for  critical  wideband  hybrid  computing  circuits .14,70  The 


From 

power 

supply 


(a)  ( b ) 

Fig.  7-24.  Decoupling  circuits.  The  ceramic-disk  capacitor  in  (a)  “tunes  out”  the  in¬ 
ductance  of  the  electrolytic  capacitor.  Every  power-supply  line  on  every  card  should 
have  a  decoupling  circuit. 


following  general  rules  apply: 

1.  To  reduce  the  digital  noise  at  its  source,  avoid  long  lines  which  are 
not  carefully  terminated  and/or  clamped  to  prevent  ringing  (con¬ 
sult  the  applications  manual  for  the  type  of  logic  circuits  used). 
Wires  from  each  circuit  should  fan  out,  not  continue  from  point  to 
point. 

2.  It  is  important  to  keep  as  much  of  the  digital  noise  as  possible  within 
the  digital-circuit  cards  and  out  of  power-supply  and  ground  circuits 
and  to  keep  the  remainder  out  of  the  analog  circuits  as  much  as 
possible.  For  this  reason,  every  digital  and  analog  circuit  card 
should  have  a  decoupling  circuit  on  each  power-supply  line 
(Fig.  7-24).  A  ground  plane  ought  to  be  used  on  each  card,  not  so 
much  for  electrostatic  shielding  as  to  reduce  the  areas  of  inductive 
loops.  Laminated  power-supply  buses  also  help  with  decoupling. 

3.  Digital  ground  returns  (which  act  as  transmitting  antennas!) 
should  be  kept  separate  and  well  away  from  analog  ground  leads. 
It  is,  in  fact,  a  good  idea  to  keep  digital  and  analog  circuits  in 
separate  shielded  enclosures  and  also  to  operate  their  power 
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supplies  from  different  phases  of  the  three-phase  line,  with  RF 
filters  in  each  a-c  lead. 

4.  Where  a  digital  computer  is  connected  to  a  linkage  or  analog  com¬ 
puter,  we  must  avoid  returning  any  digital  signals  through  the  com¬ 
mon  ground.  It  is  best  to  use  push-pull  line  drivers  with  twisted 
and  shielded  lines  into  differential  line  receivers  or  at  least  dif¬ 
ferential  line  receivers  fed  with  the  digital  signal  and  digital 
ground-return  lines.  Baiun  transformers  have  also  been  suc¬ 
cessfully  used  to  replace  actual  differential  lines.74 

Very  slow  logic  (below  50  to  100  KHz)  can  be  transmitted 
from  a  digital  controller  to  an  analog  computer  through  light- 
coupled  switches  (Fig.  5-6d),  but  this  is  not  practical  for  general- 
purpose  hybrid  computation. 

5.  Finally,  make  sure  that  all  operational  amplifiers  and  other  analog 
feedback  circuits  are  equalized  so  as  to  avoid  high-frequency  peaks 
(which  cause  ringing  when  excited  by  digital  noise). 

With  all  these  precautions,  it  is  possible  to  keep  digital  noise  on 
analog  circuits  below  5  to  10  mV  peak-to-peak. 
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CHAPTER  8 


SPECIAL  COMPUTING  TECHNIQUES 


INTRODUCTION 

8-1.  Requirement  for  Advanced  Computing  Techniques.  Analog 
computers,  and  especially  fast  analog  computers,  are,  essentially, 
relatively  inaccurate.  Although  static  component  accuracies  within  0.1 
percent  of  half-scale  are  not  uncommon,  dynamic  errors  measured  at  the 
100-Hz  to  100-KHz  signal  frequencies  of  modern  iterative  differential 
analyzers  are  rarely  below  0.5  percent  of  half-scale.  Errors  in  this  range 
would  be  perfectly  acceptable  in  most  engineering  applications  if  we 
could  only  be  sure  that  component  errors  will  not  accumulate  into 
intolerable  solution  errors. 

A  very  powerful  computing  technique  employs  the  analog  computer 
to  produce  corrections  to  an  accurate  analytically  or  digitally  precom¬ 
puted  approximate  solution  (Secs.  8-1  to  8-4).  Such  a  perturbation 
method  may  reduce  solution  errors  well  below  the  level  of  analog- 
component  errors,  which  will  now  affect  only  a  small  correction  to  our 
solution.  Where  applicable,  such  techniques  are  greatly  preferable  to 
expensive  and  probably  futile  schemes  for  increasing  analog  component 
accuracies.  New  combinations  of  analog  and  digital  computing 
elements  often  make  it  possible  to  let  the  accurate  but  slow  digital 
computer  produce  a  precisely  known  drift-  and  noise-free  approximate 
solution,  which  can  then  be  corrected  by  fast  analog  computing 
elements. 

We  are,  next,  vitally  interested  in  methods  for  estimating  component- 
error  effects  on  computer  solutions.  Sections  8-4  and  8-5  discuss  tech¬ 
niques  employing  the  computer  itself  to  perform  such  estimates. 

The  development  of  new  fast  iterative  differential  analyzers  with 
memory  and  sophisticated  sequential  logic  (Chap.  7)  offers  comput¬ 
ing  possibilities  way  beyond  ordinary  direct  simulation,  but  only  if 
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mathematical  development  of  convergent  iteration  techniques  and  error 
control  keeps  pace  with  circuit  and  system  design.  The  most  urgent 
requirement  is  for  methods  utilizing  the  extraordinary  speed  of  iterative 
analog  computation  directly  to  make  up  for  its  poor  accuracy.  Aside 
from  random-process  studies,132  the  most  promising  application  of 
iterative  differential  analyzers  is  automatic  parameter  optimization 
(Secs.  8-7  to  8-16);  many  important  problems  can  be  reduced  to  the 
computation  of  maxima  or  minima.  Even  more  badly  needed,  but  in  a 
less  satisfactory  state  of  development,  are  computer  techniques  for 
iterative  solution  of  partial  differential  equations ,  especially  in  connection 
with  process-control  and  nuclear-power  applications  (Refs.  87  to 
108). 

GAUGING  AND  IMPROVING  COMPUTER 
ACCURACY:  PERTURBATIONS,  PARAMETER 
SENSITIVITY,  RESUBSTITUTION,  AND 
AUTOMATIC  SCALING 

8-2.  Perturbations  and  Linearization.  Our  problem  is  to  solve  the 
first-order  differential  equation 


(8-1) 


for  the  state  variable  x  =  x(t),  where  a  is  a  given  parameter,  initial  value, 
or  forcing  function;  note  that  a  can  be  a  function  a (/)  of  the  independent 
variable  /.  We  assume  that  a(/)  =  a0(/)  +  <5a(/)  does  not  change 
greatly  from  its  nominal  or  unperturbed  value  a0(/),  and  that  we  know 
the  nominal  or  unperturbed  solution  xft)  defined  by 


(8-2) 


accurately  from  analysis  or  from  another  computation.  Granting  suit¬ 
able  differentiability,  we  introduce  dx  =  x  —  x0  =  dx(t)  and  use  the 
Taylor-series  approximation 


T  fa(.t’X 0>ao)  (8-3) 

We  subtract  Eq.  (2),  so  that,ybr  sufficiently  small  da.,  dx, 


i.  fx(S>X O^o)  T  _/a(t,X o,&o) 


(8-4) 
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This  perturbation  equation *  is  a  linear  differential  equation  relating  the 
unknown  small  perturbation  Sx  of  our  nominal  solution  to  the  given 
input  <5a.  Computer  solution  of  Eq.  (4)  for  Sx  is  simple  if  we  can  pro¬ 
duce  the  derivatives  fx(t,x0;oL0),fa(t,x0,a0)  which  will,  in  general,  depend 
on  the  nominal  solution  x0(t).  If  x0(t )  is  accurately  precomputed 
analytically,  digitally,  or  by  accurate  “slow'’  analog  computation,  then 
errors  in  the  solution  S. x(t)  of  Eq.  (4)  will  have  a  relatively  small  effect  on 
the  total  solution  x(t)  =  ao(0  +  Sx(t). 

Our  linear  perturbation  analysis  is  easily  extended  to  cases  involving  n 
state  variables  xu  .y2,  .  .  .  ,  a*„  and  r  parameters  a1?  a2,  .  .  .  ,  ar.  Given 

~jl  fi(j  2,  •  •  •  >An,al,a2>  •  •  •  5ar)  I  ^ 

dt  Mf  =  1,2, 

with  .Y j  =  A'oi  +  Sxi  afc  =  a0A.  +  <5oc J  k  =  1,2,  .  .  .  ,r)  (8-5) 


we  find,  assuming  differentiability  and  valid  linearization, 
d  *  df  r  df 

~L  i  —  2  J77  +  2  J, —  ^afc 

dt  fc=i  oxk  fc=i  dak 


(i  =  1,2, . .  . ,«)  (8-6) 


This  is  again,  a  linear  system  with  (in  general)  variable  coefficients. 
Equations  (1)  and  (4)  are  equivalent  to  Eqs.  (5)  and  (6)  if  we  regard 


A,  A'o,  &Y,/as  u  x  1  matrices,  a,  a0, 
matrix,  and  fa  as  an  n  x  r  matrix. 

The  linear  nature  of  the  per¬ 
turbation  equations  (4)  or  (6)  can 
be  of  the  greatest  value  even  where 
increased  accuracy  is  not  needed. 
In  an  important  class  of  applica¬ 
tions  (e.g.,  space-vehicle  trajectory 
computation),  <5a  represents  a 
small  random  forcing  function  or 
random  initial-condition  perturba¬ 
tion  with  known  statistics.  It  is 
then  relatively  simple  to  obtain  the 
resulting  mean-square  perturba¬ 
tion  of  x  or  a,-.3,132 


a  as  r  x  1  matrices,  /*  as  an  «  X  n 


Fig.  8-1.  Satellite-orbit  geometry. 

8-3.  Example:  Earth-satellite  Or¬ 
bit  and  Reentry  Computation.8-10 

Figure  8-1  illustrates  a  plane  earth-satellite  trajectory.  In  terms  of  the 
inertial-reference  coordinates  r,  &,  the  equations  of  motion  are 


dr  42  mgd'l 

m  —r  —  mru- - ~ 

dt  r2 


+  Fr  m  —  (r2(f)  =  rF&  '(8-7) 


if  we  regard  the  vehicle  as  a  constant  point  mass.  mr&2  is  a  kinetic 


*  See  footnote  to  Sec.  8-4. 
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reaction  (centrifugal  “force”),  mg0rl/r2  is  the  idealized  inverse-square- 
law  gravity  force,  and  Fr,  F0  are  forces  due  to  aerodynamic  effects  and 
gravity  changes. 

For  an  ideal  circular  orbit  with  Fr  =  F0  =  0,  r  =  r0  implies 

d  =  0O(/)  =  0(0)  +  /  fe  (8-8) 

V  r0 

Since  the  subtraction  of  the  two  large  first  terms  on  the  right  of  the  first 
Eq.  (7)  tends  to  make  direct  computer  solutions  inaccurate,  we  write 

r  =  roO  +  dp)  ri>  =  V^(l  +  du)  (8-9) 

dp  and  du  are  new  dimensionless  variables  describing  the  relative  per¬ 
turbation  of  a  nominal  circular  orbit  due  to  nonzero  values  of  Fr,  F0, 

r(0),  and  $(0)  —  V gjr 0.  dp  measures  the  relative  altitude  increase,  and 
du  is  the  fractional  change  in  the  horizontal  velocity  component.  We 
introduce  Eqs.  (8)  and  (9)  into  Eq.  (7)  to  find  new  equations  of  motion  in 
terms  of  dp  and  du: 


dt 


2  du  +  du 2 


+ 


dp 


du  = 


1 


dp 


r0L  1  +  dp  (1  +  dp)2 

Ft 


+ 


mgoJ 


/is  Jo  (l  +  dP) 


mg  o 


dt  —  dp 


+  (dp  +  du  +  dp  5u)i=0| 


(8-10) 


Note  carefully  that  the  differential  equations  (10)  are  not  linearized; 
their  exact  solution  would  yield  the  perturbations  dp,  du  exactly.  In 
practice,  computer  errors  affect  only  perturbations  of  a  precisely  (analyt¬ 
ically)  known  nominal  orbit,  so  that  remarkably  accurate  trajectory 
computations  result.  For  r0  =  4,000  miles,  r0\dP\  <80  miles,  we  have 
\dp\  <0.02,  so  that  5,000  dp  is  a  suitably  scaled  computer  voltage. 
Fogarty  and  Howe8-10  have  implemented  the  divisions  by  1  +  dp 
required  for  Eq.  (10)  so  that  the  effects  of  multiplication  errors  on  the 
quotient  were  relatively  small.  Errors  in  many  computed  earth  orbits 
were  within  200  ft. 

If  the  relative  perturbations  dp  and  du  remain  small  compared  with 
unity,  one  can  linearize  the  equations  of  motion  (10)  by  neglecting  non¬ 
linear  terms.  In  particular,  for  the  classical  case  of  a  low-eccentricity 
elliptical  inverse-square-law  orbit  in  air-free  space,  Eq.  (10)  reduces 
approximately  to 


u  2 

dt2^^  ~r0  ^ 26u  +  ^  du  =  -dp  +  [dp  +  du\t=0  (8-1 1) 


which  correctly  describes  sinusoidal  perturbation  of  a  nominal  circular 
orbit  by  given  initial  velocities. 
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8-4.  Parameter-influence  Coefficients  and  Parameter-sensitivity  Stud- 

ies.1"7  If  the  parameter  a  in  the  given  differential  equation  (1)  is 
independent  of  t  (e.g.,  a  constant  coefficient  or  an  initial  value),  we  can 
define  the  parameter -influence  coefficient 


lim 

<5a-*0 


dx  (/) 
6a 


(8-12) 


Again,  assuming  suitable  differentiability,  xa(t)  measures  the  sensitivity 
of  our  solution  x(t)  to  small  changes  6a  in  the  parameter  a.  For  each 
nominal  parameter  value  a  =  a0, 

x(t)  =  A'o (0  +  dx  xQ(t)  +  xa(t)  6a  (8-13) 

The  parameter-influence  coefficient  xa(t)  satisfies  the  linear  sensitivity 
equation* 

jt  xJj)  =  Mt,x0 ;  a0).v £t)  +  fa(t,x0 ; a0)  (8- 1 4) 


obtained  by  partial  differentiation  of  the  given  differential  equation  (1) 
with  respect  to  a.  We  can  obtain  xfj )  as  a  solution  of  Eq.  (14)  with  the 
suitably  assigned  initial  value  *a(0). 

In  the  multidimensional  case,  we  have  an  n  x  r  matrix  of  parameter- 
influence  coefficients  xik(t )  =  dxi/d<xk  (i  =  1,2 ,  ,n;k  =  1,2 , ,r), 

with 

r 

Xi(t)  =  x0i(t)  +  dx{  ^  x0i(t)  +  2  xik(t)  6<xk  (i  =  1,2,...,  n) 

fc=1  (8-15) 


and  n  x  r  linear  sensitivity  equations  (see  also  Sec.  8- 14c) 


i  4£*»(o  + 

0=1  oxj 


(i  =  1,  2, k  =  1,  2, .  .  .  ,  r) 

(8-16) 


Analytical  or  computer  studies  of  parameter  sensitivity  can  yield  valu¬ 
able  information  on  the  effects  of  various  computer  errors1-4  and  on  the 
variation  of  solutions  over  reasonable  parameter  ranges.  With  modern 
iterative  differential  analyzers,  however,  there  is  less  need  for  actual  com¬ 
puter  solution  of  sensitivity  equations.  The  true  effects  of  parameter 
changes  switched  in  and  out  during  alternate  repetitive-computer  runs 
are  conveniently  observed  on  an  oscilloscope  without  any  need  for 
linearization.11  If  function  memory  is  available,  we  can  also  compute 
true  perturbations  dx(t)  by  subtracting  the  stored  nominal  solution  x0(t) 
from  the  perturbed  solution  (x)t  or  by  correlation  techniques.15,16 

*  While  6x(t)  satisfies  Eq.  (4)  only  approximately  for  small  6a,  aa(/)  satisfies  Eq.(14) 
exactly.  xa(t)  da.  =  d1x(t),  which  satisfies  the  linear  perturbation  equation  exactly,  is  a 
first-order  perturbation  approximating  Sx(t)  for  small  6a,  dx. 
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8-5.  Resubstitution  Checks.  Exact  solutions  Xi  =  Xi(t )  of  a  given  system  of  differential 
equations 

dx  • 

-£•  =fi(t;xux2,  .  .  .  ,xn)  (/  =  1,2, . . .  ,ri)  (8-17) 

must  satisfy 

XiO)  =  f  fi0',xux2, .  . .  ,xn)  dt  +  Jf,(0)  (/  =  1,2, . .  .  ,n)  (8-18) 

If  now  the  x,(/)  are  replaced  by  necessarily  nonideal  computer  solutions  *•(/),  then  the 
functions 

A*,( o  =  f  ftUvc'iJu  .  .  ■  ,x'n)  dt  +  ^(0)  -  X'(0  (/  =  1 ,2, . . .  ,ri)  (8-19) 

are  measures  of  the  solution  errors.  Each  A Xi(t)  is,  in  fact,  a  useful  correction  whose 
addition  to  *•(/)  tends  to  improve  our  computed  solution.12,13  This  fact  becomes  interest¬ 
ing  when  we  can  implement  the  checking  operation  (19)  economically  and  more  accurately 
than  our  original  differential-equation-solving  operations.  In  particular,  a  repetitive 
analog  computer  with  scanning  readout  (Sec.  7-3)  can  read  solutions  into  accurate 
“slow”  analog  computing  elements  or  into  a  digital  computer  to  check  selected  solutions. 
Correction  of  fast  solutions  would  require  function  memory,  although  partial  correction 
may  be  simpler.  The  validity  of  corrections  (19)  computed  with  imperfect  computing 
equipment  is  an  interesting  topic  for  further  investigation.12 

8-6.  Special  Scaling  Problems  and  Automatic  Scaling.14,19,20  When  the 
magnitude  of  a  machine  problem  variable  varies  over  a  wide  range  in  the 
course  of  a  problem  solution,  automatic  rescaling  at  appropriate  points 
of  the  computer  setup  may  yield  significantly  increased  solution 
accuracy.  Examples  are  found  in  nuclear-reactor  simulation  and  in 
control  problems  where  an  initially  large  error  is  nulled  by  the  control- 
system  action,  as  in  homing-missile  simulation. 

Figure  8-2 a  illustrates  the  use  of  comparator/switch  circuits  for  auto¬ 
matic  rescaling  of  the  divisor  Y  in  an  electronic  divider.  In  some  prob¬ 
lems,  we  shall  require  dual  comparators  for  testing  |  Y |  rather  than 


Fig.  8-2.  Automatic  scaling  for  a  divider  circuit.  The  comparator  in  (a)  need  not  be 
accurate. 
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simply  Y  as  in  Fig.  8-2 a,  but  relatively  inaccurate  comparators,  such  as 
the  inexpensive  circuit  of  Fig.  4- 18a,  are  perfectly  sufficient  for  automatic 
scaling.  Figure  8-2a  shows  a  circuit  for  continuous  automatic  rescal¬ 
ing.131  True  automatic  rescaling  can  sometimes  be  replaced  by  scale- 
factor  changes  programmed  as  functions  of  time. 

In  many  control  problems,  an  error  measure  v(t)  is  always  small  but  appears  as  the 
difference  of  two  large  quantities.  We  can  sometimes  avoid  the  resulting  large  percentage 

errors  by  computing  v(t)  as  i  v(t)ch  +  r(0)  at  the  expense  of  additional  equipment.  In 

Jo 

beam-rider  missile  control  systems,  for  instance,  a  problem  variable 

v  =  —x  sin  &  +  y  cos  #  (8-20) 

is  a  small  difference,  while 

v  =  — x  sin  &  +  y  cos  #  —  (x  cos  &  +  y  sin  #)#  (8-21) 

has  a  magnitude  comparable  with  those  of  the  various  terms  on  the  right.131 


CONTINUOUS  OPTIMIZATION,  EQUATION 
SOLVERS,  CONSTRAINTS,  AND 
MODEL  MATCHING 

8-7.  Maxima  and  Minima,  (a)  Introduction.  Many  practical  and 
theoretical  problems  require  determination  of  parameter  combinations 
(Xi,A'o,  .  .  .  ,xn)  which  will  maximize  or  minimize  a  suitably  given 
function 

F  =  F(x1,x2,  .  .  .  ,xn)  (8-22) 

(i criterion  function ,-  objective  function,  measure  of  effectiveness),  possibly 
subject  to  constraints  of  the  form 

<P*{x i,*2,  .  .  .  ,v„)  =  0  (£  =  1,2,...,  m)  (8-23) 

and/or  1Fj.(.y1,x2,  .  .  .  ,xn)  >0  (k  =  1,  2,  .  .  .  ,  r)  (8-24) 

Practically  all  engineering  problems  involve  parameter  optimization 
(maximum  performance,  minimum  cost),  and  a  much  larger  class  of 
problems  can  be  reduced  to  optimization  by  way  of  minimum-error 
requirements.  Error  minimization  through  stable  feedback-loop  setups 
is  a  natural  application  for  conventional  and  iterative  analog  computers, 
but  also  for  digital  and  hybrid  machines.  In  the  following,  we  shall 
assume  the  existence  of  meaningful  criterion  functions  and  constraints, 
all  differentiable  as  needed;  and  we  assume  the  actual  existence  of 
maxima  or  minima,  each  with  a  finite  neighborhood  without  other 
maxima  or  minima. 

The  simplest  optimizer  setup  on  an  analog  computer  is  merely  a  com¬ 
puting-element  block  generating  F{xux2,  .  .  .  ,xn),  with  each  parameter 
Xi  adjusted  manually  to  maximize  or  minimize  the  output  (optimization 
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by  trial  and  error,  Fig.  8-3a).  To  account  for  constraints  (23)  on  the 
variables  xi}  we  simply  optimize  the  modified  criterion  function 

m 

.  . .  ,xn)  =  F(xi,x2, .  . .  ,xn)  +  14  2  Ck<pl(x  1,*2>  •  •  .  ,Xn)  (8-25) 


k—1 


or 


m 

^(a  i,a'2,  .  .  .  ,xn)  =  F(xi,x 2, .  .  .  ,xn)  T  2  £]c  l?)fc('^i>'^2>  •  •  •  »x„)|  (8-26) 

jt=i 

where  the  ck  are  arbitrary  but  large  positive  constants  for  minimization 
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Fig.  8-3.  Optimizer  with  manual  parameter  adjustments  (a)  and  steepest-descent  mini¬ 
mizing  scheme  (/?). 


(negative  for  maximization).  Inequality  constraints  (24)  are  reduced  to 
ordinary  constraints  of  the  form  (23),  viz., 


with 


<Pk(*  1+2,  ■  ■  .  ,xn) 

UQ¥k) 


y^x,, .  .  .  ,x„)C/CFfc) 
0  if  ^  <:0 

i  if  r*  >  o 


=  0 


(8-27) 


We  see  that  a  computer  can  deal  with  analytically  rather  involved 
questions  in  a  relatively  simple-minded  way.  We  also  note  that  any 
nondecreasing  function  of  For  $  will  be  optimized  by  the  same  param¬ 
eter  combination  (xt,x2,  .  .  .  ,xn).  This  is  often  convenient ;  the  criterion 
function  (26),  for  instance,  is  usually  easier  to  handle  with  computers, 
while  (25)  is  simpler  analytically. 
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(b)  Automatic  Optimization:  Continuous  Steepest  Descent.  For 

continuous  automation  of  our  optimization  procedure,  we  replace  the 
parameter-adjusting  potentiometers  of  Fig.  8-3 a  with  integrators  (Fig. 
8~3 b).  Positive  or  negative  integrator  inputs  will  respectively  decrease 
or  increase  parameter  values;  for  zero  input,  each  integrator  will  hold 
the  last  parameter  value.  We  note  that  the  /'th  integrator  input  will  tend 
to  decrease  F  if  and  only  if  it  has  the  same  sign  as  dF/dxp,  in  the  two- 
parameter  example  of  Fig.  8-4,  this  drives  the  parameter- space  point 


Minimum 


Fig.  8-4.  Criterion-function  surface  for  a  two-parameter  minimum  problem,  showing 
three  minima,  level  lines,  and  gradient  lines.  In  this  example,  all  three  minima  of  F(xx,x2) 
have  the  same  value  zero.  ( Based  on  Ref.  26.) 


(xux2)  “downhill.”  If  all  n  integrators  in  Fig.  8-36  are  driven  so  that 


(8-28) 


the  parameter-space  “point”  (x^Xa, .  .  .  ,x„)  will  move  so  as  to  decrease 
the  criterion  function  F{x1,x2 .  .  .  ,x„)  along  a  line  of  steepest  descent 
{gradient  line )  in  parameter  space,  as  shown  in  Fig.  8-4  for  the  two- 
dimensional  case.  F{xt,x2,  . . .  ,x„ )  will  thus  decrease  until  we  either 
reach  a  minimum  of  F  on  a  boundary  of  admissible  values  for  the  x,- 
{boundary  minimum),  or  until  we  reach  an  interior  minimum  with 


dF_  _d_F_ 
dx-L  dx2 


(8-29) 


With  nmltiple  minima,  each  additional  minimum  must  be  found  by  a 
renewed  search  starting  with  a  different  parameter  combination.  Note 
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that  there  is  no  guarantee  of  convergence  toward  the  smallest  of  a  set  of 
minima;  different  minima  must  be  compared  after  all  have  been  located. 
Frequently,  however,  we  are  looking  only  for  a  single  minimum,  whose 
location  may  be  approximately  known.  Maxima  of  F(xx,x2 .  .  .  ,x„)  are 
similarly  found  with  K  <  0,  or  as  minima  of  —F. 

Large  values  of  the  integrator  gain  \K\  in  the  optimizing  feedback 
loops  (i.e.,  fast  integration)  will  speed  convergence.  In  practice, 
computer-system  time  lags  may  cause  the  parameter  values  to  “over¬ 
shoot”  the  desired  optimum  point,  so  that  excessively  large  values  of  \K\ 
can  cause  oscillations.  We  can  prevent  this  by  reducing  \K\,  by  re¬ 
placing  the  criterion  function  with  one  having  smaller  derivatives  near 
the  minimum,  or  by  making  K  a  function  of  the  dFjdx *  and  their  time 
derivatives.  In  the  important  special  cases  where  the  value  of  the 
desired  minimum  of  F(xux2,  .  .  .  ,xn)  is  known  to  be  zero  (e.g.,  in 
equation  solvers,  Sec.  8-8),  we  can  simply  switch  all  integrators  into 
hold  when  Fgoes  through  zero. 

Important  applications  of  the  steepest-descent  technique  are  described 
in  Secs.  8-8  and  8-9.  Another  interesting  example  is  the  analog  compu¬ 
tation  of  eigenvectors  (xx,x2, .  .  .  ,xn)  and  eigenvalues130  of  a  matrix 
through  minimization  or  maximization  of  the  Quadratic  form 

n  71  1 

2  2  ancxixk  subject  to  suitable  constraints.24 

Note  that  continuous  steepest  descent  requires  explicit  generation  of  the  derivatives 
oF/oXi.  If  these  are  not  known  or  cannot  be  readily  generated,  we  must  resort  to  the 
slower  but  more  generally  applicable  optimization  methods  of  Secs.  8-11,  8-14,  and  8-15. 
In  some  applications,  optimization  setups  based  on 

dxi  (dF\ 

d7=~K slSn  [ -fc)  ('  =  1  >2’  •  •  •  •«)  (8-30) 

will  also  be  convenient. 

8-8.  Solution  of  Equations,  (a)  Algebraic  and  Transcendental  Equa¬ 
tions.  Analog-computer  solution  of  equations 

<p(x)  =  0  (8-31) 

or  systems  of  equations  makes  sense  mainly  when  we  require  quick  infor¬ 
mation  on  the  effect  of  parameter  changes  on  the  roots  x  or  when  a 
voltage  proportional  to  a  root  is  required  in  simulation  work.  The 
inverse-function  technique  of  Fig.  4-32  can  yield  real  roots  of  suitable 
equations  (31);  another  perfectly  feasible  solution  method26  sweeps  x 
rapidly  through  its  range  and  samples  x  whenever  a  computer-generated 
voltage  <p(x)  goes  through  zero.  In  general,  we  prefer  to  solve  Eq  (31) 
for  real  roots  by  minimizing  ]/2^(x)  or  |  <p(x)l ;  we  implement 

dT  ~  K(p^dx  °r  Jr  =  ~KU  sign  ?(*)  (K  >  °) 

(8-32) 
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Figure  8-5  illustrates  the  behavior  of  <p2(x)  near  real  roots  and  indicates 
that  our  search  must  start  in  a  suitable  neighborhood  of  each  root. 

To  find  complex  as  well  as  real 
roots  of  an  algebraic  equation 

(f{z)  =  anzn  +  an_xzn~x  \ 

+  ‘  ‘  ‘  +  a0  =  0  I 

with  l  (8-33) 

z  =  x  +  jy  =  r( cos  d 

+  j  sin  ff)  =  j 

we  minimize 

F  =  [Re  <p(z)]2  +  [Im  ^(r)]2 
or  (8-34) 

F  =  I  Re  9°(z)|  +  |Im  9?(~)| 

as  a  function  of  the  real  variables 
-y,  y  or  r,  &.  Further  details  will  be 
found  in  Refs.  21  to  28,  which  also  discuss  a  number  of  special-purpose 
equation  solvers. 

(b)  Simultaneous  Linear  Equations.21-28  The  important  problem  of 
solving  a  set  of  simultaneous  linear  equations 

n 

2  aikxk  F-  bt  =  0  (/  =  1,2,  .  .  .  ,n )  (8-35) 

is  suitable  for  analog  computation  if  n  is  not  too  large;  n  —  10  is 
reasonable,  and  n  =  20  is  feasible.  We  introduce  the  residuals  (errors) 

n 

fi  =  2  aucxk  +  bt  (/  =  1,2,  .  .  .  ,n)  (8-36) 

kt=l. 

Several  solution  methods  exist. 


Fig.  8-5.  Solution  of  an  equation 
<p(x)  —  0  by  minimization  of  F(x)  = 
<p2(x),  showing  a  false  minimum. 


1 .  Steepest-descent  minimization  of  F(xux2, .  .  .  ,xn)  =  H  2  fi  ca^s 
for  a  computer  setup  for  the  n  differential  equations 

d£  =  -K^r~K'lAia^+b) 

(K  >0;  j  =  1,2, ...,«)  (8-37) 

This  requires  n  summing  integrators,  up  to  n  phase  inverters,  and 
up  to  2n2  +  n  coefficient  potentiometers  (two  for  each  aik  different 
from  0  or  1). 

2.  Manual  trial-and-error  minimization  or  iterative  optimization  of 

n  n 

F(x !,x2,  .  .  .  ,xn)  3  14  2  fi  or  F{xr,x2,  .  .  .  ,xn)  =  2  | ft\  is'  often 

i= 1  i^l 

preferable.  This  requires  only  up  to  n2  —  n  potentiometers;  we 
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shall  need  n  squarers  or  absolute-value  circuits  and  an  output 
amplifier  to  produce  F. 


These  methods  converge,  in  principle,  whenever  a  solution  exists, 
since  the  normal-mode  poles  of  the  linear  system  (37)  correspond  to  the 
necessarily  nonpositive  eigenvalues  of  the  symmetrical  matrix 
~[au\[aik\-26  Solution  accuracies  depend  on  the  nature  of  the  coeffi¬ 
cients  aik,  with  errors  below  0.1  to  0.5  percent  of  half-scale  typical  for 
0.01  percent  resistance  networks.  Some  steepest-descent  setups  may 
exhibit  high-frequency  instability. 


If  the  matrix  [aik]  is  positive-definite,130  computer  setups  for 
dxi  ™ 

=  =  —K2«  aikxk  +  bi  (K  >  0,  /  =  1 ,2,  .  .  .  ,/?) 

l 


(8-38) 


will  produce  integrator  outputs  converging  to  the  desired  solution  with  only  «2  +  n  potenti¬ 
ometers,  again  subject  to  possible  high-frequency  instability.28  We  can,  instead,  manually 
°r  avU2t6°n\t!ICal  y  "ull/i  by  varying  xu  then  null/2  by  varying  x2,  etc.  ( Gauss-Seidel  itera¬ 
tion).  We  may  be  able  to  improve  convergence  by  reordering  and/or  rewriting  the  given 
equations  (35)  so  as  to  obtain  as  large  positive  diagonal  terms  ai(  as  possible. 

(c)  Hybrid  Iteration.  Given  an  analog-computer  approximation  1xk  =  xk  —  ek  to  the 
correct  solution  xk  (k  =  1,2, .  . .  ,n )  of  a  suitable  linear  system  (35),  then  the  unknown 
corrections  ek  must  satisfy  the  linear  system 


+  €k)  +  bi  =  0 


or 


k=  1 


where 


2  +  V*  =  0 


\f*  2  alkXk  +  bi 

k= 1 


0=1,2 ,...,«)  (8-39) 


It  may  be  convenient  to  compute  the  residuals  lft  accurately  with  a  digital  computer 
(oven  a  desk  calculator).  We  cau  then  use  the  analog  computer,  with  unchanged  coeffi- 
ciems  to  approximate  the  corrections  ek,  using  as  large  scale  factors  for  theV  and  ek 
as  possible.^  We  thus  obtain  a  new  approximation  2**;  we  digitally  compute  new 

Vi  =^'iir2xk  +  bi  and  repeat,  until  all  'fi  are  as  small  as  required. 


8-9.  Steepest  Descent  and  Dynamical  Constraints.29  39  (a)  Dynamical 
Constraints.  A  steepest-descent  setup  can  “track”  a  parameter 
combination  xu  .v2, .  .  .  ,  xn  satisfying  a  compatible  system  of  equations 
even  when  these  equations  depend  on  the  time  t,  i.e., 

(Pkixi,x2^  ■  • .  =0  (k  =  1,2, .  .  .  ,m)  (8-40) 

provided  that  the  optimization-loop  responses  are  sufficiently  fast 
More  generally,  let  be  dynamical  variables  (state 

variables)  known  to  satisfy  given  differential  equations 

dx{ 

~dt  =7t(/;xi,A2, .  .  .  ,xn)  +  Ui  (/  =  1,2, . .  .  ,n)  (8-41) 

and  let  the  ut  =  «*(*)  be  forcing  terms  to  be  chosen  so  as  to  enforce  a 
compatible  set  of  constraints  (40)  at  all  times  t,  given  that  the  constraints 
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hold  for  t  =  0.  Assuming  that  a  solution  with  the  desired  properties 
exists,  a  computer  setup  implementing 

dF 

u(  =  —AT—  (K  >0;/=  1,2, ...,«)  (8-42) 

with  sufficiently  large  /C  and 

m 

j ,Xo,  .  .  .  ,Xn,f)  =  )/2  2  Cjc^k 

k= 1 

m 

or  F(xx,x2,  .  .  .  ,xB;f)  =  2  cfc  |<pfc|  (cfc  >  0;  k  =  1,2,  .  .  .  ,w) 

(8-43) 

will  enforce  the  given  relations  (40)  between  the  system  variables  x{;  we 
must  adjust  the  initial  values  x,(0)  so  that  they  satisfy  the  constraints  for 
t  =  0.  The  stability  of  such  computer  setups  is  discussed  in  Ref.  39. 

In  most  conventional  simulations,  constraints  are  applied  directly  to 
eliminate  variables,  or  new  constraint-free  coordinates  are  introduced. 
The  steepest-descent  technique ,  however,  is  especially  useful  for  adding 
constraints  to  dynamical  systems  already  set  up  on  an  analog  computer. 

In  mechanics,  fixed  constraints 

(pk(xux2, .  .  .  ,xn)  =0  (k  —  1,2,  .. .  ,m)  (8-44) 

to  the  generalized  coordinates  Xi  of  a  dynamical  system  lead  to  equations  of  motion  of  the 
form 


dii 

~di 


=  fl(t;xux 2, .  .  .  ,xn;xl9x2 ,  .  .  .  ,xn )  +  u{ 


(i  =  1,2,...  ,«) 

(8-45) 


where  the  u{  =  ut{t)  are  again  forcing  terms  required  to  enforce  the  given  constraints  (44). 
Since  forces  due  to  fixed  constraints  cannot  do  work,  they  must  be  perpendicular  to  all 
displacements  permitted  by  the  constraints;  it  follows  that 

m 

ut  =  2  A*(r)  -p  (/  =  1,2,...  ,n)  (8-46) 

=  X  0Xi 


where  the  Xk(t)  are  uniquely  determined  by  Eqs.  (44)  and  (45). 130  Each  term  in  Eq.  (46) 
can  be  interpreted  in  terms  of  physical  generalized-force  components  due  to  the  constraints. 

In  analog-computer  simulation,  the  Xk(t)  are  rarely  known  explicitly.  We  approximate 
the  correct  expressions  (46)  by  heuristic  steepest-descent  methods,  which  often  admit 
physical  interpretation.  We  may,  for  instance,  attempt  to  minimize 


F(x i,x2, .  .  .  9xn)  =  2  c^l  (ck  >  0,  k  =  1,2,  . .  .  ,m) 


(8-47) 


by  taking 


k=  1 

dF  ^  dtpk 


ut  =  -K-r-  =  -2 K  2  ckyk  -P  (K  >  0;  i  =  1,2, . .  .  ,«) 
d*£  ox,- 


(8-48) 
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which  can  be  interpreted  as  a  sort  of  elastic  reaction  resisting  any  violation  of  our  con¬ 
straints.  We  can,  instead,  try  to  minimize 


m 


/7(xi,X2,  . .  .  ,xn;xi,X2, .  .  .  ,xn)  —  ^  (cie  ->  0,  k  =  1,2, .  .  .  ,m ) 


by 


which  corresponds  roughly  to  viscous  reactions  against  constraint  violation  and  has  less 
tendency  to  "elastic”  oscillations.  We  can  also  combine  constraint  “forces”  of  the  forms 
(48)  and  (49).  The  reader  should  note  carefully  that  such  steepest-descent  methods  are 
necessarily  approximate.  The  correct  forcing  terms  (46)  do  not  in  general  vanish  when  all 
constraints  are  satisfied,  while  our  approximations  (48)  and  (49)  require  small  violations 
of  the  constraints  to  generate  the  desired  forcing  terms.  In  a  sense,  this  is  a  realistic 
simulation  of  forces  resisting  deformations  of  actual  constraining  rods,  strings,  tracks,  etc. 
Assuming  true  equality  constraints  satisfied  initially  by  all  xu  and  a  stable  computer  setup 
with  large  K  or  K' ,  the  exact  form  of  F  will  not  matter  too  much.  The  case  of  inequality 
constraints  (e.g.,  limit  stops,  barriers,  loose  strings)  is  more  complicated,  and  F  must  be 
carefully  chosen  to  fit  the  energy  considerations  of  the  problem.  As  in  the  case  of  limit 
stops  (Sec.  8-24),  the  method  of  Fig.  8-31  may  yield  more  accurate  results. 

(b)  Steepest-descent  Methods  for  Improving  Differential-analyzer 

Accuracy.34-40  Steepest-descent  implementation  of  suitable  constraints 
often  produces  quotients  and  inverse  functions  more  accurately  and 
stably  than  the  high-gain-amplifier  circuits  of  Figs.  4-32  and  6-23, 
although  slightly  more  equipment  is  required.  In  particular,  the  four- 
quadrant  division  circuit  of  Fig.  8-6a  produces  Z  =  lOOT/T  by  continu¬ 
ously  minimizing 


(8-50) 


The  circuit  implements 


(8-51) 


100  Y 
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Fig.  8-6 b.  Steepest-descent  square-root  circuit. 


and  works  with  divisors  Y  of  either  polarity;  X  and  Y  can 
even  go  through  zero  together.  Figure  8-6 b  shows  a  steepest- 
descent  square-root  circuit ,  which  continuously  minimizes  o2(X,Z)  = 
H(Z2/ 100  —  X)~.  Note  that  the  steepest-descent  integrators  in  Fig.  8-6 a 
and  b  are  never  reset  and  automatically  supply  the  correct  initial  con¬ 
ditions  when  the  rest  of  the  computer  is  in  the  reset  mode.  Moreover,  no 
precision  feedback  capacitors  are  needed,  so  that  high-gain  amplifiers 
with  plug-in  capacitors  can  serve  as  integrators.  Capacitances  will  be 
as  small  as  stability  allows. 

The  extra  analog  multipliers  required  for  the  steepest-descent  circuits 
in  Fig.  8-6(7  and  b  can  be  replaced  by  simple  analog  switches  if  we 
minimize  the  absolute  value  |<p|  instead  of  Ify2.  The  corresponding 
machine  equation  for  steepest-descent  division  is 


Steepest-descent  division  circuits  implementing  Eq.  (51)  or  (52a)  are 
feedback  loops  designed  to  follow  the  input  X  with  a  loop  gain  pro¬ 
portional  to  the  divisor  Y.  It  follows  that  bandwidth  and  transient 
response  with  respect  to  X  deteriorate  as  |  Y\  decreases.  This  situation 
is  improved  by  steepest-descent  division  circuits  based  on37,40 

fr  -  Am  ~  *)”*" y  (8-526) 

or  even  on 

fr  =  -KAm~xAY  (8-52c) 

which  produce  absolute  loop  gains  independent  of  Y.  Multiplication 
by  a  sign  function,  less  expensive  than  true  analog  multiplication,  can  be 
implemented  by  simple  comparator/logic-driven  switches  or  bridge 
circuits  (Sec.  4-8  and  Fig.  8-7).  The  resulting  steepest-descent  loops 
have  a  tendency  toward  small  limit-cycle  oscillations;  a  small  com¬ 
parator  deadspace  may  be  helpful. 
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Fig.  8-7.  A  steepest-descent  division  circuit 
Eq.  (52c). 


using  comparators  and  logic  to  implement 


Another  potentially  highly  useful  application  of  the  steepest-descent 
technique  is  the  enforcement  of  known  properties  of  a  computer  solution 
as  redundant  constraints  implemented  just  as  in  Sec.  8 -9a.  The  best- 
known  application  is  the  amplitude  stabilization  of  rate  resolvers  and 
sine-wave  oscillators  by  continuous  minimization  of  (X2  +  Y2  —  R2)2, 
where  X  and  Y  are  differential-analyzer  solutions  X  =  R  cos  Y  = 
R  sin  #  (Sec.  6-24).  Exact  computer  solutions  X,  Y  would  satisfy  the 
constraint  in  any  case  (redundant  constraint),  but  the  steepest-descent 


Fig.  8-8.  Electronic  resolver  with  amplitude  correction  (see  also  Sec.  6-24). 
currents  EX  EY  are  monotomc  functions  of  EX,  EY,  so  that  the  circr 
minimizes  (X2  +  Y2  —  2,500)2.  ne  ClfCL 


The  feedback 
continuously 
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feedback  continuously  corrects  the  effects  of  small  phase-shift  errors  and 
thus  improves  the  solution  accuracy  very  significantly. 

The  main  objection  to  the  resolver  circuit  of  Fig.  6-34 b  is  the  relatively 
large  number  of  multipliers  required.  The  simplified  stabilized  resolver 
of  Fig.  8-8  replaces  the  two  multipliers  required  to  generate  EX,  EY  by 
sign  multipliers  producing  E  sign  X,  E  sign  Y.  Since  these  simplified 
corrections  are  monotonic  functions  of  EX,  EY,  they  will  minimize 
{X-  -f-  Y2  —  2,500)2.  Since  EX,  EY  do  not  switch  abruptly  when  E 
goes  through  zero,  there  is  less  tendency  toward  limit-cycle  oscillations 
than  in  earlier  circuits  employing  sign-multiplier  outputs  X  sign  E,  Y 
sign  E  to  minimize  \X2  +  Y2  —  2,500|.32,37 


8-10.  Linear  Programming  and  Related  Problems.23-26  Linear-pro¬ 
gramming  problems  in  operations  analysis,  game  theory,  and  economics 
require  the  determination  of  a  set  of  n  numbers  xx,  x2, .  .  .  ,  xn  which 
minimizes  (or  maximizes )  a  linear  expression 

v(xr,x2, .  .  .  ,.vn)  =  Ci-Yj  +  c2.y2  +  •••-)-  cnxn  (8-53) 

while  satisfying  m  >  n  linear  inequalities 

yt  =  an-xi  +  oi2x2  +  •  •  •  +  ainxn  —  yi0  >0  (/  =  1,2,  .  .  .  ,m) 

(8-54) 

In  a  typical  application,  the  problem  is  to  buy  necessarily  positive  quan¬ 
tities  xk  of  n  types  of  raw  materials  (“inputs”)  so  as  to  minimize  the  cost 
(53)  while  keeping  the  respective  quantities  of  m  —  n  output  products 
at  or  above  m  —  n  specified  levels  yi0  (i  =  n  +  \,  n  +  2,  ...  ,  m). 
Note  that,  since  xt  >  0  (/  =  1,2, ..  .  ,ri),  we  actually  have  m  inequalities 
of  the  form  (54). 

The  linear-programming  problem  defined  by  Eqs.  (53)  and  (54)  is 
equivalent  to  the  minimization  (or  maximization)  of  the  function 


F(xux2,  .  .  .  ,xn)  =  v  +  Xx  |_yd  +  X2  |y2|  +  •  •  •  +  Xm  \ym\ 

f  0  (  y,  >  0)1 

w,th  “  Uo,  <o)J  0  =  iX ' ' ' ,m) 

where  B  is  a  large  positive  constant.  Assuming  the  existence  of  a  solu¬ 
tion,  the  analog  computer  minimizes  F(xux2,  .  .  .  ,xn)  by  implementing 
the  n  differential  equations 


dxk  _  dF 
dr  *  dxk 


~  7-(Ck  +  alkK  +  #2*^2  +  *  ’  ’  +  amk^m) 

(k  =  1,2,  .  .  .  ,n)  (8-56) 


where  a  is  a  positive  constant,  and  r  is  the  computer  time  (real  time). 
The  resulting  steepest-descent  feedback  will  decrease  F(xx,x2,  .  .  .  ,xn ) 
and  hence  minimize  v  subject  to  the  given  constraints  (54). 
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In  the  example  of  Fig.  8-9 a,  and  x2  may  be  regarded  as  the  rectangu¬ 
lar  cartesian  coordinates  of  a  particle  moving  in  a  viscous  medium.  The 
constraints  are  satisfied  for  all  points  (xl5x2)  above  and  to  the  right  of  the 
convex  polyhedron  of  smooth  straight-line  barriers  indicated  in  heavy 
lines.  The  broken  lines  are  lines  of  equal  potential  energy  v(xi,x^). 
The  particle  will  move  in  the  negative-gradient  direction  until  it  strikes  a 
barrier,  say  by  violating  the  inequality  y4  >  0.  The  particle  then 
experiences  an  additional  force  perpendicular  to  the  barrier.  As  a 
result,  the  particle  will  move  along  the  heavy  lines  to  the  barrier  vertex 
with  the  lowest  potential  energy  v(x1,x2).  The  problem  is  degenerate  if 
Vv  is  perpendicular  to  a  barrier;  in  this  case,  the  solution  may  not  be 
unique. 

Maximization  problems  would  be  solved  similarly,  with  the  minus 
sign  in  Eq.  (56)  replaced  by  a  plus  sign. 

Figure  8 -9b  shows  the  analog-computer  setup  for  the  steepest-descent 
equations  (56).  The  problem  variables  xk,  yu  and  v  are  represented  by 
corresponding  voltages  Xk  =  akxk,  T*  =  b{yt,  so  that  Eqs.  (54)  and  (56) 


xz 


Fig.  8-9 a.  Dynamical-analogy  interpretation  of  a  linear-programming  problem:  steepest 
descent  minimization  of  v 

tf(*i,*2)  =  !4xi  +  14x2 

subject  to  the  constraints 


yi  =  *1  >  0  /2  =  *2  >  0 

y3  as  10*!  +  2x2  —  10  >  0  y*  =  2atx  +  5x2  —  10  >  0 

Constraint  “forces”  prevent  penetration  of  “barriers”  corresponding  to  each  constraint 
inequality. 
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Fig.  8-9 b.  Analog-computer  setup  for  the  solution  of  linear-programming  problems. 
The  inverted  input  voltages  —Xk>  —A {,  or  —1  are  used  with  negative  coefficients  Aik  or  Cfc. 
If,  as  in  many  practical  problems,  an  inequality  Y{  >  0  takes  the  simple  form  X,-  >  0, 
then  the  entire  block  of  computing  elements  generating  the  corresponding  voltage  A*  is 
simply  replaced  by  a  feedback  diode  connected  across  the yth  integrator  so  as  to  limit  its 
output  to  nonnegative  values  .(dashed  lines). 


take  the  form  of  machine  equations 

Yi  =  AilX1  +  Ai2X2  +  •  •  •  +  AinXn  —  Yi0 
PXk  =  —  a(Cfc  +  BlkXx  +  B2kX2  +  •  •  •  +  BmkXm 

with  Ck  &kck  Aik  ciik  Bik  —  akaik 

ak 

Yi0  =  btyi0  (/  =  1,2,  .  .  .  ,m;  k  =  1,2,  .  .  .  ,n 

m  voltages  —  Yt  are  produced  by  summing  amplifiers  and  applied  to 
analog  comparators  generating  the  constraint-free  voltages  Xt.  Each  Xk 
is  obtained  at  the  output  of  a  summing  integrator.  Phase  inverters  also 
produce  the  voltages  —  Xt  and  —  Xk  as  needed  for  multiplication  by  nega¬ 
tive  coefficients.  Coefficients  exceeding  unity  in  absolute  value  are 
obtained  with  the  aid  of  amplifier  input  gains  in  the  usual  manner. 
Solutions  converge  within  fractions  of  a  second,  depending  on  the 
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integrator  gain  a  used.  A  voltage  proportional  to  v,  if  required,  could 
be  readily  generated  with  an  additional  summing  amplifier. 

The  analog-computer  method  is  practical  for  linear-programming 
problems  with  m,  n  <20;  the  practically  instantaneous  solution  makes 
it  particularly  convenient  to  study  effects  of  coefficient  changes  on  the 
values  of  v  and  of  the  “slack  variables”  y{.  The  n  variables  y{  closest  to 
zero  correspond  to  those  of  the  m  inequalities  (54)  which  actually 
determine  the  solution  vertex  (see  also  Fig.  8-9 a).  One  can,  then, 
obtain  solutions  of  essentially  unlimited  accuracy  by  solving  the 
corresponding  n  simultaneous  equations  yt  =  0  by  the  hybrid  iteration 
method  of  Sec.  8-8c.  Our  analog-computer  technique  is  easily  extended 
to  suitable,  more  general  programming  involving  nonlinear  objective 
functions  and  constraints.25 

8-11.  Optimization  by  Parameter  Perturbation.  Although  direct 
implementation  of  the  steepest-descent  relations  (28)  is  successful  in 
suitable  applications,  one  must  remember  that  computer  generation  of 
the  required  derivatives  dF/dxk  may  well  be  impractically  complicated 
or,  indeed,  impossible.  In  particular,  the  function  F(x1,x2,  .  .  .  ,xn) 
might  be  known  only  as  the  result  of  measurements  or  partial  system 
tests,  rather  than  as  an  explicit  differentiable  relationship.  In  such 
situations,  we  may  replace  the  derivatives  dF/dxk  with  measured  ratios 
SF/dxk  corresponding  to  small  changes  dxk  produced  either  by  normal 
system  operation  or  by  test-signal  injection  ( parameter  perturbation). 

Referring  to  Fig.  8-10,  a  sinusoidal  perturbation  (5^!  =  a  cos  cot 
causes  a  sinusoidal  variation 


Computer  setup 


F  (  x.  )  -t  8 F 


or  system 
producing  F 


Initial  triol 
value 


Averoging  filter 
(moy  be  combined 
with  integrator ) 


Fig.  8-10.  A  simple  parameter-perturbation  optimizer. 
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This  is  multiplied  by  <5Xi  to  produce 

o  c  dF  -  2  a2  dF  a2  dF 

dt  dx1  m  —  a 2  cos2  cot  =  —  - - p  _  __  cos  2 cot 

0*1  2  dXx  2  dxx 


which  is  averaged  and  inverted  to  yield  the  desired  steepest-descent  feed¬ 
back  proportional  to  —{dFjd vy).  It  is  convenient  to  replace  the  sinus¬ 
oidal  perturbation  by  a  square-wave  signal,  so  that  the  multiplication 
reduces  to  simple  switching.  Depending  on  the  nature  of  our  system,  it 
is  usually  possible  to  optimize  two  or  more  parameters  xk  simultaneously 
with  noninterfering  (orthogonal)  perturbation  signals  (typically  square 
waves  or  sine  waves  of  different  frequencies),  at  the  price  of  slower 
convergence.15,16 


If  F{xuXi,  . . .  ,x„)  is  a  dynamical-system  output  rather  than  just  a  “static”  function  of 
the  xk,  then  the  periodic  variation  SF  will  lag  the  periodic  input  <5x,.  For  this  reason. 
Fig.  8-10  includes  a  phase-shifting  circuit  (not  shown)  to  be  adjusted  for  optimum  feedback. 
From  a  more  sophisticated  point  of  view,  our  parameter-perturbation-optimizer  feedback 
approximates  a  value  of  the  time  crosscorrelation  function  of  Axr,  and  F,  which  must 
vanish  for  dF/  dxk  =  0.82  The  artificial  parameter  perturbation  is  felt  as  noise  in  the  system 
output,  and  the  normal  system  input  similarly  causes  interference  in  the  optimizer  loop. 
The  choice  of  the  perturbation  frequency  involves  a  compromise  between  optimizer-loop 
response  and  minimum  interference.42  It  is  also  possible  to  replace  periodic  parameter 
perturbation  with  a  noiselike  signal. 

8-12.  Continuous  Optimization  and  Model  Matching.  Our  technique 
for  enforcing  dynamical  constraints  (40)  on  time-varying  dynamical 
variables  x1}  xz, .  .  . ,  xn  by  steepest  descent  was  interpreted  as  con¬ 
tinuous  minimization  of  a  criterion  function  (error  measure)  (43). 
The  question  naturally  arises  whether  similar  steepest-descent  techniques 
can  continuously  minimize  more  general  criterion  functions.  In  actual 
fact,  such  problems  are  only  rarely  meaningful.  In  the  case  of  our  com¬ 
patible  constraints,  an  actual  minimum  corresponding  to  F  =  0  can  be 
realized  at  all  times,  since  we  were  careful  to  assume  all  constraints  to  be 
satisfied  at  t  =  0.  In  general,  the  situation  is  not  so  simple;  the  best  we 
can  usually  do  is  to  find  control  functions  uft)  which  will  minimize  a 
time  average,  weighted  time  average,  or  running  average  of  F.  This, 
however,  is  a  problem  in  functional  optimization  (Secs.  8-13  and  8-16); 
the  technique  of  Sec.  8-9 a  may  or  may  not  yield  a  useful  approximation. 

A  very  important  application  apparently  calling  for  continuous  mini¬ 
mization  is  the  problem  of  model  matching.  Referring  to  Fig.  8-11,  we 
should  like  to  match  the  parameters  a:,  a2,  .  .  .  ,  an  of  a  computer- 
represented  mathematical  model  to  its  prototype  (real  system  or  com¬ 
puter  setup)  by  continuously  minimizing  an  error  measure,  say, 


F(al5a2,  .  .  .  ,an) 

771 

=  ^2  2  Ck[yk(t;cc i,a2,  .  .  .  ,an)  -  r]k(t)Y 


k= 1 


(ck  >  0;  k  =  1,2, .  .  .  ,w) 
(8-58a) 
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as  both  model  and  prototype  are  subjected  to  the  same  test  input  or 
inputs.  The  latter  must  be  chosen  with  some  care  so  as  to  make  the 
error  reasonably  sensitive  to  variations  in  each  unknown  parameter.42,86 
Since  not  all  the  state  variables  qk  may  be  observable,  some  of  the  ck  in 
Eq.  (58a)  may  have  to  be  zero,  which  can  make  identification  of  certain 
parameters  difficult  or  impossible. 


Porometer  corrections 


Fig.  8-11,  Model  matching. 


With  a  model  described  by  m  differential  equations 


<tyi 

dt 


i>a2>  • 


•  •  >°0 


(/  =  1,2,  ..  .  ,m) 


(8-59) 

a  possibly  more  useful  error  measure  may  be  an  equation-error  measure85 
like 


m 


H  I  c , 


<fy,  ... 

dt  jAt>yx>yt>  •  •  •  >ymi 

(Ci  >0;/  =  1,2, 


ai,a2,  .  .  .  ,an) 

(8-586) 


This  method  is  especially  suitable  for  time-invariant  linear  systems.85 
Model  matching  is  of  the  greatest  practical  importance : 


1.  For  deriving  simplified  models  of  complicated  systems,  including 
biological  systems  and  human  operators42 

2.  For  system  identification  {parameter  estimation ),  especially  for 
adaptive  control  of  systems  with  time-varying  parameters 
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Conversely,  certain  adaptive  control  systems  attempt  to  match  param¬ 
eters  of  an  actual  physical  system  to  those  of  a  model  with  desirable 
properties.84 

If  the  unknown  parameters  afc  vary  with  time,  continuous  mini¬ 
mization  of  (58)  makes  sense  only  in  rare  cases,  as  in  parameter  tracking, 
where  system  and  model  satisfy  similar  differential  equations  (59)  with 
initially  identical  parameters. 


Purely  formally,  steepest-descent  minimization  of  (58a)  would  require 
dak  dF  ™  dVi 

Hi  -  K  OH.  -  -  ■ K  .1  'V.  -  %>  <*  >  0;  *  -  1 A . . . ,»)  (8-60) 

Several  investigators42*86  have  implemented  these  relations  with  parameter-influence 
coefficients  dy^d ak  obtained  through  continuous  solution  of  sensitivity  equations 


f.(A\  =  fdAA+dA 

dt\dock)  A\  dy<  da-k  d*k 


(/  =  1,2, . .  .  ,ni) 


(8-61) 


in  the  manner  of  Sec.  8-4.  The  varying  success42  of  these  methods  depends  on  the  extent 
to  which  they  approximate  a  really  meaningful  functional  minimization;  parameter- 
influence  coefficients,  in  fact,  were  originally  defined  for  constant  parameters  a*  only.42'85 

Model  matching  through  parameter  perturbation  (Sec.  8-11)  is  more  easily  made  con¬ 
sistent  with  valid  theory,  for  the  computer  setup  of  Fig.  8-10  approximates  true  functional 
optimization  as  soon  as  we  insert  any  kind  of  short-term  averaging  filter  at  the  output  of 
the  function  generator  producing  the  criterion  function  F.  The  success  of  parameter- 
perturbation  model  matching,  although  necessarily  subject  to  compromises  between 
averaging  time  and  accuracy,  is  thus  more  easily  predictable.16'81-83 
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8-13.  Parameter  Optimization  of  Functionals:  Examples.  We  turn 
next  to  the  optimization  of  functionals  or  numerical  functions  of  the 
entire  time  history  of  a  function  y(t)  (or  of  several  such  functions) 
obtained  in  the  course  of  a  computer  run.  True  functional  optimization 
requires  us  to  select  an  optimal  function  y(t )  (Sec.  8-16),  but 
we  start  with  the  important  problem  of  parameter  optimization. 
y(t)  =_)>(/;« i,a2,  .  .  .  ,a„)  is  to  be  completely  determined  by  n  constant 
parameters  ax,  a2,  .  .  .  ,  a „,  and  we  want  to  determine  <xx,  a2,  .  .  .  ,  a„  so 
as  to  maximize  or  minimize  a  functional  dependent  on  y{t).  Simple 
examples  of  functionals  are  <J>|j(f)]  dt,  where  <h(j)  is  a  given  function, 
or  simply  ^[y{T)}  \  note  that  each  such  functional  is  simply  a  numerical 
function  F{ ax,a2,  .  .  .  ,a„)  of  the  parameters  ax,  a2,  .  .  .  ,  a„.  In  most 
applications, 

y(t)  =  _y(f  ;ax,a2, . . .  ,«„) 

is  not  explicitly  given  as  a  function  of  the  parameters,  but  as  the  solution 
of  a  differential  equation  containing  the  parameters, 


dry  .  ... 


,ocx,oc2,  .  .  .  ,orn) 


(8-62) 


1  S or  R  (sample  ot  r -T) 

1  ylr)  ^ 


a\-y(0) 

(Needed  in  RESET) 


-y(r)  I 


yT 

(a) 


b[y(T)-y^bF 
t) 


M 


rSmni!?h  Parftme,er  I°Ptimizua1tion  of  functionals.  Four  typical  problems  are  illustrated : 
a  simple  boundary-value  problem  (a,  b),  an  eigenvalue  problem  (c),  a  constant-parameter 
model-matching  problem  ( d ),  and  two-parameter  control-system  optimization  (c)  If  the 

shownTn^^’Jt  *°  b.e  °Pt,m,zed  are  supplied  by  a  digital  computer,  the  analog  multipliers 
shown  in  (c),  (d),  and  (e)  are  simply  replaced  with  MDACs.  F 
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The  unknowns  <xx,  oc2,  .  .  .  ,  a„  are,  typically,  design  parameters  for  a 
dynamical  system  described  by  Eq.  (62),  and  our  functional  is  a  perform¬ 
ance  measure;  unknown  initial  values  v(0),  >>(0),  .  .  . ,  too,  can  play  the 
role  of  unknown  parameters.  The  following  examples,  simple  as  they 
are,  illustrate  the  most  significant  applications: 

1.  A  Boundary-value  Problem  (Fig.  8-12#,  b ).  The  two-point  bound¬ 
ary-value  problem 

d-2  =  -my  j’(0)  =0  yiX)  =  }'T 

[r  =£  ~  ,k  =0,1,2,...)  (8-63) 

is  conveniently  solved  by  minimization  of  the  functional  (error 
measure) 

[y(T)  -  yTf  =  F[K0)]  (8-64) 

as  a  function  of  the  unknown  parameter  ocj  =  j>(0). 

2.  An  Eigenvalue  Problem  (Fig.  8-1 2c).  Eigenfunctions  y(/)  and 
eigenvalues130  v.\  satisfying 

=  afy  f(0)  =0  JKO)  =  y„  y(T)  =  0  (8-65) 

are  found  by  minimization  of  the  functional 

|y(T)|  =  F(aj)  (8-66) 

as  a  function  of  the  unknown  parameter  a,. 

3.  Constant-parameter  Model  Matching  (Fig.  8-12 d]  see  also  Sec. 
8-12).  Two  unknown  constant  parameters  a1,  a2  of  a  mathemati¬ 
cal  model  defined  by 

d~dP  +  Kl  %  +  =  ^  =  ^  =  °  ^8"67^ 

are  matched  to  a  physical  prototype  system  (black  box)  with  input 
x(t)  and  output  r){t)  through  minimization  of  the  error  measure 

Jo‘‘  WO  -  >?(0r  dl  =  F(«„«,)  (8-68) 

4.  Control-system  Optimization  (Fig.  8-12c).  Optimal  constant 
parameters  at,  a2  for  a  simple  servomechanism  described  by 
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for  a  given  input  x(t)  are  determined  through  minimization  of  an 
error  measure  such  as 


(8-70) 


As  a  natural  generalization,  the  functional  to  be  optimized  can 
depend  on  m  functions  given  by  m  first-order  differential  equations 
like  Eq.  (59),  with  n  unknown  constant  parameters  a1}  a2,  .  .  .  ,  a„. 

8-14.  Iterative-differential-analyzer  Techniques.  (a)  Introduction. 

Many  parameter-optimization  problems  are  conveniently  solved  with 
iterative  differential  analyzers  (Sec.  2-2).  In  each  example  of  Fig.  8-12 
successive  differential-analyzer  runs  with  new  parameter  values 
ai  a2,  •  •  •  j  a„  will  produce  new  solutions  y(t),  and  hence  new  values  of 
the  given  criterion  functional  /r(a1,a2,  .  .  .  ,a„);  the  machine  acts  as  a 
function  generator  for  F(oc1,oc2,  .  .  .  ,an),  with  sampled-data  output  once 
per  computer  run.  With  sufficiently  fast  iteration  (5  to  1 ,000  computer 
runs/sec),  a  track-hold  output  representing  F( a1}a2, .  .  .  ,a„)  can  be 
displayed  on  an  oscilloscope  or  meter  and  will  appear  to  change  more  or 
less  continuously  with  parameter  settings.  Such  a  display  permits 
optimization  by  successive  manual  parameter  adjustments.  With  a 
favorable  (“convex”)  criterion  function  F( ax,a2, .  .  .  ,an)  and  a  fast 
computer,  such  trial-and-error  iteration  can  converge  rapidly  and  is 
simple,  practical,  and  useful.  Automatic  iterative  optimization  replaces 
the  human  operator  with  suitable  optimization  logic,  i.e.,  with  a  sam- 
pled-data  control  system  designed  to  set  optimal  parameter  values. 
Automatic  optimization  is  needed  especially : 

1.  For  rapid  plotting  of  optimal  values  of  F  and/or  a1?  a2,  .  .  .  ,  a„ 
against  other  system  parameters 

2.  If  the  optimal  values  of  F  and/or  ax,  a2,  .  .  .  ,  a„  are  to  be  used  as 
inputs  to  other  computing  elements,  or  to  actual  physical  systems84 

3.  If  we  want  to  use  a  (possibly  more  accurate)  differential  analyzer 
too  slow  for  repetitive-display  optimization 

Our  assumption  of  a  “meaningful”  criterion  function  presupposes  the 
existence  of  an  optimal  parameter  combination,  but  we  may  have  to  deal 
with  more  than  a  single  maximum  or  minimum.  As  in  our  example  of 
Fig.  8-4,  an  iteration  scheme  attempting  to  decrease  F,  say,  might  lead  us 
to  a  different  minimum  depending  on  our  initial  trial  values  for  al5 
a2,  .  .  . ,  an  (“starting  point”  in  parameter  space).  Our  simple  eigen¬ 
value  problem  defined  by  Eq.  (65)  is  a  case  in  point.  Unless  all  but  one 
of  the  “optimal”  parameter  combinations  can  be  eliminated  by  other 
considerations,  we  may  have  to  find  two  or  more  maxima  or  minima  and 
select  the  best  one.  With  one,  two,  or  even  three  or  four  unknown 
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parameters,  we  may  get  an  impression  of  the  nature  of  F(olu a2,  .  .  .) 
through  preliminary  computations  over  a  coarse  net  of  parameter  values. 
For  a  larger  number  of  parameters,  however,  some  analytical  or  physical 
a  priori  knowledge  about  the  location  of  the  desired  optimum  is  virtually 
indispensable.  It  is  also  usually  a  good  idea  to  recheck  each  maximum 
or  minimum  located  through  iteration  by  renewed  iteration  with  a 
different  starting  point. 


Ijr 

i 


Analog  computer  Digital  computer 


(b) 


Fig.  8-13.  Parameter  setting  for  optimization.  The  MDACs  in  ( b )  are  updated  just  before 
the  end  of  each  analog-computer  reset  period. 

(b)  Automatic  Iteration.  To  automate  our  sampled-data  opti¬ 
mization,  we  can,  as  in  Sec.  8-7,  replace  each  manual  parameter  adjust¬ 
ment  with  an  integrator  (Fig.  8-13 a).  For  functional  optimization,  we 
place  these  integrators  into  hold  during  differential-analyzer  compute 
periods;  the  parameter-setting  integrators  integrate  only  during  com¬ 
puter  reset  periods. 

This  parameter-updating  method,  with  analog-plus-patched-logic 
computation  of  parameter  corrections,  is  practical  only  for  very  simple 
optimization  studies.  The  preferred  technique  for  iterative  optimization 
employs  a  digital  computer,  which  computes  new  parameter  values  and 
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sets  them  into  multiplying  digital-to-analog  converters  (. MDACs )  before 
the  end  of  each  analog-computer  reset  period,  as  in  Fig.  8-136.  The 
analog  computer  serves  only  for  rapid  solution  of  the  system  differential 
equations.  This  is  a  particularly  favorable  combination  of  analog  and 
digital  techniques  (see  also  Secs.  2-2  and  9-13). 

We  denote  parameter  values  during  the  first,  second,  .  .  .  computer 
run  by  °afc,  X,  •  •  •  ,  so  that  Fig.  8- 12a  implements 


rF  =  F(raur <x2, .  .  .  ,X) 
X-  =  r~X  +  rAoc, 


(/•  =  1,2,  ...;/  =  1,2, .  .  .  ,n)  (8-71) 


It  remains  to  determine  suitable  corrections  rAai  for  automatic  optimi¬ 
zation. 

(c)  Use  of  Parameter-influence  Coefficients.  Kokotovic  Systems. 

By  analogy  with  Eq.  (28),  iteration  on  the  basis  of 


r  ,  ,  ,  dF‘ 

ai  =  X  —  h  — 
o  a,- 


r— 1„  r— i 

*2.  •  •  *  , 


(//  >  0;  r  =  1,2,  ...;/  =  1,2, .  .  .  ,n)  (8-72) 

would  approximate  steepest-descent  minimization  of  F(al5a2,  .  .  .  ,a„) 
for  a  reasonably  small  step-size  factor  h.  Since  F  is  a  functional,  we 
cannot  usually  express  dFfd  a,  as  an  explicit  function  of  the  a*.  We  may, 
however,  be  able  to  generate  the  dFfd: xt  as  functions  of  parameter- 
influence  coefficients  dykfd a*  found  through  solution  of  sensitivity 
equations  (Sec.  8-4). 

As  an  example,  consider  the  boundary-value  problem  of  Eq.  (63). 
Here  j>(0)  is  the  only  unknown  parameter,  and 


dF 

dy(0) 


d 

dy(0) 


[y{T)  -  yTY  =  2[y(T )  -  yT] 


d_y  ~ 

^T(0)_ 


t=T 


(8-73) 


where  the  parameter-influence  coefficient  dy/dy( 0)  =  v(t)  satisfies  the 
sensitivity  equation 


with 


d-v 
~d ? 

i>(0) 

6(0) 


—  (02V 


0 

1 


(8-74) 


obtained  by  differentiation  of  Eq.  (63)  with  respect  to  j(0).  We  can, 
then,  solve  the  sensitivity  equation  (74),  along  with  Eq.  (63)  once  per 
computer  run;  we  sample  v{t)  at  /  =  7"  to  obtain  v(T),  and  implement 
Eq.  (73)  to  produce  3FfBy( 0)  (Fig.  8-14).  Analogous  procedures  apply 
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to  our  other  examples.  With  multiparameter  problems  involving  non¬ 
linear  differential  equations,  though,  the  sensitivity  equations  tend  to 
be  impractically  cumbersome  (or  we  may  not  even  be  able  to  write  them 
in  explicit  form,  Sec.  8-4). 

Our  simple  example  involved  a  single  unknown  parameter.  In  the 
general  case  of  an  «th-order  system  with  r  parameters,  we  should 


Fig.  8-14.  Parameter  optimization  using  a  parameter-influence  coefficient. 


require  an  analog-computer  setup  for  r  «th-order  sensitivity-equation 
systems  (16)  in  addition  to  the  original  mh-order  system.  In  practice, 
therefore,  explicit  computation  of  parameter-influence  coefficients  is 
practical  only  for  linear  time-invariant  systems  of  the  so-called  Kokotovic 
class,  which  permits  derivation  of  all  parameter-influence  coefficients 
from  a  single  «th-order  sensitivity-analysis  setup. 

Kokotovic  systems  have  the  general  form  of  Fig.  8- 15a.  The 
Hk  =  Hk{d\dt )  are  time-invariant  linear  operators  of  the  form  defined 
by  Eq.  (1-1 1),  with  Hk(  oo)  finite.  For  simplicity,  assume  that  we  want 
to  determine  sensitivity  functions  associated  only  with  one  unique 
parameter  afc  corresponding  to  each  Hk,  so  that  Hk  =  Hffljdt, a*); 
this  restriction  can  be  relaxed.  It  can  be  shown  that  all  r  sensitivity 
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x(t)- 


— *  Hl  — I 

Hz  1 

- Ha  < - 

- y(t) 


( a ) 


(£>) 


.2 

dy  dy 

~dti ’  +  r  FT  +  ky  =  x(f> 


F,gj S,'m  A  t!me"mvariant  1,near  system  of  the  Kokotovic  class  (a),  sensitivity-analysis 
model  (d),  and  a  simple  example  (c).  J  J 


functions  dyjd a*  =  yjf)  of  the  system  of  Fig.  8-1 5a  can  be  obtained 
from  the  system  shown  in  Fig.  8-15 b  whose  input  is  the  output  y(t)  of  the 
original  system,  and 


a,. 


dff 


il,’*') 


H, 


(k  =  1,2, . . .) 
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The  operators  Sk  are  usually  quite  simple.  Thus, 


*  \dt! 
d 


d 


d 

“*<*  + 1 


d  , 

Hdt  +  ' 


Figure  8- 15c  shows  a  simple  example. 

(d)  Computed-gradient  Methods  (Figs.  8-16  and  8-17).  A  more 
generally  useful  approach  to  steepest-descent  minimization  employs 
iteration  based  on 


(//  >  0;  r  =  1,2,  ...;/=  1,2,  .  .  .  ,n) 

(8-75) 


where  the  r_1(AF/Aa)i  are  approximate  gradient  components  measured 
and  stored  during  n  exploratory  computer  runs  preceding  each  actual 
iteration  step  or  “working  step” : 


r- 1 


=  x-  [^(r-1ai,r-1a*,  •  •  •  /-V-  +  Aa,  .  .  .  an) 

Aa 

-  FC-1a1,’-1a2,  •  •  •  r1^)  1 
(r  =  1,2,  ...;/  =  1,2, ...,«)  (8-76) 


The  basic  gradient  method  requires  n  +  1  differential-analyzer  runs 
per  iteration  step,  and  n  track-hold  memory  circuits  or  storage  registers 
switched  by  suitable  subroutine  counters  will  be  needed  to  store 
the  r_1(AF/Aoc)l  during  each  cycle.  Many  useful  modifications  of  the 
gradient  methods  have  been  designed,  e.g.,  the  optimum  gradient 
method  (Figs.  8-16  and  8-176).42-49  After  finding  a  set  of  approxi¬ 
mate  gradient  components  (76),  we  do  not  remeasure  the  gradient  at 
each  step  but  continue  with  additional  “working  steps”  based  on  the 
r"1(AF/Ax)i.  until  F  no  longer  decreases.  Only  then  we  perform  n 
exploratory  runs  to  measure  new  gradient  components. 

(e)  Termination  of  the  Iteration.  Step-size  Determination.  When  an 
optimization  routine  no  longer  yields  any  improvement,  we  may : 

1 .  Continue  to  let  the  parameter  point  oscillate  about  the  optimum 
parameter  combination,  as  in  most  optimizing  control  systems 

2.  Terminate  the  iteration  and  read  the  optimum  parameter  values, 
say  as  averages  over  the  last  few  iteration  steps 

3.  Terminate  the  iteration  and  change  to  a  new  optimization  routine 
capable  of  producing  more  accurate  results 
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The  iteration  may  simply  be  terminated  by  an  operator  observing  the 
process  by  reading  F  and/or  a1}a2, .  .  .  ,a„.  For  automatic  termination 
and  readout,  we  must  add  special  circuits  to  detect,  say,  that  all  dF/dv. f 
have  equal  signs,  or  that  recent  iterations  have  not  improved  F.  In 
particular,  the  maximum/minimum-reading  circuit  of  Fig.  4-26  will  not 


Fig.  8-16.  Flow  diagram  for  iterative 
parameter  optimization  by  the  optimum 
gradient  method. 


only  store  the  highest  or  lowest 
value  of  F,  but  also  produces  a 
voltage  step  each  time  an  improve¬ 
ment  takes  place.  We  terminate 
the  iteration  when  a  counter  in¬ 
dicates  that  a  preset  number  nF 
of  iteration  steps  have  failed  to 
improve  F. 

In  general,  a  small  step-size 
factor  h  in  Eqs.  (72)  and  (75)  will 
produce  more  accurate  results  but 
slower  convergence  to  the  desired 
optimum.  Large  steps  may  speed 
the  iteration  but  might  produce 
incorrect  gradient  measurements 
and  large  oscillations  about  op¬ 
timal  points.  To  combine  speed 
and  accuracy,  it  appears  desirable 
to  decrease  the  step  size  as  we 
approach  the  desired  optimum. 
With  fast  iterative  differential 
analyzers,  logic  requirements  will 
be  simplified  if  we  compromise  on 
a  reasonably  small  initial  step  size 
(say,  1  to  5  percent  of  half-scale) 
and  reduce  the  step  size  once  or 
twice  as  the  search  terminates. 
The  hybrid  parameter-setting 
circuit  of  Fig.  8-1 3b  permits 
especially  simple  digital  control  of 
step  size. 


In  certain  optimization  prob¬ 
lems,  we  know  a  priori  that  the 
value  of  a  minimum  must  be  zero  (as  in  the  case  of  boundary-value 
problems,  Fig.  8-12#  and  b)  or  near  zero  (as  in  many  model-matching 
problems.  Fig.  8-12 d).  In  such  cases,  we  may  know  that  we  are  close 
to  a  minimum  when  F  becomes  small;  we  can  then  make  the  step 

size  proportional  to  F,  or  to  a  monotonic  function  of  F  (see  also 
Fig.  8-18#).  v 
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Fig.  8-17o  to  d .  Two-parameter  optimization  by  the  gradient  method  ( a ),  by  the  optimum 
gradient  method  ( b ),  by  successive  one-parameter  optimizations  (c),  and  by  iteration  with 
sequential  random  perturbations  ( d ). 


RESET  COMPUTE 


R  I 
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#/rx\>T$-+\ 

^n_r 
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Fig.  8-17e.  A  circuit  for  presenting  successive  differences 

8F  =  F(r-*<Xi/~*ag, .  .  .  ,  r_2oc„)  -  F(’-1a1/-1a2, . .  .  ,  =  r-2/(r1)  -  f-1/(r,) 

during  the  following  compute  period  or  during  the  following  reset  period. 
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I - 3 


Fig.  8-18.  A  simple  one-parameter  parameter-perturbation  optimizer  (a),  digital  logic  ( b ), 
and  10-Hz  iterative  solution  of  a  simple  boundary-value  problem  (c).  For  The  boundary- 
value  problem,  the  parameter  a  =  y(0)  is  used  only  in  reset. 


335 


OPTIMIZATION  BY  CREEPING  RANDOM  SEARCH 


8-15 


Even  more  rapid  convergence  to  minima  equal  to  or  near  zero  may  be  obtained  by  a 
step-size  factor  h  such  that  each  new  trial  point  (roc1,ra2,  .  .  .  ,ran)  causes  the  linear  approx¬ 
imation 


to  vanish,  where  the  derivatives  are  computed  for  f*la1,f-la8,  .  .  .  ,r-xan.  We  substitute 
ra*  —  r_1ai  from  Eq.  (72)  to  find45 


(r  =  1,2,..  .) 


(8-77) 


and  employ  r_x(AF/Aa)t-  instead  of  dF/da*  when  measured  gradient  components  are  used. 
Analog-computer  implementation  of  Eq.  (77)  is  rather  complicated  for  our  taste,  but 
convergence  may  be  rapid. 

(f)  Other  Optimization  Routines.  One-parameter  optimization  is  a  relatively  simple 
computing  task  (Fig.  8-18),  while  multiparameter  optimization,  say  by  a  gradient  method, 
requires  a  rather  substantial  amount  of  analog  or  digital  memory  and  logic.  With  fast 
iterative  analog  computers,  we  might  like  to  trade  computing  speed  for  simplified  logic. 
Slow  analog  computers  controlled  by  general-purpose  digital  computers,  on  the  other  hand, 
can  employ  more  complicated  optimization  schemes  involving  higher-order  extrapolation- 
prediction  of  maxima  and  minima  and  controlled  step-size  variation.  References  42  to 
46  survey  the  most  interesting  parameter-optimization  methods;  the  creeping-random - 
search  method  will  be  singled  out  for  special  attention  in  Sec.  8-15,  because  it  is  especially 
well  suited  for  hybrid-computer  implementation. 

A  relatively  simple  multiparameter  optimization  routine  optimizes  F  first  as  a  function 
of  a  single  parameter,  say  <xx.  When  the  maximum  or  minimum  is  reached,  we  switch  to 
the  second  parameter,  optimize  F  again,  and  proceed  until  we  start  once  more  with  the 
first  parameter  ocj  (Fig.  8-1 7c).  Although  this  method  will  converge  for  reasonably  smooth 
convex  functions  F(aj,a2, .  .  .  ,an)  and  small  step  sizes,  the  iteration  can  “hang  up”on 
two-dimensional  ridges  which  maximize  F  in  all  parameter  directions.  Although  such 
obstacles  can  be  removed  by  supplementary  search  routines,  this  again  detracts  from  the 
simplicity  of  the  method. 

8-15.  Optimization  by  Creeping  Random  Search.  Global  Searches  and 

Constraints.56-75  A  completely  different  iteration  method  permits 
multiparameter  optimization  with  relatively  very  simple  digital  pro¬ 
grams  or  control  logic,  and  not  necessarily  at  the  expense  of  convergence 
speed.  Referring,  for  simplicity,  to  the  two-parameter  example  of 
Fig.  8-17*/,  we  start  with  a  trial  point  (°a1,°a2)  and  vary  a1}  a2  simul¬ 
taneously  by  independent  random  positive  or  negative  increments  <5a1? 
d<x2  obtained  from  a  noise  generator.  If  F( a1}a2)  is  not  improved,  we 
try  new  random  increments  <5a1}  da2  until  an  improvement  is  obtained; 
then  we  use  (°a1  +  <$ax,  °a2  +  <5a2)  as  the  next  trial  point  (1a1,1a2).  With 
random  perturbations  distributed  about  zero  with  a  small  standard 
deviation  (small  step  sizes),  the  iteration  will  converge  whenever  the 
gradient  method  does  but  also  in  a  great  many  cases  where  it  does  not. 
Note  that  our  random-perturbation  scheme  involves  no  exploration 
steps,  varies  all  parameters  simultaneously,  and  is  much  less  sensitive 
to  ugly  parameter-space  terrain  features,  such  as  ridges  and  canyons. 
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(o) 


P 

( b ) 

Fig.  8-19.  Analog-computer  implementation  of  Pontryagin’s  maximum  principle  (a),  and 
steepest-descent  computation  of  u  as  a  function  of  p  and  x  ( b ).  ( Based  on  Ref.  16.) 

The  increments  Aa  can  be  true  random  inputs  from  an  analog 
gaussian-noise  generator,68-132  or  uniformly  distributed  pseudorandom 
quantities  from  a  shift-register  pattern  generator  or  digital-computer 
algorithm.132 

Random-perturbation  optimization  is  especially  suitable  for  com¬ 
binations  of  fast  iterative  analog  computers  and  small  digital  com¬ 
puters.  Creeping  random  search  really  shines  when  the  number  of 
unknown  parameters  exceeds  four.  In  this  case,  both  theory63-66  and 
experiments70  indicate  that  this  optimization  method  converges  more 
quickly  than  the  basic  measured-gradient  method  of  Sec.  8-14 d  for 
simple  convex  criterion-function  hypersurfaces.  Indeed,  the  con¬ 
vergence  time  (for  approach  to  the  optimum  within  a  specified  small 
distance)  was  found  to  increase  roughly  linearly  with  the  number  R  of 
unknown  parameters,  while  competing  methods  exhibited  exponential 
or  square-law  dependence.70  Up  to  15  parameters  were  successfully 
handled  in  fairly  large  problems,68  but  as  many  as  200  are  possible.77 
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We  have  already  noted  that  creeping  random  search  can  climb  across 
multidimensional  criterion-function  landscapes  with  flat  spots,  winding 
canyons,  ridges,  etc.  (Fig.  8-20 d).  In  addition,  parameter  combinations 
producing  analog-computer  overloads  are  simply  regarded  as  failures 
to  improve  F;  the  analog  computer  is  reset  before  any  amplifier  really 
“blocks,”  and  a  new  parameter  perturbation  is  tried  for  the  next  run. 


-L 

0 


_  Farce 
+u~  mass 


* 


Sample  at  t  =  tf 


Sample  at  t~  tF 


(l/2)Jri 


All  integrators  have  gain  2X  104 


■5  u 


Fig.  8-20 a,  b.  A  simple  bang-bang  control  system  (n),  and  high-speed  analog-computer 
setup  ( b )  (see  Sec.  8-166).  ( University  of  Arizona,  Refs.  67  and  73.) 
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( 5  V /cm) 


( 2sec/cm,  scaled) 


tfr ,  seconds 


g.  8-20c  to  e.  Optimal  solutions  for  the  bang-bang  control  problem  computed  at  1,000 
iterations/per  second  (c),  phase-plane  plot  (d),  and  two-dimensional  cross  section  of  the 
criterion-function  hypersurface  (e).  ( University  of  Arizona,  Ref.  67.) 


Various  refinements  of  the  basic  creeping  random  search  can  greatly 
improve  convergence  in  suitable  problem  situations.  The  best  strategy 
must  be  found  by  experimentation  in  each  case. 

1.  As  with  gradient  methods,  the  “step  sizes,”  i.e.,  the  perturbation 
variances,  can  and  should  be  made  adjustable.  One  good 
strategy  is  to  reduce  the  variance  after  some  number  rF  of  succes¬ 
sive  failures,  so  that  we  are  less  likely  to  “jump  across”  the 
optimum.42- 62,67 
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2.  After  a  specified  still  larger  number  of  failures,  we  may  sub¬ 
stantially  increase  the  perturbation  variance  in  order  to  “jump 
out”  of  a  flat  spot,  saddle,  or  local  optimum.62-67 

3.  Another  technique  tries  a  larger  and  a  smaller  random  perturbation 
in  the  same  direction  at  each  step  and  changes  the  variance  so  as 
to  match  the  more  favorable  choice  (adaptive  random-step 
method  of  Schumer  and  Steiglitz).70 

4.  It  is  possible  to  utilize  the  experience  of  past  successful  or  un¬ 
successful  steps  to  give  the  search  preferred  directions,  so  that  the 
creeping  random  search  will  begin  to  favor  steepest-descent 
directions.  We  can  (a)  repeat  successful  steps,67  (b)  bias  the 
mean  of  the  perturbation  in  successful  directions,68  or  (c)  change 
the  perturbation  distribution  by  suppressing  a  specified  proportion 
of  positive  or  negative  parameter  increments. 62 

As  a  starting  procedure,  large  parameter-perturbation  variances  may 
be  used  to  approximate  a  true  random  search  for  a  good  starting  point. 

After  an  optimum  has  been  found  according  to  some  termination 
criterion  (Sec.  8-14e),  we  must  decide,  from  a  priori  information  or  by 
experimentation,  whether  the  optimum  found  is  only  a  local  optimum 
or  the  desired  “global”  optimum.  In  the  latter  case,  a  global  search 
can  be  resumed  with  large  trial  steps.62, 67,73 

Equality  constraints 

<Pk( ai>a2, .  .  •)  =  0  (k  =  1,2, .  .  .  ,m) 

on  permissible  combinations  of  the  unknown  parameters  al5  a2, .  .  .  can 
be  handled  by  the  penalty-function  technique  of  Sec.  8-7;  i.e.,  we  simply 
optimize  a  modified  criterion  function  in  the  manner  of  Eqs.  (25)  or 
(26);  optimization  of  this  new  criterion  function  implies  that  the 
constraints  are  satisfied. 

The  penalty-function  method  can  be  used  with  all  optimization 
algorithms.  The  newer  vector  criterion  function  method  of  Stewart  et 
al.,  however,  applies  only  to  creeping  random  searches  and  will  often 
be  useful  in  this  connection.71-73  We  consider  an  effective  criterion 
function  improved  only  if 

E(ct i,&2,  .  .  .),  •  •  .)l>  1 9^ 2(^1  > >  •  •  •)!>  •  •  •  5 

and  |9?TO(a1,a2,  .  .  .)|  are  all  reduced  by  a  new  parameter  perturbation. 
Inequality  constraints 

(pfp- ij^2>  •  ■  •)  ^0  ( [k  1,2, .  . .) 

can  always  be  reduced  to  equality  constraints  as  in  Eq.  (27). 

8-16.  True  Functional  Optimization,  (a)  Solution  by  Calculus  of 
Variations  and  Maximum  Principle.  The  problems  of  Sec.  8-13 
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required  determination  of  optimal  constant  parameters  ax,  a2, .  .  .  .  By 
contrast,  true  functional  optimization  requires  us  to  find  an  unknown 
function  or  functions  which  will  optimize  a  given  functional.  Consider, 
as  an  example,  a  simple  control  system  with  a  control  input  u(t)  con¬ 
trolling  a  state  variable  x(t )  so  that 

dx 

x=-  =f(x,u,t)  (8-78) 

Given  x(0),  we  want  to  determine  u(t)  so  as  to  minimize  the  integral 

r  tF 

*0 (tr)  =  I  fo(x,u,t )  dt  (8-79) 


subject  to  the  dynamic  constraint  (78).  We  shall  employ  the  classical 
calculus  of  variations.130  Although  we  might  be  able  to  use  Eq.  (78) 
for  eliminating  x  in  Eq.  (79),  a  more  general  approach  is  to  write 
Euler-Lagrange  equations130  with  respect  to  both  x  and  u  for  the 
“augmented”  integrand 


4>(x,x,w,r)  =f0(XyU,t)  +  />(0I*  -f{x,u,t) ]  (8-80) 

where  pit)  is  a  variable  Lagrange  multiplier.130  The  resulting  necessary 
conditions  for  a  minimum  are  two  Euler-Lagrange  equations 


dt  dx  dx  dt  dx  ”  dx 


(8-81) 


rf  m>  _  a®  a/- _ 

dt  du  du  *  du  du 
and  a  “natural”  boundary  condition130 


d&~ 

dl_ 


t—tp 


=  p(tF) 


=  o 


(8-82) 


(8-83) 


If  the  terminal  time  tF  is  unknown  (which  is  often  true,  as  in  Sec. 
8-16Z?),  the  natural  boundary  condition  (83)  must  be  replaced  by 
more  general  far-end  boundary  conditions  (transversality  conditions 
Ref.  130). 

Equation  (82)  implies  that  the  hamiltonian  function 


H(x,p,u)  =  pf(x,u,t)  -f0(x,u,t)  (8-84a) 

satisfies  dH/du=  0  for  optimal  x(t),  p(t),  and  u(t),  provided  that 
H(x,p,u)  is  suitably  differentiable.  Under  more  general  conditions, 
Pontryagins  maximum  principle 130  ensures  that  the  optimal  control  u(tj 
continuously  maximizes  the  hamiltonian  H(x,p,u).  Assuming  that  an 
optimum  control  exists,  the  maximum  condition  will,  in  principle, 
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permit  us  to  express  u(f)  in  terms  of  the  state  variable  x(t )  and  the 
adjoint  variable  p(t).  These  variables  satisfy  the  differential  equations 
(78)  and  (81),  which  can  be  rewritten  as  the  pair  of  canonical  equations: 

dx  dH 

-r  =  (system  equation)  (8-846) 


dp  dH  , 

-j-  =  — g-  (adjoint  equation)  (8-84c) 

In  addition,  p  and  x  must  satisfy  initial  and far-end boundary  conditions ; 
it  can  also  be  shown  that  max  H  —  0  so  that,  in  general,  there  is  just 
enough  information  to  determine  all  unknown  integration  constants 
and  the  (possibly)  unknown  terminal  time  tF.130 

Figure  8-  19a  shows  the  resulting  computer  setup.  The  control  u(t) 
is  obtained  from  x(t)  and  p(t)  through  solution  of  dH/du  =  0  for  u(t), 
through  explicit  maximization  of  H(x,p,u)  (Sec.  8-166),  or  by  the 
steepest-descent  method  of  Sec.  8-9  (Fig.  8-196).  Our  entire  analysis 
applies  to  the  general  case  of  n  state  variables  xx,  x2, .  .  . ,  xn,  n  adjoint 
variables  pu  p2,  .  .  . ,  pn,  and  r  control  variables  ux,  u2, .  .  .  ,  ur  if  we 
simply  interpret  a  as  an  n  x  1  (column)  matrix  ( state  vector ),  p  as  an 
1  x  n  (row)  matrix  ( adjoint  vector),  and  u  as  an  r  x  1  (column)  matrix 
{control  vector),  so  that  dH/dp  is  a  column  matrix  and  dHjdx  is  a  row 
matrix  (see  Ref.  130  for  detailed  specification  of  the  boundary  con¬ 
ditions  and  methods  for  handling  constraints). 

The  maximum- principle  approach  reduces  the  optimum  control  prob¬ 
lem  to  a  two-point  boundary-value  problem  involving  2n  differential 
equations  (84).  This  problem  amounts  to  the  parameter-optimization 
problem  of  finding  enough  unknown  initial  values  pk{ 0)  [and  possibly 
also  unknown  xt(0)]  to  match  the  remaining  boundary  conditions,  i.e., 
to  minimize  a  boundary-error  measure  in  the  manner  of  Fig.  8-126  or 
8-18. 

One  redeeming  feature  is  that  the  optimal  boundary  error  is  neces¬ 
sarily  zero,  so  that  we  have  a  convenient  condition  for  stopping  the 
iteration.  Otherwise,  the  two-point  boundary-value  problems  arising 
from  the  maximum  principle  tend  to  be  ugly: 

1 .  The  number  of  differential  equations  to  be  solved  is  doubled. 

2.  The  adjoint  variables  pk  will  rarely  have  any  physical  interpreta¬ 
tion,  so  that  they  are  difficult  to  scale.  Moreover,  the  adjoint 
equations  (84c)  may  be  unstable. 

3.  More  often  than  not,  the  boundary-error  measure  gives  rise  to  a 
completely  wild  criterion-function  landscape  full  of  flat  spots, 
ridges,  canyons,  and  multiple  minima  (Fig.  8-20 d  and  Refs.  71 
to  73). 
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Nevertheless,  a  number  of  useful  control  problems  have  been 
solved  on  the  basis  of  the  maximum  principle.  The  most  successful 
approaches  have  employed  creeping-random-search  optimization  of 
the  boundary-error  measure. 42,67-71_73,79,134’135 

As  a  simple  example,  let  q  represent  an  error  in  a  control  system  described  by 

^  =  —  q  +  «  =  f(q,u,t)  (8-85) 


We  want  to  minimize  a  combination  of  error  costs  and  control  costs,  say 


*0 


-*r 


0 q 2  +  «2)  dt 


Equation  (82)  implies  u  =  p,  and  our  boundary-value  problem  becomes 

dq  dp 

—  =  -q+p  - Jt=q+p\ 


(8-86) 


(8-87) 


with 


q( 0)  =  q0 


P(tF)  =  0 


This  is  easy  to  solve  wi,th  an  iterative  differential  analyzer.  A  more  complicated  problem 
will  be  considered  next. 

(b)  Simple  Bang-Bang  Time-optimal  Control.130  Given  xx(0),  x2(0)  =  x^O),  and  the 
state  equations 


dxi 

~dt 


=  «(') 


(8-8  8a) 


L1'®”  dt 2 


one  desires  to  minimize  the  time 


*o  (O 


r*F 

="-j. 


dt 


(/o  =  1) 


(8-886) 


required  to  reach  the  given  terminal  state  Xl(tF)  =  Xi(tF)  =  Xl(tF)  =  0  by  choosing  a 
control  u  =  u(t)  such  that 

KOI  <  1  (8-88c) 

Maximization  of  the  hamiltonian 


subject  to  \u\  <  1  requires 


with 


H  =  pxx2  +  p2u  —  1 


u  =  sign  p%  =1  j 


(pz  >  0) 
(fz  <  0) 


dp2 

~dt=~P i  ^  const 


so  that  px  —  /?i(0),  p2  —  pz(0)  —  tp^O).  The  optimal  trajectories  in  the  xu  x2  plane 
(phase  plane)  are  parabolic  arcs  corresponding  to  u  =  1  and  u  =  — 1.  These  arcs  intersect 
the  ‘switching  curve”  corresponding  to  p2  =  0,  and  each  trajectory  continues  to  the  origin 
on  the  latter  (Fig.  8-20 d).  Each  specific  trajectory  depends  on  the  unknown  parameters 
P i(Q)>  P*( 0),  which  must  be  determined  so  that  the  given  boundary  conditions  xx  (tF)  = 
Xzih)  =  0  are  satisfied. 


Figure  8-20  illustrates  the  iterative  hybrid-computer  solution  of  the  bang-bang  prob¬ 
lem.67*73  The  analog-computer  setup  of  Fig.  8-20a  is  run  at  1,000  iterations  per  second. 
Pi(P) ?  ^2(0) >  and  are  the  three  unknown  parameters  to  be  optimized  by  creeping  random 
search  with  the  boundary-error  criteria 


l*ita)|  =  Min  and  \x2(tF)\  =  Min 
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About  2,500  iterations  were  needed  on  the  average  to  obtain  boundary  errors  within  0.1 
volt  of  zero.  Figure  8-20c  and  d  show  how  the  iterative  solutions  “hunt’  ’  for  the  optimum, 
and  Fig.  S-20e  illustrates  the  rather  unfavorable  criterion-function  landscape. 

(c)  Direct  Functional  Optimization.  Direct  methods  of  functional 
optimization 130  approximately  describe  the  unknown  function  (or 
functions)  u(t)  in  terms  of  N  parameters  al5  a2, .  .  .  ,  and  then 
optimize  the  criterion  function  as  in  an  ordinary  Id-parameter  optimiza¬ 
tion  proble)n;  constraints  can  be  handled  by  either  the  penalty-function 
method  or  by  the  vector-criterion  function  method  (Sec.  8-15). 

An  unknown  function  u(t)  might  be  approximated  in  the  form 

U(t)  =  a  fVft)  +  a2T2(0  +  •  •  •  +  av'Fv(t) 

where  the  xFfc(t)  are  some  conveniently  chosen  known  functions.  u(t ) 
can  also  be  described  in  terms  of  a  table  of  sample  values  a*  =  u(tk), 
from  which  u(t)  is  reconstructed  with  or  without  interpolation  or 
filtering;  the  sampling  times  tk  may  or  may  not  be  uniformly  spaced. 

Since  storage  of  many  parameter  or  sample  values  poses  no  problem 
in  hybrid  computers,  direct  optimization  methods  may  well  replace  the 
maximum-principle  technique  for  many  problems;  note  that  direct 
optimization  does  not  require  us  to  solve  and  scale  adjoint  equations. 
The  problem  with  direct  optimization  is  that  the  number  of  unknown 
parameters  needed  to  approximate  a  function  u{t)  adequately  may  be 
quite  large.  One  might  want,  say,  200  samples  u(tk).  The  right  way 
to  deal  with  this  problem  will  be  to  optimize  a  coarse  approximation 
first  and  to  increase  the  number  of  unknown  parameters  as  the  opti¬ 
mization  proceeds. 

Direct  optimization  of  a  control  function  u(t)  in  terms  of  sample 
values  u(tk)  was  successfully  implemented  first  by  the  measured-gradient 
method  of  Sec.  8-1 4<r/. 78  133  With  a  large  number  of  unknown  param¬ 
eters  or  sample  values,  creeping  random  search  would  seem  to  be 
capable  of  faster  convergence  (Sec.  8-15). 

Figure  8-21  shows  a  creeping-random-search  setup  for  optimizing  a 
single  control  function  u(t )  described  by  200  evenly  spaced  samples 
u(tk)  =  u(k  A/)  ( k  =  0,1,2, .  .  .).77  Only  one  digital-to-analog  con¬ 
verter  is  needed  to  feed  successive  u(k  At)  to  the  analog  computer, 
where  analog-noise  perturbations  A u(t)  are  added.  The  new  samples 
u(k  At)  +  A u(k  At)  are  read  with  an  ADC  and  return  to  the  digital 
computer.  A  pair  of  “swinging-bulfer”  arrays  in  core  memory, 
directly  addressed  by  an  automatic  data  channel  (Sec.  7-12),  always 
store  the  latest  u(k  At)  +  Au(k  At)  and  also  the  last  successful  u(k  At). 
Whenever  the  perturbations  A u(t)  improve  the  criterion  function  f0(tF) 
sufficiently  [i.e.,  if  A f0(tF)  <  e],  then  the  buffer  addresses  (pointers)  are 
swapped  by  the  data-channel  controller,  and  the  most  recent  u(k  At)  + 
A u(k  At)  becomes  the  last  successful  array.  The  noise  perturbations 
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Fig.  8-21.  Direct  functional  optimization.  {Based  on  Ref.  77.) 


can  be  modified  in  accordance  with  past  failures  and  successes,  as 
described  in  Sec.  8-15. 


SOLUTION  OF  PARTIAL 
DIFFERENTIAL  EQUATIONS 

8-17.  Survey.  Analog/hybrid-computer  methods  of  solving  partial 
differential  equations  require  us  to  seek  solutions  in  terms  of  ordinary 
differential  equations,  simple  integrations,  or,  possibly,  in  terms  of  a 
multivariable  equation-solving  problem.  Important  applications  in¬ 
clude  chemical  process  control,  nuclear-reactor,  and  power-plant 
equations.  This  has  become  a  fruitful  area  for  new  hybrid  analog- 
digital  computing  techniques.  To  do  justice  to  the  mathematical 
sophistication  of  hybrid-computer  solution  of  partial  differential 
equations  would  require  a  book  in  its  own  right.  We  recommend 
the  papers  of  R.  Vichnevetsky99”106  and  especially  his  survey  of  the 
subject  in  Ref.  101. 


SIMULATION  OF  SPECIAL 
CONTROL-SYSTEM  NONLINEARITIES 

8-18.  Saturation,  Limit  Stops,  and  Backlash.  A  simple  saturation 
transfer  characteristic  (Fig.  8-23 a)  approximating  the  behavior  of 
various  amplifiers,  valves,  motors,  etc.,  is  readily  obtained  with  simple 
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*0 


Fig.  8-22.  Saturation  characteristic  {a),  two  types  of  saturation  limiters  preceded  by  a 
simple  lag  ( b ,  c),  and  square-wave  responses  (< d ).  The  case  R0  =  °°  corresponds  to  an 
integration  replacing  the  simple  lag. 


X  R '  Ro  Fs 


Fig.  8-23.  Linear  motion  of  a  body  restrained  by  a  (fixed  or  movable)  limit  stop  (a)  and 
precision-limiter  representation  of  an  elastic  stop  with  moderate  stiffness  (b). 
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shunt,  feedback,  or  bridge  limiter  circuits  (Secs.  4-3  and  4-6).  Some 
care,  however,  is  necessary  if  the  simulated  saturation  characteristic  is 
to  be  preceded  by  an  integrator  or  time-lag  circuit.  Figure  8-226  and  c 
illustrates  two  different  possibilities;  the  behavior  of  such  circuits  must 
be  carefully  compared  with  the  properties  of  the  devices  to  be  simulated 
in  each  particular  case. 

The  action  of  a  fixed  limit  stop  on  a  moving  particle  body  (Fig.  8-23) 
is  not  correctly  represented  by  simple  limiting  of  the  particle  displace¬ 
ment  x.  Direct  simulation  requires  one  to  generate  voltages  propor¬ 
tional  to  the  actual  forces  exerted  by  the  limit  stop  as  the  moving  particle 
penetrates  the  stop  slightly. 

These  forces  may  be  elastic  in  nature  {elastic  stop,  energy  is  con¬ 
served);  i.e.,  the  force  fs  exerted  by  the  stop  is  given  by 

f  _  ( ~ks(x  ~  *0  (x  >  *01  /o  ocu 

J*  -  (o  (X  <.  *,))  (8'89) 


dX 


Fig.  8-24.  Simulation  of  an  inelastic  stop  with  a  relay  ( a )  and  with  a  diode  switch  (b). 
Diode  D  prevents  “sticking.”  Note  that  the  diode-bridge  switch  will  limit  the  rate  of 
discharge  of  integrator  1  (Sec.  5-2).  In  both  circuits,  finite  diode  forward  resistances 
(50  to  100  ohms)  permit  the  output  of  integrator  1  to  differ  slightly  from  zero  for  F  >  0, 
so  that  some  applications  may  require  a  second  switch  ahead  of  integrator  2  to  prevent  X 
from  creeping.  r 
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Fig,  8-25.  Backlash  in  spring-loaded  linkages  or  gears  (a),  coupling  force  on  the  driven 
member  (6),  and  two  diode  circuits  generating  voltages  proportional  to  the  coupling  force 
(c,  d).  The  loading  spring  (antibacklash  device)  can  be  omitted.  Note  that  an  equal  and 
opposite  force  acts  on  the  driving  member. 
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where  x  —  is  the  penetration  distance  (Fig.  8-25),  or  the  force  fs  may 
be  approximated  by  a  viscous  force 


fs  = 


~Cslt^X  ~  Xl) 
.0  otherwise 


x  >  Xi*  J  (x  -  Xi)  >  0 


(8-90) 


(viscous-type  inelastic  stop).  If  the  force  (90)  were  not  zero  for  (dfdt) 
(x  —  Xi)  <  0,  the  moving  body  would  stick  to  the  stop.113  Combina¬ 
tions  of  such  forces,  or  nonlinear  forces  depending  on  both  x  —  xx  and 
x,  result  in  semielastic  stops  with  different  coefficients  of  restitution,  i.e., 
with  partial  dissipation  of  the  initial  kinetic  energy.  Figure  8-24  shows 
fabricated  diode  circuits  for  the  simulation  of  inelastic  stops.112113  If 


the  moving  body  is  limited  to  an  interval  between  two  stops  (xx  >  x  > 
.t2),  the  circuits  of  Figs.  8-23  and  8-24  may  be  duplicated  with  appro¬ 
priately  reversed  diodes  and  bias  voltages,  or  a  deadspace  circuit  can 
be  used.  Many  other  variations  and  generalizations  are  possible.  In 
particular,  the  stops  themselves  may  be  moving  bodies,  so  that 
becomes  a  variable.  The  impact  force  on  the  stop  will  be  equal  and 
opposite  to  the  force  f8;  the  computer  can  deal  with  motions  involving 
impacts  for  two  or  more  moving  rigid  bodies.  In  this  manner,  one 
can  simulate  elastic  backlash  (Fig.  8-25). 

By  contrast,  the  pseudobacklash  circuit  of  Fig.  8-26  represents  neither 
elastic  impact  nor  a  reaction  force  on  the  driving  (input)  member 
This  circuit  is,  however,  useful  for  the  simulation  of  backlash  in  poten¬ 
tiometers,  process-control  sensors,  and  other  instruments  which 
measure  a  process  variable  but  do  not  affect  the  measured  variable 
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To  simulate  oblique  impacts  on  smooth  barriers,  one  must  separately 
consider  components  of  the  impact  forces  in  the  coordinate  directions 
(see  also  Sec.  8-10).  It  is,  for  instance,  readily  possible  to  simulate  the 
rebound  of  a  billiard  ball  from  a  barrier. 

Simulation  of  hard  elastic  impact  (e.g.,  steel  on  steel)  requires  caution, 
because  the  true  impact  forces  can  be  so  very  large  compared  with  all 
other  forces  in  question  that  accurate  scaling  becomes  quite  impossible. 
In  such  cases,  simulation  circuits  like  those  of  Figs.  8-23  to  8-25  are 
necessarily  inaccurate.  Correct  simulation  of  hard  elastic,  semielastic, 
or  inelastic  impacts  requires  comparator-switched  sample-hold-integrator 
circuits  which  can  store,  reverse,  and  attenuate  voltages  proportional 
to  each  preimpact  velocity  component.  A  simulation  circuit  of  this 
type  is  illustrated  in  Fig.  8-27. 

8-19.  Simulation  of  Static  and  Coulomb  Friction.  Dry  friction  acting, 
say,  on  a  body  capable  of  sliding  in  the  x  direction  is  commonly  rep¬ 
resented  as  a  force 


^FRICTION 


^APPLIED 

—  Fs  S^gn  (^applied) 
-Fc  sign  (v) 


(M  <  €,  IFapplIEdI  <  Fs) 

(M  <  €,  IFapplIEdI  ^>Fs)I 

(M  ^«) 

(8-91) 


where  ^applied  is  any  external  force  applied  in  the  x  direction  and 
v  =  x  is  the  velocity  of  the  sliding  body.  With  the  body  at  rest 
(v  =  0),  we  have  static  friction  equal  and  opposite  to  ^applied  until 
IFappliedI  exceeds  the  breakaway  force  Fs.  As  the  body  begins  to 
slide  ( |i?|  >  e,  where  e  is  a  small  velocity,  say  Koo  of  the  total  velocity 
range),  we  have  coulomb  friction,  i.e.,  a  constant  force  of  value  Fc  < 
Fs  opposing  the  velocity. 

It  will  be  noted  that  analog-computer  simulation  of  dry  friction 
requires  generation  of  a  function  of  two  variables,  since  Fapplied 
depends  on  Ffriction  as  well  as  on  v.  McLeod111  has  implemented 
Eq.  (91)  with  operational  relays  for  slow  real-time  simulation; 
Fig.  8-28  shows  an  all-electronic  circuit120  believed  to  be  sub¬ 
stantially  simpler  as  well  as  faster  and  more  accurate  than  other 
diode  circuits  proposed  for  dry-friction  simulation.114-119  The 
circuit  of  Fig.  8-28  requires  only  two  amplifiers  in  addition  to  three 
diode-bridge  limiters  (Sec.  4-6),  which  are  available  in  many  analog- 
computer  patchbays.  Phase  inverter  and  diode-bridge  limiter  1 
cancel  the  applied-force  voltage  by  adding  —  ^applied  from  the  input 
of  integrator  2  as  long  as  |y|  <  e  and  ^applied  <  Fs.  When  Fapflied 
exceeds  Fs,  the  bridge  output  is  limited  to  Fs  or  -Fs,  and 
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Fig.  8-27.  Semielastic  impact  (a),  computer  setup  ( b ),  and  flow  diagram  (c). 
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Fig.  8-27rf.  Solution  records  obtained  with  the  semielastic-impact  simulation.  In  Fig. 
8-27 a,  a  steel  ball  impinges  on  a  steel  plate  with  velocity  —  y  and  rebounds  practically 
instantaneously  with  velocity  ay;  the  coefficient  of  restitution  a  is  between  0  and  1.  The 
impact  force  is  usually  too  large  for  satisfactory  analog  scaling  (Sec.  8-18).  Our  iterative- 
differential-analyzer  setup  treats  the  period  after  each  impact  as  a  new  “subroutine”;  the 
new  initial  velocity  ay  is  obtained  through  analog  storage  (Fig.  8-276,  c). 


the  resulting  net  integrator  input  can  produce  a  velocity  output 
in  accordance  with 

x  —  v  =  /applied  —  Fs  sign  (/^applied  (8-92) 

where  a  body  of  unit  mass  is  assumed  for  simplicity. 

Amplifier  3  serves  as  a  deadspace  comparator  (Sec.  4-10),  whose 
output  equals  zero  when  feedback  diode  bridge  2  conducts  for  |y|  <  e, 
but  equals  a  sign  (y)  for  |y|  >  <?.  The  diode-bridge  limiter  3  at  the 
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Fig.  8-28.  Simulation  of  static  and  coulomb  friction. 
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comparator  output  sets  accurate  limits  ±.a  and  also  clips  any  com¬ 
parator  ringing.  The  comparator  output  is  applied  to  amplifier  1  and 
drives  the  output  of  bridge  1  decisively  into  its  limit  —  Fs  sign  ( v ) 
whenever  |y|  >  e.  Since  the  required  coulomb-friction  force  is  —Fc 
sign  ( v ),  a  portion  ( Fc  —  Fs )  sign  (y)  of  the  comparator  output  is  added 
to  the  integrator  input.  Amplifier  4  is  not  part  of  the  computer  setup 
proper  but  was  added  to  display  and  record  the  total  friction  force. 

Figure  8-28Z>  shows  results  obtained  using  a  1-^F  integrating  capac¬ 
itor;  the  transition  between  static  and  coulomb  friction  is  clearly  visible 
as  the  simulated  body  starts  to  move.  Essentially  similar  results  were 
obtained  with  a  repetitive  analog  computer  operating  on  a  1:1,000 
time  scale  (0.001-/<F  integrating  capacitor).120 

8-20.  Other  Common  Nonlinearities.  Figure  8-29  illustrates  simple 
representations  of  relays  and  dry-friction  clutches.  Figure  8-30  shows 


Fig.  8-29 a.  Deadspace/hysteresis  circuit  useful  for  simulation  of  relays,  solenoids,  clutches, 
and  valves.  The  deadspace  comparator  of  Fig.  4-226  is  used. 


position) 

_ Time  de lo y (field  buildup  ^  Output  voltage  vs- _ ^ 

**  and  armature  motion)  armature  position 

Fig.  8-296.  Another  simplified  representation  of  polarized  double-throw  relay.  The  delays 
involved  in  field-current  buildup  and  armature  motion  are  approximated  by  the  transfer 
function 

R0  1 

Xi  ~  Ri  R0CP  +  1 


which  is  not  unreasonable  for  well-designed  relay  circuits  and  sufficient  armature  damping. 
A  more  detailed  simulation  of  the  spring-restrained  armature  with  damping  and  stops 
would  be  used  for  investigations  of  contact  bouncing,  effect  of  static  friction,  etc. 
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Fig.  8-29 c  to  e.  Generation  of  relay-chopper  waveform  with  the  circuit  of  Fig.  8-29 b: 
externally  driven  relay  (a),  self-excited  relay  (buzzer)  ( b ),  and  waveform  (c). 


Fig.  8-29/.  Simulation  of  a  solenoid-operated  dry-disk  clutch.  The  dry-friction  torque 
(see  also  Sec.  8-19)  is  developed  from  the  difference  between  the  output  speed  and  speed 
of  the  driving  disk  engaged. 


a  circuit  simulating  granularity  in  wirewound  potentiometers  or  other 
instruments. 

A  variety  of  hysteresis-type  transfer  characteristics  can  be  obtained 
through  combination  of  diode  function  generators  with  the  bistable 
circuit  of  Fig.  4-26 a  or  the  pseudobacklash  circuit  of  Fig.  8-26.  Al¬ 
though  such  computer  setups  do  exhibit  hysteresis,  they  do  not  usually 
simulate  the  hysteresis  characteristics  of  plastic  and  magnetic  materials, 
steam-engine  and  compressor  cycles,  etc.,  correctly.  Phenomena  of 
this  kind  should  not  be  simulated  by  trick  diode  circuits;  correct 
hysteresis  behavior  must,  instead,  be  reproduced  by  a  computer  setup 
implementing  the  differential  equations  governing  the  system  dy¬ 
namics.123 124 


Fig.  8-30.  Simulation  of  granularity  in  potentiometers  and  other  control  elements. 
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CHAPTER  9 


HYBRID-COMPUTER  ERRORS, 
SPECIAL  TECHNIQUES, 

AND  SOFTWARE  REQUIREMENTS 


INTRODUCTION 

9-1.  Survey.  This  chapter  discusses  some  special  problems  and 
techniques  encountered  in  hybrid  analog-digital  computation.  Sec¬ 
tions  9-2  to  9-6  describe  errors  introduced  by  the  sampled-data  nature 
of  hybrid  computations.  Sections  9-7  and  9-8  to  9-9  respectively 
describe  hybrid-computer  function  storage  (including  time-delay  simula¬ 
tion)  and  hybrid  function  generation,  two  very  important  methods  for 
supplementing  analog  simulation  with  digital  techniques.  The  re¬ 
mainder  of  the  chapter  is  concerned  with  the  digital  programs  and 
software  systems  required  for  efficient  hybrid-computer  utilization. 


ERRORS  IN  HYBRID  COMPUTATION 

9-2.  Hybrid-computer  Error  Sources.  In  addition  to  errors  inherent  in 
the  component  analog  and  digital  computers,  hybrid  computation 
produces  new  errors  of  its  own,  viz. : 

1.  Gain  and  offset  errors  in  analog-digital-analog  conversion,  includ¬ 
ing  such  errors  in  sample-hold  and  multiplexer  circuits.  These 
errors  can  be  treated  as  analog-computer  errors. 

2.  Timing  and  “ skewing ”  errors  due  to  inaccurately  timed  and/or 
nonsimultaneous  analog-digital  or  digital-analog  conversion  of 
different  computer  variables.  Such  errors  can  be  made  negligible 
with  crystal-clock-timed  analog  sampling  circuits  and  double- 
buffered  DAC  transfers. 
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Fig.  9-1.  Folding-error  demonstration.  Sample  values  are  identical  for  the  two  different 
functions  shown. 

3.  Quantization  errors  due  to  the  finite  number  of  converted  bits. 

4.  Aliasing  {folding)  errors  cause  faulty  ADC  outputs  when  the  ADC 
input  contains  signal  components  faster  than  one-half  the  sampling 
frequency  (Fig.  9-1).  Filters  designed  to  suppress  such  signal 
components  can  introduce  phase-shift  errors. 

5.  Data-reconstruction  errors  (Sec.  9-3). 

6.  Errors  due  to  the  time  delays  inherent  in  digital  processing  and 
conversion  (Sec.  9-4). 

In  spite  of  a  large  literature  on  error  analysis,4-18  far  and  away  the 
best  method  for  estimating  errors  due  to  a  specific  source  is  to  measure 
the  effect  of  artificially  increased  errors  (e.g.,  coarser  quantization, 
greater  time  delay,  faster  time  scale). 

Quantization-error  effects  are  rarely  noticeable  in  larger  hybrid 
computers  having  14-  to  15-bit  conversion  linkages,  assuming  that 
digital-computer  roundoff  errors  have  been  avoided.  Note  that  digital- 
computer  integration  will  frequently  require  double-precision  accumula¬ 
tion  of  integrals  because  of  the  large  number  of  rounded  terms  added. 
In  smaller  hybrid  systems,  and  especially  in  control  and  instrumentation 
systems,  coarse  quantization  (8  to  12  bits,  or  even  to  4  bits  in  statistical 
measurements18)  can  reduce  costs;  Refs.  16  to  18  present  techniques  for 
measuring  and  compensating  quantization  errors. 

Data  reconstruction  and  digital  processing  delays  are  usually  by  far 
the  most  serious  error  sources  in  closed-loop  combined  simulation,  since 
they  affect  the  stability  of  the  hybrid-computer  loop  (Sec.  9-4). 

One  attempts  to  minimize  the  effects  of  the  various  error  sources 
through  clever  allocation  of  the  analog  and  digital  portions  of  a  hybrid 
computation.  In  general,  the  more  quickly  changing  variables  will  be 
handled  by  the  analog  computer.  More  sophisticated  and  accurate 
simulation  techniques  attempt  to  treat  analog  variables  as  {it  is  hoped 
small)  corrections  to  digital  variables,  or  vice  versa 5  57  (see  also  Secs 
8-1,  8-2,  and  9-5). 
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9-3.  Sampling  and  Data  Reconstruction.  A  periodically  operated 
sample-hold/ADC  circuit  with  continuous  input  X(j)  produces  a 
sampled-data  sequence  X(0),  X(ht),  X(2ht),  .  .  .  ,  which  represents  a 
portion  of  the  input  information.  The  fundamental  sampling  theorem 
states  that  an  analog  signal  without  Fourier  or  spectral  components 
beyond  B  Hz  can  be  reconstructed  exactly  from  2 B  periodic  samples 
per  second,  but  practical  circuits  usually  require  at  least  10  times  this 
minimum  sampling  rate.  Unequivocal  conversion  requires  careful  re¬ 
moval  of  any  signal  and/or  noise  components  beyond  B  Hz  by  low-pass 
filters  or  averaging  circuits5  preceding  the  sampler  to  prevent  aliasing  or 
folding  errors  (Fig.  9-1). 

The  stepwise  zero-order-hold  output  Y(k  Af)  from  a  typical  double- 
buffered  DAC  represents  the  reconstructed  analog  variable  correctly  only 
at  the  beginning  of  each  hold  period;  even  then,  it  usually  represents 
a  delayed  output  (Fig.  9-2a).  Simple  smoothing  with  a  low-pass  filter 
may  help  but  is  sure  to  introduce  phase  shift.  For  better  data  re¬ 
construction  one  can  employ  analog  circuits  to  generate  extrapolation 
polynomials  matching  successive  data  points  Y(k  A t)  =  Yk.  The 
simplest  example  is  the  first-order  hold ,  which  implements  linear  extrap¬ 
olation  using  the  last  two  data  points  (linear  interpolation  between  the 
last  and  the  next  new  data  point  would  be  more  accurate,  but  the  next 
data  point  is  in  the  future  and  can  only  be  approximately  predicted), 
rth-degree  polynomial  extrapolation  yields  exact  reconstruction  if 
the  desired  signal  is  a  polynomial  of  degree  <r  (Fig.  9-2  and  Table 
9-1). 

Table  9-1  shows  the  minimum  sampling  rates  needed  by  zero-order, 
first-order,  and  true  polygonal  hold  circuits  to  reproduce  a  sinusoidal 
output  with  a  specified  percentage  error.  Note  the  striking  improve¬ 
ment  produced  by  a  first-order-hold  circuit.  In  spite  of  this,  most 
hybrid-computer  linkages  simply  implement  zero-order  holds. 


(  O  ) 


t/? 


(Reset  pulses  for  r 
integrators) 
(b) 


Fig.  9-2.  A  first-order-hold  circuit  (a),  and  a  more  general  hold  circuit  ( b ),  for  periodic 
sampling  at  the  rate  1/A/. 


9-3 


HYBRID-COMPUTER  ERRORS 


364 


Table  9-1.  Data-reconstruction  Errors  for  Sinusoidal  Waveforms  sin  2-nft 


Error  formulas 


(a)  Zero-order-hold  error  =  sin  2-n f(t  +  At)  —  sin  2nft 

*=»  2 -rtf  At  cos  2 nft  [<  2007 rf  At  percent] 

(b)  Zero-order-hold  error  with  data  predicted  At/2  sec  ahead 

=  sin  2t rf(t  +  At)  —  sin  2-nf^t  +  yj 

^  7 r  f  At  cos  2-nft  [<  10077^ At  percent] 

(c)  First-order-hold  error  =  2  sin  2-nft  -  sin  2-nf(t  +  At)  -  sin  2-n  f{t  —  At) 

***  (2-nf  At)2  sin  2nft  [A\00(2nf  At)2  percent] 

(d)  First-order-polygonal-hold  error 

=  sin  2-n f(t  +  A)  —  2  [sin  2nf(t  +  At)  —  sin  27t//] 

—  sin  2-nft 

ss  lA(2nf)2(X  At  —  A2)  sin  2-nft  (0  <  A  <  A/) 

r  (2-nfAt)2  i 

[<100  — - percentl 


Number  (1  If  At)  of  sine-wave  samples  per  period  needed  for 
a  given  percentage  error 


1//At 

Zero-order  hold* 

First-order  hold 

Polygonal  hold 

10 

62.8 

20 

7 

1 

628 

63 

22 

0.1 

6,280 

200 

70 

0.01 

62,800 

628 

220 

*  Divide  by  2  if  data  are  predicted  At/2  sec  ahead. 


The  especially  simple  first-order-hold  circuit  of  Fig. 
earlier  circuit  developed  by  L.  Lofgren.12  The  circuit 


9-3  is  an  improved  version  of  an 
equation  in  hold  (switch  off)  is 


Rr  di  ,  .  _  dY0 

+  i  —  aCi  — - — 
dr  dr 


with 


i  =  C 


.d_Yo 

dr 


For  first-order-hold  actmti,  dYJdr  must  be  constant  in  hold,  so  that  di/dr  =  0,  and  a  = 

?  h  ?  anf  Ci.m,tlally  discharged,  let  C  be  charged  quickly  to  AY0  during  the 

first  track  interval.  First-order-hold  action  requires  that  the  initial  current  -a  A  YJR1 
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Fig.  9-3.  Simple  modification  of  a  zero-order-hold  circuit  for  first-order-hold  operation. 
The  a-c-coupled  d-c  amplifier  need  not  be  a  low-drift  amplifier,  so  that  this  circuit  is  a  very 
economical  choice  for  data  reconstruction  following  DACs,  analog  multiplexers,  sampled- 
data  time-delay  circuits,  etc.  Figure  9-3 b  shows  zero-order-hold  and  first-order-hold 
input  and  output  traces  with  C  =  Cx  =  0.05  /<F,  R  =  20K,  At  =  1  msec;  the  input  trace 
was  delayed  slightly  in  order  to  show  the  waveform  more  clearly.  This  circuit  can  be 
driven  by  a  DAC  without  double  buffering;  the  DAC  can  be  loaded  while  the  sampling 
switch  is  off. 


into  C  i  be  equal  to  — C  AY0IAt  =  —  CAYJAt,  where  At  is  the  time  between  period 
samples.  It  follows  that  we  must  have  RXCX  =  At. 

The  two-DAC  circuits  of  Fig.  9-4  produce  outputs  of  the  form 

Y=Yk  +  ak(t  -  tk) 

where  ak  can  be  chosen  to  implement  extrapolation  or,  with  suitable  prediction  (Sec.  9-5), 
interpolation. 


-Reference 


Yk  +  ok  (  f-  fk) 


^Transfer 
at  t  =  tk 


Fig.  9-4.  Two-DAC  circuits  for  extrapolation  or  (predictive)  interpolation.  If  the  finite 
integrator  or  sawtooth  resetting  time  is  objectionable,  the  analog-computer  state-variable 
integrators  are  placed  into  hold  during  this  time. 


9-4.  Errors  Due  to  Processing  Delays  in  Combined  Analog-Digital 
Simulation.  In  closed-loop  combined  simulation  (Figs.  1-20  and  9-5 a), 
analog  signals  are  fed  back  to  the  analog  computer  following  successive 
A/D  conversion,  digital  processing,  and  D/A  conversion.  The  finite 
time  required  for  these  operations  (some  of  which  are  time-shared 
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between  multiple  variables)  determines  the  minimum  usable  sampling 
period  or  frame  time  A/.  Errors  due  to  the  finite  processing  time  are 
added  to  the  data-reconstruction  errors  in  the  manner  illustrated  in 
Fig.  9-5 b. 

The  serious  nature  of  time-delay  errors  was  already  discussed  in 
Sec.  3-2.  Referring  to  Fig.  9-5 b,  we  see  that  a  sinusoidal  signal  Y  = 
a  sin  2-nft  is  subject  to  a  maximum  percentage  error 

€  =  4OO77/ At  (9-1) 


ADC  and 

Analog  multiplexer 


Fig.  9-5.  Combined  analog-digital-simulation  loop  (a),  and  effect  of  processing  delay  and 
zero-order  hold  on  a  sine  wave  (b).  Frame  time  At  and  errors  are  exaggerated. 

For  a  processing  delay  less  than  25  msec  (which  is  fairly  typical)  and 
100  samples  per  sine  wave,  Eq.  (1)  reveals  a  maximum  error  of  over 
12  percent  at  a  sine-wave  frequency  as  low  as  0.4  Hz.  It  does  not 
require  very  complicated  error  analysis  to  see  that  such  errors,  if  left 

uncompensated,  could  spell  the  doom  of  combined  analog-digital 
simulation. 

The  situation  may  be  even  worse,  for  combined  simulation  will 
involve  closed-loop  feedback.  The  sine-wave  delay  error  expressed  by 
Eq.  (1)  corresponds  roughly  to  a  spurious  phase  lag  of  4rrf  At  radians 
introduced  into  the  feedback  loop  of  Fig.  9-5a.  This  amounts  to  over 
7  deg  in  our  simple  example.  Such  phase  errors,  if  left  uncompensated, 
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will  affect  the  loop  stability;  depending  on  the  specific  hybrid-computer 
loop,  they  can  amplify  other  errors  or  even  cause  completely  unstable 
behavior. 

The  sampled-data  errors  in  a  general  nonlinear  combined-simulation 
system  are  not  amenable  to  simple  analysis  but  are  best  studied  by 
repeated  computations  with  different  time  scales  and/or  frame  times. 
If  we  linearize  the  nonlinear-system  equations  of  our  analog-digital 
sampled-data  system  in  the  manner  of  Sec.  8-2,  we  shall  obtain  the 
performance  equation  of  a  linear  sampled-data  system  which  can  be 
regarded  as  roughly  time-invariant  at  each  instant  of  time.  The 
stability  and  possible  compensation  of  this  system  can  then  be  studied 
by  the  z-transform  methods  familiar  to  control  engineers.  This  has 
been  done  in  Refs.  6  to  1 5  for  a  number  of  special  cases  and  applications. 
Such  approximate  analysis  can  be  extended  to  different  data-reconstruc- 
tion  and  compensation  methods. 

9-5.  Reducing  Sampled-data  Errors,  (a)  General  Remarks.  As  we 

have  seen,  meaningful  closed-loop  combined  analog/digital  simulation 
will  require  some  method  for  compensating  the  sampled-data  errors 
due  to  processing  delay  and  data  reconstruction.  Even  the  best  data- 
reconstruction  filter  (Sec.  9-3)  can  reduce  the  combined  error  (1)  at  best 
by  one-half.  The  following  compensation  methods  can  alleviate  the 
situation  by  at  least  a  factor  of  10  but  cannot  be  applied  blindly,  since 
each  compensation  technique  may  introduce  errors  of  its  own. 

(b)  Intermittent  HOLD.  One  way  to  compensate  for  processing-delay 
errors  is  to  place  the  analog  computer  into  hold  as  soon  as  all  analog 
voltages  have  been  sampled  and  to  return  to  the  compute  mode  only 
after  all  DACs  or  MDACs  have  been  updated  (this  technique,  in¬ 
cidentally,  does  away  with  the  need  for  double-buffered  DACs).  Since 
the  analog  computer  is  now  stopped  during  the  conversion  and  digital¬ 
processing  delay,  the  delay  error  (but  not  the  data-reconstruction  error) 
is  effectively  eliminated.  Digital  computation  ceases  during  the  analog¬ 
computing  periods,  whose  length  A /  is  then  determined  only  by  fre¬ 
quency-response  considerations,  not  by  digital  processing  time. 

The  repeated  switching  operations  will  cause  accumulation  of 
switching-spike  charges  on  the  integrator  capacitors,  but  the  resulting 
offset  is  not  too  serious  in  slow  analog  computation  with  1-//F  in¬ 
tegrating  capacitors:  2,000  1-volt  pulses  applied  to  a  1-^F  capacitor 
through  a  10-pF  switch  capacitance  add  up  to  only  0.02  volt  (Sec.  5-1). 
Differential  integrator  switching  times  might  also  cause  cumulative 
timing  errors.  In  simulations  involving  partial-system  tests  of  real 
equipment,  intermittent-HOLD  waveforms  may  not  be  sufficiently 
realistic,  although  it  is  possible  to  speed  up  the  time  scale  to  make  up  for 
the  intermittent-HOLD  action. 
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(c)  Digital-computer  Prediction.  The  digital  computer  can  readily 
substitute  predicted  values  like 

n  =  Yt  +  xi ( Yt  ~  Y--i)  (9_2) 

for  each  DAC  output  Y,„  and  thus  approximately  compensate  for  the 
processing  delay  and  improve  data  reconstruction  (we  can  predict 
TP  =  /4A t  ahead  for  zero-order  reconstruction  and  use  TP  =  2A t  for  a 
predicted  interpolative  hold).  Higher-order  prediction  polynomials 
may  be  substituted  for  Eq.  (2)  to  improve  prediction;  it  is  also  possible 
to  combine  prediction  with  integration  routines  employed  in  the  course 
of  digital  processing.11 

Digital  prediction  is  attractive  especially  with  interpolative-hold 
circuits,  but  digital  prediction  involves  a  subtle  danger.  When  we 
introduce  difference-equation  prediction  formulas  like  Eq.  (2)  or 
higher-order  prediction  formulas,  we  are  raising  the  order  of  the 
differential/difference-equation  system  representing  our  closed-loop 
model.  It  has  been  shown  that  this  can  introduce  spurious  and 
possibly  unstable  high-frequency  modes.  The  resulting  errors  depend 
on  the  system  being  simulated;  Refs.  8  to  15  discuss  several  special 
cases. 

(d)  Analog-computer  Prediction.4  We  can  also  introduce  predicted 
data  ahead  of  the  analog-to-digital  conversion  in  Fig.  9-5 a.  Figure 
9 -6a  shows  how  an  ADC  input 

X'(t)  =  X(r)  +Tr~^X(r  +  Tr)  (9-3) 


(£>) 

Fig.  9-6.  Analog  prediction  circuits  for  processing-delay  compensation  (see  also  Fig.  1-28). 
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(with  TP  +  /4Ar  for  zero-order-hold  reconstruction)  can  be  formed  if  a 
voltage  proportional  to  the  time  derivative  dX/dr  is  available  in  our 
analog-computer  setup.  If  this  is  not  true,  the  differentiating  circuit  of 
Fig.  9-6 b  still  permits  approximate  analog  prediction;  but  note  that 
this  scheme  again  increases  the  order  of  our  differential-equation 
system  by  one  and  may  lead  to  spurious  modes. 

The  analog  predictors  of  Fig.  9-6  may  have  switchable  capacitors  to 
accommodate  different  frame  times  A/;  but  they  will  work  only  for 
constant  frame  time. 

(e)  Perturbation  and  Hybrid-code  Methods.  As  we  have  seen  in 
Secs.  2-4,  5-9,  and  8-2,  computing-error  effects  can  be  reduced  dramatic¬ 
ally  if  they  affect  only  small  perturbations  of  the  computer  variables. 


Where  such  perturbation  techniques  apply,  they  are  without  question 
the  best  way  to  deal  with  hybrid-computer  errors.  The  application  of 
perturbation  methods  is  an  art  rather  than  a  science.  In  particular, 
the  digital  computer  has  been  used  to  add  complicated  but  relatively 
small  nonlinear  corrections  to  analog  voltages  computed  with  accurate 
amplifiers,  coefficient-setting  units,  and  multipliers.59 

In  the  computer  setup  of  Fig.  9-7,  the  digital  ADC  output  is  recon¬ 
verted  into  an  analog  voltage  XD  and  subtracted  from  the  ADC  input  X 
to  produce  an  error  voltage 


XA  =  X  —  XD  (9-4) 

which  includes  effects  related  to  zero-order-hold  operation,  quantization, 
and  ADC  errors  (“analog-to-hybrid-code”  conversion;  see  also  Sec. 
9-8c).  In  suitable  applications,  such  error  voltages  can  be  processed  in 
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the  analog  computer  to  produce  suitable  corrections  to  the  DAC  outputs 
Y.  The  accurate  hybrid  multipliers  of  Fig.  6-20  and  the  hybrid  function 

generators  of  Figs.  9-9  to  9-14  are 
examples  of  this  technique;  note 
that  processing  delays  are  com¬ 
pensated  in  Fig.  9-7.  Reference  5 
discusses  additional  correction 
methods. 


9-6.  Conclusions.  Closed-loop 
combined  analog-digital  simula¬ 
tion  involves  possibly  serious 
sampled-data  errors.  To  realize 
the  advantages  of  analog-computer 
speed  and  digital  accuracy  and 
flexibility  in  combined  simulation, 
we  must  be  sure  sampled-data 
errors  can  be  kept  tolerable  by : 


1. 


2. 


3. 


Models  involving  only  suffi¬ 
ciently  low  frequencies  in  the 
digital  part  of  the  loop 
Restriction  to  relatively  fast 
digital  operations  (e.g.,  direct- 
memory-access  time-delay 
simulation,  function  gener¬ 
ation,  Secs.  9-7  to  9-9) 
Perturbation  methods 


Combined  simulation  involves 
expensive  hardware  and  software 
as  well  as  knowledgeable  personnel 
for  programming  and  checkout. 
Such  expenses  are  justified  if  com¬ 
bined  simulation  has  a  significant 
speed  advantage  over  all-digital  simulation  because: 


Fig. 

Y  = 


9-8.  Approximation  of  a  function 
Y(X)  by  linear  interpolation  between 


tabulated  points  (a)  and  function  fitting  ( b ). 


1.  There  is  no  other  practical  way  to  obtain  the  requisite  bandwidth, 
e.g.,  for  partial  system  tests,  and/or 

2.  The  simulation  study  is  so  large  (in  complexity  and/or  number  of 
runs)  that  digital  simulation  would  be  more  expensive. 

By  contrast ,  hybrid  computation  involving  only  digital  supervision  of 
analog-computer  runs  (parameter,  optimization,  and  statistical  studies, 
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Xa  =  X-*o 


Fig.  9-9.  Analog-to-hybrid-code  converter.  The  logic  shown  can  implement  either 
“continuous”  or  successive-approximation  conversion  (Sec.  5-13).  Note  that  the  DAC 
used  can  have  low  resolution ,  but  it  must  be  as  accurate  as  the  required  accuracy  of  X. 

some  partial-differential-equation  studies)  tends  to  combine  analog  and 
digital  techniques  much  more  advantageously,  is  easier  to  program,  and 
works  nicely  with  small  digital  computers. 

HYBRID-COMPUTER  FUNCTION  STORAGE 
AND  FUNCTION  GENERATION 

9-7.  Function  Storage.  Fixed  and  Variable  Time  Delays.  In  general- 

purpose  hybrid  computers,  core-storage  implementation  of  function 
storage  or  time  delays  has  superseded  all  other  methods  (see  also  Secs. 
2-19  to  2-22,  8- 16c,  8-21,  and  8-23).  To  generate 

Y(r)  =  X(r  -  rD) 

where  td  is  a  fixed  time  delay,  one  stores  successive  samples  X(k  A/)  in 
a  block  of  memory  locations;  these  samples  are  read  out  m  A t  —  td  sec 
later.  The  number  of  storage  locations  reserved  is  the  number  of  A t 
intervals  needed  to  make  up  td  or,  if  a  variable  is  to  be  stored  for  another 
computer  run,  the  number  of  A t  intervals  in  one  computer  run.  When 
either  the  read-or-write-address  pointer  reaches  the  last  memory  location 
of  the  block,  these  pointers  are  reinitialized  to  start  at  the  beginning,  so 
that  “recirculating”  storage  is  obtained. 

Such  a  recirculating-storage  scheme  can  be  implemented  with  pro¬ 
grammed  instructions  synchronized  to  clock  interrupts,20  but  a  direct 
memory-access  technique  saves  programming  overhead  and  permits 
much  greater  computing  speed  at  the  expense  of  some  data-channel 
hardware.21  The  DMA  method  of  time-delay  simulation  utilizes  two 
data  channels  like  that  shown  in  Fig.  7-22;  the  two  current-address 
counters  serve  as  hardware  pointers  to  the  read  and  write  locations. 
Periodic  data-channel  read  and  write  requests  are  obtained  from  the 
analog-computer  clock.  When  either  data-channel  word  counter  over¬ 
flows  to  indicate  that  the  end  of  the  storage  block  has  been  reached,  a 
short  high-priority  interrupt-service  routine  reinitializes  the  corre¬ 
sponding  current-address  counter  and  the  word  counter  (Sec.  7-12). 
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Since  many  DMA  channels  can  handle  over  106  samples/sec,  the 
maximum  sampling  rate  will  be  determined  by  the  ADC  conversion 
rate  available;  a  100-KHz  sampling  rate  is  readily  possible  if  an  ADC 
is  committed  to  a  function-storage  channel.  This  permits  one  to  delay 
signals  containing  frequency  components  up  to  5  KHz,  especially  with 
first-order-hold  data  reconstruction  (Sec.  9-3).  Function-storage  chan¬ 
nels  can  steal  memory  cycles  from  a  suitable  general-purpose  computer, 
or  a  separate  minicomputer  or  special-purpose  memory  with  its  own 
data-channel  counters  can  serve  several  channels.  Current-address 
and  word  counters  implemented  in  minicomputer  memory  registers 
minimize  the  interface  hardware  required  at  some  expense  in  computing 
speed.21 

The  recirculating  core-storage  technique  can  also  implement  variable 
transport  delays.  We  now  record  samples  X(/c  A/)  with  a  fixed-period 
clock  as  before,  while  the  delayed  samples  are  read  out  at  a  variable 
clock  rate  proportional  to  the  derivative  drp/dr  of  the  variable  time 
delay  td(t).  Assuming  that  an  analog  voltage  proportional  to  dr^dr 
(e.g.,  flow  velocity  in  a  pipe  causing  the  transport  delay)  is  available  in 
the  analog  computer,  we  can  readily  generate  variable-frequency 
interrupt  or  DM  A-request  pulses  with  the  accurate  frequency-modulator 
circuits  of  Fig.  4-28. 19,21 

With  fixed  time  delays,  read  and  write  pulses  can  be  spaced  to  avoid 
mutual  interference,  but  variable  time-delay  data-channel  requests 
require  the  usual  priority  circuit  (Fig.  7-19),  since  read  and  write 
requests  might  overlap.  It  is  probably  preferable  to  assign  priority  to 
the  write  operation. 

9-8.  Hybrid-computer  Techniques  for  Function  Generation,  (a)  In¬ 
troduction.  Setting  even  a  single-variable  diode  function  generator  is  a 
task  most  analog-computer  programmers  would  rather  avoid  (Sec. 
4-15),  although  the  better  types  of  card-  or  patchboard- programmed 
DFGs  have  improved  this  situation  somewhat.  Hybrid-computer 
function  generation  is  more  convenient  as  well  as  more  accurate  and  is 
almost  mandatory  for  general-purpose  generation  of  functions  of  two 
or  more  variables.  While  either  analog  or  digital  computers  can 
implement  polynomial  function  approximations ,  this  section  will  be 
concerned  with  general-purpose  table-lookup  techniques.  It  is  clear 
that  a  digital  computer  can  readily  store  and  retrieve  tables  of  function 
values  or  of  function  values  and  argument  values.  Simple  table  lookup, 
however,  is  rarely  accurate  enough,  and  interpolation  (usually  linear 
interpolation)  is  required.  For  functions  of  one  variable,  we  can 
approximate  a  given  piecewise-continuous  function 


Y  =  Y{X) 


(9-5) 
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by  a  piecewise-linear  (polygonal)  approximation  function 


F(X)  =  AtX  +  B{ 

(X,  <.  X  <  Xw) 

(9-6) 

or 

F(X)  —  A  t(X  —  X{)  +  ] 

r,  (x,  <  x  <  xM) 

(9-la) 

where 

„  _  Yi+1  -  Yt 

1  V"  _  V 

B,  =  Y,  -  A,X, 

(9-lb) 

(Fig.  9-8 a),  with  suitably  fitted  points  Xi}  Y{  (Fig.  9-8 b).  Note  that  the 
X,  Y,  X{,  and  Yt  are  scaled  between  —  1  and  1  machine  unit,  while  this 
is  not  necessarily  true  for  the  and  B{.  References  60  to  62  discuss 
optimal  polygonal-function  approximations. 

Since  both  arguments  and  function  values  will  appear  as  analog 
variables,  they  must  be  scaled  in  any  case,  and  we  shall  save  core 
storage  and  digital  processing  time  through  fixed-point  data  representa¬ 
tion  in  the  digital  computer.  Most  hybrid-computer  methods  employ 
nonuniform  breakpoint  spacing  to  minimize  the  number  of  breakpoints 
needed  for  a  given  accuracy,  but  uniform  breakpoint  spacing  eliminates 
the  need  to  store  breakpoint  abscissas. 

(b)  Digital  Table  Lookup  and  Digital  Interpolation.  Digital-computer 
table  lookup  becomes  especially  simple  if  we  employ  2V  +  1  break¬ 
points  uniformly  spaced  between  X0  =  —  1  and  X2*+l  =  +1,  for  then 
the  /2-bit  two’s-complement  code  for 

X  =  Xt+(X-  Xt) 

has  the  form 


Sign  bit 

N  -  1  bits 

n  —  N  bits 

represents  X{  represents  X  —  Xt 


The  N  left-hand  {most  significant )  bits  represent  the  desired  breakpoint 
abscissa  X{  and  can  be  used  directly  to  find  a  memory  address  pointing 
to  the  corresponding  function  value  Y{.  The  remaining  n  —  N  bits 
represent  the  difference  X  —  X{  needed  for  digital  interpolation.35 
This  method  produces  the  expression  (la)  in  digital  form  within  20  to 
50  ^sec  with  fast  digital  computers.  Reference  35  also  describes  a 
simple  extension  of  the  method  to  nonuniform  breakpoint  spacing. 

All-digital  interpolation  is  not  unattractive  but  leaves  us  with  the 
usual  data-reconstruction  errors  (Sec.  9-3).  Analog  interpolation 
methods  generate  a  portion  of  the  interpolation  polynomial  (6)  or  (7) 
directly  in  the  analog  computer;  this  reduces  data-reconstruction  errors 
as  well  as  the  amount  of  digital  computation. 
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Fig.  9-10.  Hybrid-code-interpolation  function  generator  using  2N  +  1  uniformly  spaced 
breakpoints.  Note  the  simplicity  of  this  scheme;  a  read-only  MOSFET  memory  can  be 
used  to  generate  special  functions. 


(c)  Digital  Table  Lookup  and  Hybrid-code  Interpolation  Using 
Uniformly  Spaced  Breakpoints.  Feedback-type  A/D  converters  (either 
“continuous”  or  successive-approximation  converters,  Sec.  5-13)  with 
analog  input  X  are  readily  designed  to  output  the  explicit  analog 
quantization  error  XA  =  X  —  XD  as  well  as  the  desired  digital  output 
XD  (Fig.  9-9).  The  converter  thus  produces  a  hybrid-code  representation 
of  the  analog  input  X  in  terms  of  XD  and  XA: 

X  =  XA  -f-  XD  (9-8) 

Such  a  hybrid-code  representation  was  already  used  in  Fig.  6-20  to 
produce  accurate  and  fast  multiplication;  Refs.  25  to  31  describe  other 


Bi 


X<X,  or  X>X,^ 


Fig.  9-11.  This  simple  hybrid  function  generator  implements  Y  ~  F(X)  =  AtX  +  Bt 
(Xt  <  X  <  Xi+1).  Breakpoint-crossing  comparators  are  optional. 
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applications.  Figure  9-10  shows  a  hybrid-code-interpolation  function 
generator  whose  remarkable  simplicity  is  predicated  on  the  use  of 
2iV  +  1  uniformly  spaced  breakpoints  Xu  so  that  XD  =  Xt. 

(d)  Digital  Table  Lookup  and  Analog  Interpolation.  The  hybrid 
function-generator  schemes  of  Figs.  9-1 1  and  9-12  permit  curve  fitting 
with  nonuniform  breakpoint  spacing.  The  digital  computer  stores  a 
table  of  breakpoints  Xt  as  well  as  the  function  values  and/or  the 
coefficients  Au  (the  latter  can  be  computed  or  precomputed  and 
stored).  The  optional  comparators  shown  make  it  possible  to  perform 
interrupt-driven  conversion  and  table-lookup  operations  only  whenever 
the  argument  voltage  X  crosses  a  breakpoint  level 


■F(X) 


Fig.  9-12.  Hybrid  function  generator  for 

Y  ~  F(X)  =  At(X  -  Xt)  +  Yi  (X,  <X<  Xi+1) 


Figure  9-13,  modified  from  a  design  by  A.  I.  Rubin,34  implements 
linear  interpolation  in  the  form 

/  XX\  XX 

Y  *  F(X)  -  4  -  w)  +  ymm 

with  AX=X  -  X,  AX,  =  jr(+1  -  X, 

(X,  ^  X  <  Xw)  (9-9) 

The  extra  cost  of  generating  the  voltages  100 A XI A X{  and  100(1  — 
XXfXXi)  will  be  justified  when  we  generalize  the  circuit  to  the  case  of 
two  or  more  variables,  where  it  will  be  used  several  times  (Sec.  9-9). 

9-9.  Functions  of  Two  or  More  Variables.  The  table-lookup/interpola¬ 
tion  techniques  of  Sec.  9-8  have  been  extended  to  functions  of  two, 
three,  and  four  variables  with  up  to  20  breakpoints  in  at  least  one 
variable;  5  to  8  breakpoints  in  each  variable  are  more  typical. 
Implementation  of  multi-variable  interpolation  formulas  like 

F(X,  Y)  AikX  +  Bik  +  (CikX  +  Dik)  Y 

(X,  <  X  <  Xi+1,  Yk  <  Y  <  Yk+l) 


(9-10) 
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with  summers,  MDACs,  and  analog  multipliers  (Fig.  9-14)  requires  the 
least  hardware,  but  we  must  compute  (or  precompute  and  store)  all  the 
coefficients  Aik,  Bik,  Cik,  Dik  for  the  given  function  values  Fik  = 
F(Xiy  Yk).  In  addition,  scaling  may  be  troublesome  (see  also  Sec.  9-10). 

Rubin34  suggests  two-variable  interpolation  through  a  combination  of 
three  one-variable  interpolations: 

F(X„  Y)  =  F,t  +  AL  (Fi  m  -  Fa) 

1>  ^0  =  ^  Y  C^t+l.fc+1 

F(X,  Y)  =  F(X„  Y)  +  ~  [F(XW,  Y)  -  F(X„  Y)]  (9_‘ 0 

=  Fa(l  -8X  -8 7  +  8X8Y) 

+  F1+ltk(dx  -  dXdY) 

"F  Fi  k+1(S  Y  6X  d  Y)  +  Fi+lk+1  6X  SY  j 


A  Xi 


F(X) 


Fig.  9-13.  “Modules”  for  generating  voltages  proportional  to  AX\AXU  1  -  AX/AX  and 
F(X)  according  to  Eq.  (9-9).  ’  '  nu 
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B\W 


Fig.  9-14.  Principle  of  a  two-variable  function  generator  implementing  Eq.  (9-10).  This 
is  not  a  practical  general-purpose  circuit,  because  good  accuracy  would  require  us  to 
rescale  V  for  different  coefficient  combinations  (see  also  Sec.  9-10). 


where 


AX  _  X  -  X t 
“  Xw  -  X{ 

(X,  <X<  Xi+1, 


dY  = 


AY 
A  Yk 


Yk  <Y<  7*+1) 


Voltages  proportional  to  dX  =  AX/ A Xt  and  SY  =  AY/AYk  are 
generated  as  in  Fig.  9-13;  F(X,Y )  is  then  readily  obtained  with  four 
MDACs,  an  analog  multiplier,  and  some  summing  amplifiers.  The 
method  can  be  generalized  for  three  and  four  variables. 

9-10.  Discussion.  The  hybrid  function-generator  schemes  of  Figs.  9- 1 1 
to  9- 1 4  require  only  standard  analog  computing  elements  and  converters, 
an  advantage  both  in  special-purpose  and  general-purpose  computers. 
Each  method  becomes  more  efficient  when  we  want  more  than  one 
function  of  the  same  variable  or  variables,  provided  that  we  can  use  the 
same  breakpoint  arguments  for  these  functions.  This  is  especially  true 
for  the  circuit  of  Fig.  9-13  and  for  multivariable  function  generators 
derived  from  it. 

Assuming  that  it  is  reasonable  to  allow  for  function  slopes  as  large 
as  ±20  volts/volt,  Figs.  9-11  and  9-12  each  include  a  gain-of-20  ampli¬ 
fier.  Such  high  gain  tends  to  compromise  scaling  and  bandwidth  even 
for  argument  values  where  the  large  slope  is  not  needed.  The  circuit 
of  Fig.  9-13  does  not  have  this  drawback  if  we  agree  to  provide  small 
breakpoint  intervals  AX t  wherever  the  slope  is  large;  variable  breakpoint 
spacing  is  an  advantage  in  this  connection. 
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It  is  feasible  to  rescale  Fig.  9-1 1  by  implementing 

F(X)  =  C((A(X  +  B()  ( X t  <X<  Xi+1) 

but  we  must  now  store  and  set  C,  as  well  as  At  and  Bt  for  each  breakpoint  interval.  C{ 
might  be  restricted  to  the  values  1  and  16,  so  that  a  1-bit  MDAC  (i.e.,  a  simple  analog 
switch)  could  change  the  summing-amplifier  feedback  resistor.  Figure  9-12  could  be 
similarly  rescaled,  but  in  each  case  the  basic  simplicity  is  lost. 

Uniform  breakpoint  spacing  is  not  always  practical,  especially  with  functions  of  two  or 
more  variables  (where  the  numbers  of  breakpoints  used  for  each  argument  multiply). 
Uniform  breakpoint  spacing  simplifies  Figs.  9-12  and  9-13.  If  it  is  possible  to  fit  2N  +  1 
uniformly  spaced  breakpoints,  digital  table  lookup  is  greatly  simplified  (Sec.  9-86)  and 
can,  in  fact,  be  implemented  through  direct-memory-access  addressing  without  programmed 
instructions  (Sec.  7-12).  This  technique  would  permit  very  fast  function  generation. 


PROGRAMS  AND  SOFTWARE  FOR 
HYBRID  ANALOG-DIGITAL  COMPUTATION 

9-11.  Software  Requirements.  We  will  require  computer  programs 
which,  through  appropriate  digital  and  linkage  operations,  operate  the 
hybrid-computer  system  to : 

1.  Set  up  initial  conditions,  coefficients,  functions,  and  switching 
connections,  either  individually  on  operator  command  or  in 
blocks. 

2.  Read  selected  voltages  in  the  analog  computer. 

3.  Static-check  analog-computer  setups  (Sec.  7-6c).  This  requires 
precomputation  of  static-check  values  as  well  as  readout  and 
printout. 

4.  Execute  differential-equation-solving  computer  runs  and  multirun 
programs  (Sec.  9-13). 

5.  Collect  and  process  data  from  these  computations  for  display  and 
report  preparation. 

These  hybrid-computer  programs  may  require  an  extended  (or  even 
new)  source  language  or,  at  least,  a  set  of  hybrid-computer  library 
routines  added  to  an  existing  source  language  such  as  FORTRAN.  To 
program  and  run  problems,  we  shall  require  system  programs  which 
permit  us  to : 

6.  Create  and  modify  programs  in  a  convenient  source  language. 
This  implies  an  editor  program  (or  off-line  editing),  a  language 
processor  (compiler,  assembler,  interpreter,  and/or  precompiler/ 
translator),  plus  a  linking  loader  for  loading  object-language  and 
library  programs. 

7.  Call  system  programs  for  all  the  above  functions  into  core,  as 
required  (usually  from  a  disk),  and  also  to  store  and  recover  each 
users  own  files  containing  programs,  data,  and  results  (usually 
from  tape). 
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The  “executive”  program  for  the  latter  purpose  is  called  a  hybrid 
executive  or  hybrid  monitor  and  will  also  abort  programs  and  display 
diagnostic  messages  when  programming  errors  or  equipment  mal¬ 
functions  occur.  The  executive  may  also  incorporate  facilities  for 
time  sharing  the  digital  computer  and  for  allocating  linkage  and  other 
input/output  hardware  among  multiple  users. 

An  ideal  hybrid-computer  program  package  would  accept  a  problem 
statement  specifying  the  problem  differential  equations,  compute  some 
digital  check  solutions,  extract  appropriate  analog  scale  factors,  and 
compile  an  analog-computer  setup  for  automatic  patching  (Sec.  7-4c). 
The  program  would  next  precompute  and  execute  the  static  check 
(Sec.  7-6c),  run  the  problem,  process  data,  and  prepare  a  report.  Such 
software,  while  entirely  feasible,  has  only  been  approximated. 

9-12.  Library  Routines  and  Their  Use  in  Programs  and  with  Interpreters. 

For  programming  convenience  (and  brevity),  hybrid-computer  pro¬ 
grams  will  need  a  library  of  routines  for  hybrid-computer  operations, 
such  as: 

Select  specified  analog  component  for  readout 
Read  specified  ADC  or  digital  voltmeter 
Set  specified  coefficient  unit  or  potentiometer 
Load  specified  MDAC  buffer  register 
Update  specified  MDAC 

Load  logic-control  register  with  specified  binary  number 
Start  analog-computer  run 
Read  specified  sense  line 

Read  data  from  (or  set  data  into)  analog  components  N  to  M 

In  addition  to  these  basic  linkage-operation  routines,  we  need 
utility  programs  for  time-delay  simulation  (Sec.  9-7),  function  genera¬ 
tion  (Secs.  9-8  to  9-10),  integration,  prediction  (Sec.  9-5 d),  etc.,  plus  the 
usual  mathematics  library. 

Library  routines  for  a  given  type  of  hybrid  computer  are  usually 
programmed  and  assembled  once  and  for  all,  and  are  filed  on  a  binary 
tape.  They  are  generally  written  by  an  expert  programmer,  for  a 
deceptively  simple  input/output  operation  can  involve  fairly  com¬ 
plicated  details: 

Start  a  device  (e.g.,  ADC) 

Check  for  proper  operation 

Wait  for  interrupt  (e.g.,  conversion  complete,  potentiometer  set) 

On  interrupt,  save  (and  later  restore)  active  registers,  modify  priorities 
Transfer  data 
Perform  parity  check 

Change  data  format  (fixed-point  to  floating-point,  etc.) 

Restore  device  operation  (reset  flags)  etc. 
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Hybrid-computer  library  routines  will  be  used  in  two  different  ways : 

1.  They  can  be  loaded  with  assembly-language,  FORTRAN, 
ALGOL,  or  simulation-language  programs,  which  call  hybrid- 
computer  operations  as  subroutines. 

2.  They  can  be  used  “manually”  (i.e.,  in  response  to  commands  from 
a  console  typewriter  or  cathode-ray-tube/keyboard)  for  checkout 
and  between  computer  runs  to  read  voltages,  set  coefficients  and 
logic  states,  etc. 

“Manual”  operation  does  not  involve  execution  of  complete  assembled 
or  compiled  programs  but  requires  an  interpreter  which  immediately 
translates  individual  commands  into  calls  for  library  routines.  Special 
interpreters  have  been  written  for  this  relatively  simple  job,  but  adapta¬ 
tions  of  existing  interpreter  systems  such  as  BASIC  or  FOCAL  will  do 
nicely. 

Interpreter  control  of  the  hybrid  computer  is  preferable  to  manual 
operation  of  analog-computer  keyboards,  switches,  etc.,  between  runs, 
because  the  digital  computer  can  keep  a  complete  record  of  all  changes 
made  in  large  computer  setups.  Analog-computer  controls  are  best 
used  for  maintenance  purposes  only. 

9-13.  Typical  “Main  Programs.”  (a)  Data  Processing.  Analog  data 
are  sampled  and  converted  in  response  to  clock  pulses  or  other  events 
(comparator  responses,  logic,  alarm  sensors).  There  are  two  different 
modes  of  operation: 

1.  If  the  required  digital  operation  can  work  with  partial  data  (e.g., 
accumulation  of  averages),  and  if  the  data  rate  is  sufficiently  slow, 
we  use  conversion-completed  interruptsto  transfer  data  to  the  digital 
computer,  to  begin  each  partial  operation,  and  to  disable  program 
switches  inhibiting  digital  operations  with  unavailable  data. 

2.  If  data  rates  are  fast,  or  if  a  block  of  data  is  needed  before  digital 
computation  can  begin,  we  use  direct-memory-access  block 
transfer  of  data  (data  channel,  Sec.  7-12).  We  send  an  interrupt 
when  the  desired  block  is  finished. 

(b)  Digitally  Controlled/Iterative  Analog  Computations.  Digital, 
analog,  and  linkage  operations  for  this  type  of  hybrid  computation, 
which  was  discussed  in  Secs.  1-13  and  8-13  to  8-16,  are  listed  in  their 
proper  time  sequence  in  Table  9-2.  Referring  to  Sec.  7-3,  we  note  that 
sampling  times  for  various  analog  variables,  and  also  the  end  of  each 
analog-computer  run,  will  be  determined  by  digitally  preset  counters 
counting  analog-computer  clock  pulses,  by  analog-comparator  responses, 
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Table  9-2.  Digitally  Controlled/Iterative  Analog  Computation 


Digital  computer 

Analog  computer 
(includes  timing 

Linkage 

and  logic  circuits) 

Determine  initial  parameters 

INITIAL  RESET 

START  LINKAGE 
OPERATION 


Set  coefficients, 
MDACs,  logic 


(Idle) 


Compute  new 
parameters 
Process  and  store 
data  for  report 


COMPUTE 

Determine  samp* 
ling  times  and 
end  of  run 

RESET 

logic 

Transfer  data  to 
digital  computer 

INTERRUPT 
DIGITAL  COMPUTER 
Reset  linkage  logic 


START  ANALOG 
RUN 


Read  ADCs, 
comparators. 


Test  for  end  of  study 


START  LINKAGE 
OPERATION 


(Repeat  operations 
as  above  until 
study  is  termi¬ 
nated) 


and/or  by  patched  logic.  It  is,  for  instance,  possible  to  terminate  an 
analog  computer  run  as  soon  as  all  sampling  pulses  have  been  triggered. 
Sampling  pulses  place  sample-hold  circuits  or  integrators  into  hold  at 
the  correct  sampling  times  (and  can  also  start  analog-to-digital  con¬ 
version  if  individual  rather  than  multiplexed  ADCs  are  used). 

(c)  Closed-loop  Combined  Analog-Digital  Simulation.  As  we  have 
seen  (Sec.  9-5),  this  is  usually  a  time-critical  procedure.  Unless  we 
employ  intermittent-HOLD  operation  (Sec.  9-5 b),  operations  flow  as 
outlined  by  Table  9-3. 

(d)  Discussion.  DMA  Operations  and  Hardware/Software  Tradeoffs. 

Note  that  the  digital-computer  operations  listed  in  Tables  9-2  and  9-3 
are  all  interrupt-driven,  so  that  a  time-shared  digital  computer  can 
return  to  a  background  program  instead  of  idling  during  analog- 
computer  operation.  Very  small  digital  computers  can,  instead,  idle 
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Table  9-3.  Closed-loop  Combined  Analog-Digital  Simulation 


Analog  computer 
(includes  timing 

Digital  computer  Linkage  and  logic  circuits) 


Determine  initial  MDAC  settings 

SET  UP  LINKAGE  AND  FRAME  TIMING 
START  LINKAGE 

operation  Load  MDAC 

buffers 
Update  all 
MDACs 
Start  analog  run 
and  frame  timer 


RESET 


COMPUTE 


Compute  new  MDAC 
settings  (includes 
prediction) 

Test  for  end  of  run 
RESET  LINKAGE 
WHEN  FINISHED 


Count  clock 
pulses  for  one 
frame  time  At, 
then  TRIGGER 
SAMPLE  HOLDS 

Load  MDAC  and  linkage 

buffers 
Update  all 
MDACs 
Read  ADC 
channels 

INTERRUPT  DIGITAL 
COMPUTER 


Next  frame  starts:  frames  repeat  until  stopped  by  operator,  timing/logic  circuits, 
or  digital  program 


and  sense  the  end  of  an  analog-computer  run  (Table  9-2)  or  of  the 
current  combined-simulation  frame  (Table  9-3)  with  a  sense/skip  loop 
(Sec.  7-10). 

Unless  there  are  very  few  ADC  channels,  MDACs,  and  coefficient 
units,  the  linkage  operations  indicated  in  the  center  columns  of  Tables 
9-2  and  9-3  ought  to  employ  cycle-stealing  data  channels  for  data 
transfer  directly  to  and  from  memory  (Sec.  7-12).  This  will  save  time, 
memory,  and  programming  effort.  With  direct-memory-access  linkage 
operations,  the  digital-computer  programmer  simply  refers  to  analog 
input  and  output  data  as  to  any  other  data  stored  in  memory.  Much 
linkage  programming  is  replaced  by  hard- wired  data-channel  logic, 
which  ties  complete  linkage-operations  sequences  (center  columns  of 
Tables  9-2  and  9-3)  into  the  analog-computer  clock/logic  system. 

An  analog-computer  overload  causes  a  logic  response  in  the  analog-computer  digital 
patchbay.  Patched  logic  then  places  the  analog  computer  into  reset  or  hold  and  also 
interrupts  the  digital  computer;  the  overload-interrupt  service  routine  will  cause  the  digital 
computer  to  disregard  data  from  this  run,  change  parameters  so  as  to  alleviate  the  overload 
condition,  or  stop  the  study. 
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(e)  Interrupt  Servicing  and  Reentrancy.  Apart  from  the  many 
interrupt-servicing  routines  required  by  linkage  operations,  there  may 
be  program  interrupts  directly  required  by  the  nature  of  a  hybrid- 
computer  simulation.  Such  situations  arise  from  various  limit  or  alarm 
conditions  in  simulated  process-control  systems,  or  when  a  simulated 
aerospace  vehicle  drops  a  rocket  stage  or  lowers  flaps  or  landing  gear. 
If  such  a  condition  happens  to  be  detected  in  the  analog  computer  (say 
by  a  comparator  indication),  it  will  be  necessary  to  interrupt  the  digital- 
computer  program  for  suitable  modifications;  a  portion  of  the  old 
program,  e.g.,  trajectory  computation,  will  have  to  be  resumed  after  the 
interrupt  is  serviced.  Such  general-purpose  interrupt-service  programs 
may  require  the  same  library  subroutines  both  in  the  main  program  and 
the  interrupt-service  routine.  If  a  library  routine  requiring  temporary 
storage  is  interrupted  and  then  called  again  by  the  interrupt  routine,  data 
in  storage  may  be  overwritten  and  destroyed,  so  that  the  interrupted 
program  cannot  be  properly  resumed.  Reentrant  programming  avoids 
this  sort  of  trouble.  A  primitive  reentrancy  technique  is  to  provide 
duplicate  copies  of  library  subroutines,  but  this  is  cumbersome  and 
does  not  help  when  the  same  routine  is  quickly  called  more  than  twice. 
Another  primitive  method  is  to  write  library  subroutines  with  such  high 
software  priorities  that  external  interrupts  are  honored  only  after  these 
routines  are  completed;  but  this  slows  interrupt  servicing  badly. 
Proper  reentrant  programming  of  subroutines  places  all  temporary 
storage  into  a  stack  addressed  with  the  aid  of  a  stack  pointer,  which  is 
incremented  by  new  interrupts  and  decremented  on  completion  of  a 
subroutine.  FORTRAN  compilers  which  make  all  subroutines  (not 
only  some  library  routines)  reentrant  are  sometimes  said  to  generate 
real-time  FORTRAN.  Such  compilers  are  very  suitable  for  hybrid 
computation  and  also  permit  programs  with  recursive  subroutines. 

9-14.  Operating  Systems.  The  best  way  to  control  small  as  well  as 
large  hybrid-computer  systems  is  through  a  CRT-keyboard  terminal , 
with  a  line  printer  or  automatic  typewriter  near  the  operator’s  position 
producing  hard  copy  only  when  it  is  really  wanted.  CRT-keyboard 
terminals  plug  into  computer  terminations  originally  designed  for  tele¬ 
typewriters  but  are  much  faster,  more  reliable,  and  more  convenient. 

A  mass  storage  device  (disk  or  drum)  is  also  almost  a  necessity  for 
smooth  operation  and  permits  the  use  of  a  hybrid-monitor  or  hybrid- 
executive  program  for  rapid  loading  and  filing  of  users’  programs  as 
well  as  of  service  programs  used  for  static  checking,  editing,  compiling, 
assembling,  and  running  hybrid-computer  programs. 

The  user  types  simple  monitor  commands,  say  “FORTRAN,”  and 
the  monitor  responds  by  loading  the  FORTRAN  compiler  and  an¬ 
nounces  this  fact  with  the  CRT  response  FORTRAN.  The  user  next 


9-15 


HYBRID-COMPUTER  ERRORS 


384 


types  a  command  string  comprising  the  name  of  the  subject  file  to  be 
compiled,  plus  options  as  to  listings  and  commands  to  load  and 
execute  immediately.  In  the  latter  case,  assuming  successful  compila¬ 
tion,  the  monitor  will  call  a  loader  program  which  loads  the  binary 
object  programs  together  with  all  required  library  routines.  The 
monitor  can  also  supply  standard  interrupt-servicing  routines,  keep 
track  of  the  time  expended  on  various  computing  jobs,  control  chaining 
of  core  overlays  from  a  disk  for  long  programs  and,  on  command,  dump 
data  from  or  onto  tape  files  for  later  processing. 

Hybrid-computer  library  routines  (Sec.  9-12)  are  ordinarily  loaded 
from  the  disk  as  they  are  needed  with  compiled  programs.  A  good 
hybrid  monitor,  though,  must  be  able  to  access  these  routines  in  an 
interpreter  mode  as  well,  in  order  to  permit  “manual”  program  modi¬ 
fications  (Sec.  9-12).  The  required  interpreter  program  can  be  part  of 
the  resident  monitor  or,  since  core  is  usually  at  a  premium,  it  may  be 
quickly  loaded  on  command.  References  37  to  47  describe  a  number 
of  such  complete  operating  systems  designed  for  large  installations. 

9-15.  Use  of  Simulation  Languages.53-58  Most  American  simulation 
users  are  familiar  with  FORTRAN  and  demand  its  use  for  hybrid  com¬ 
putation  (with  suitable  real-time  extensions,  Sec.  9- 13c).  FORTRAN 
is  well  suited  for  controlling  iterative-differential-analyzer  programs, 
with  each  analog-computer  run  called  by  a  FORTRAN  subroutine 
(call  run).  But  digital  solution  of  differential  equations 

y  ~f{uy)  (9-12) 

which  is  often  needed  for  combined  simulation,  requires  the  user  to 
write  a  routine  which  computes  each  derivative  f{t,y)  (possibly 
several  times,  as  for  Runge-Kutta  integration)  and  then  combines 
increments  f(t,y)  A/  according  to  some  integration  formula.  In 
addition,  the  combined-simulation  program  requires  data  storage  and 
output,  plus  an  uncomfortable  number  of  data  type  declarations, 
format,  and  dimension  statements. 

Much  programming  labor  not  directly  related  to  the  simulation 
problem  is  eliminated  by  continuous-system  simulation  languages, 
which  require  the  programmer  merely  to  specify  his  differential- 
equation  system  either  by  a  FORTRAN-like  expression  for  each 
derivative  or  by  statements  describing  interconnections  of  analog- 
computer-like  blocks  (Fig.  9-15).  The  user  also  enters  the  integration 
frame  time  A/,  the  total  computation  time,  and  the  integration  method 
to  be  used.  A  simulation-language  translator  ( precompiler )  program 
will  then  automatically  combine  this  derivative-computation  routine 
with  a  suitable  integration  program.  Simulation  languages  also 
perform  multiple-run  and  iterative  computations  and  can  simplify 


^DERIVATIVE  BLOCK: 

*VAN  DER  POL1 S  EQUATION 

WNOTE  TITLE  AND  COMMENTS  FOR  REPORT 
^PREPARATION 

X 1 *XDOT 

XDOT  * =ALFA* ( 1 «  -  X*X)*XDOT  -  X 
PHASE  PLANE  DISPLAY 
DISPLAY  XDOT,  X 

•tt’DATA : 

DT  =  l.OE-Ol 
TMAX  =  2.0E+01 
X  =  1, 

XDOT  *  0. 

ALFA  =  1. 

(o) 


*  derivative  block  no.  l: 


AAN  DER  POL'S  EQUATION 
CMTJLT  D,X2, ALFA 
INTGRT  X2,A,256 
CMULT  H , G , POT 
MULT  E, XI, XI 

INTGRT  XI ,X2, 16 
MULT  F,E,D 
SUBTR  G, XI ,D 
SUBTR  A,F,H 

/RUN-TIME  PHASE-PLANE  DISPLAY 
DISPLAY  X2,X1 


U>) 


*  DATA: 

DT  =  .0039 
TMAX  =  .99 
X2  =  .5 
XI  -  -.5 
ALFA  =  .9 
POT  =  .0625 


Fig.  9-15.  Simulation-language  programs  for  Van  der  Pol’s  differential  equation  (Sec.  2-11) 
in  the  form 


dX 


dX 


-  =  X  -  =  «(l-X>)X-X 


Figure  9-1 5a  uses  a  floating-point,  equation-oriented  language,  which  completely  frees 
the  user  from  scaling.  Figure  9-156  uses  a  block-oriented  language  designed  for  very  fast 
fixed-point  computation  on  small  digital  computers  and  implements  the  scaled  relations 

dX1  dX2 

-jf  =  16X2  =  256[a(K.  -  Xf)X2  -  VnXx] 


where  X,-(f)  r-(^) 


range  between  0  and  1  machine  unit  in  absolute  value  (see  also  Ref.  55). 
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programming  greatly  by  restricting  data  types  to  real  variables  and 
output  to  a  few  standard  tabulation,  display,  and  plotting  options. 
Such  languages  are  very  widely  used  for  all-digital  simulation  and  are 
strongly  recommended  for  combined  analog-digital  simulation  as  well.55 

User  preference  for  FORTRAN  programming  prevents  application 
of  small  digital  computers  (without  floating-point  hardware)  to  com¬ 
bined  simulation  if  more  than  a  very  small  amount  of  digital  com¬ 
putation  is  required  during  each  frame  time.  This  is  a  pity,  for 
fixed-point  assembly-language  execution  on  very  small  machines  (e.g., 
Digital  Equipment  Corporation  PDP-15  or  Data  General  SUPER¬ 
NOVA)  can  match  FORTRAN  execution  speeds  of  much  larger 
digital  computers  in  many  simulation  problems  (small  machines  can 
easily  perform  six-degree-of-freedom  flight  simulation).  For  hybrid- 
computer  simulation,  fixed-point  digital  computation  is  not  really  very 
objectionable,  since  all  analog  variables  must  be  scaled  in  any  case.  It 
is  not  practical  to  demand  that  users  such  as  aircraft  or  chemical 
engineers  learn  assembly-language  programming,  but  it  is  possible  to 
write  convenient  and  powerful  block-oriented  simulation  languages 
which  generate  efficient  assembly-language  programs.  The  DARE  II 
system  illustrated  by  the  example  of  Fig.  9-156,  for  instance,  has  an 
optimizing  precompiler  which  will  not  only  order  the  user’s  block 
statements  correctly  but  will  also  eliminate  redundant  instructions  to 
produce  code  as  efficient  as  that  written  by  a  good  machine-language 
programmer.55 

Macro-block  simulation  languages  like  that  illustrated  in  Fig.  9-156 
have  also  been  successfully  applied  to  the  digital  control  of  iterative 
and  statistical  computations  with  very  fast  analog  computers.  In 
such  applications,  the  digital  computer  does  not  have  to  solve  differ¬ 
ential  equations  but  performs  parameter-optimization  or  statistics- 
accumulation  routines  between  analog-computer  runs.  With  “slow” 
analog  computers  requiring  between  1  and  100  sec  for  each  differential- 
equation-solving  run,  there  is  no  objection  to  FORTRAN  computation 
between  runs  even  with  small  digital  computers.  But  with  very  fast 
iterative  differential  analyzers  such  as  LOCUST  (Fig.  7-2),  complete 
differential-equation-solving  runs  require  only  0.25  to  1  msec,  so  that 
the  digital  processing  time  between  analog-computer  runs  becomes 
critical. 

9-16.  Hybrid-computer  Diagnostic  Programs  (see  also  Sec.  7-7). 
Special  computer  programs  can  automate  maintenance  or  diagnostic 
checks  of  analog  computers  and  linkages.  With  special  problem  boards 
in  the  analog  and  digital  patchbays,  such  diagnostic  programs  exercise 
analog  computer  and  linkage,  measure  suitably  defined  component 
errors,  and  print  permanent  maintenance  records  describing  the 
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condition  of  each  computing  element  and  pinpointing  faulty  elements. 
Such  automated  checks  can  be  performed  periodically  and/or  after 
computer  malfunctions. 

9-17.  Time  Sharing.  Since,  in  most  hybrid  simulations,  operators 
require  time  between  simulation  runs  to  look  at  solution  records,  enter 
new  coefficients,  etc.,  some  sort  of  time  sharing  is  mandatory  for  the 
efficient  operation  of  all  but  the  smallest  digital  computers  used  in 
hybrid  computation.  Even  small  computer  installations  can  allow  for 
a  background  batch  program  (or  background  listing,  editing,  etc.), 
which  is  interrupted  by  the  foreground  hybrid  program  at  the  latter’s 
discretion.  Larger  computer  laboratories  may  have  exclusive  use  of 
very  powerful  digital  computers  (such  as  a  CDC  6400  or  6600),  which 
can  be  time-shared  among  four  or  more  hybrid  and  other  computation 
jobs.  Because  of  the  substantial  programming  and  core  overhead 
required  to  interrupt  and  swap  time-shared  programs  in  and  out  of 
core,  such  systems  require  careful  economic  justification.  Time-shared 
hybrid-computer  systems  may  either  assign  fixed  periodic  time  slices  to 
the  individual  simulation,  or  especially  time-critical,  high-priority 
programs  may  interrupt  other  programs. 

The  possibility  of  time  sharing  an  analog  computer  through  automatic 
patching  and  the  software  required  for  this  purpose  are  discussed  in 
Sec.  7-4c. 


REFERENCES  AND  BIBLIOGRAPHY 

Data  Reconstruction 

(See  also  Ref.  56) 

1.  Lofgren,  L. :  Predictors  in  Time-shared  Analog  Computer,  Proc.  1st  AICA  Conf 
Brussels,  1955;  Presses  Academiques  Europeennes,  Brussels,  1956. 

2.  Korn,  G.  A. :  A  Simple  First-order-hold  Circuit,  Simulation ,  February  1964. 

3.  Wait,  J.  V. :  Data  Reconstruction:  Fractional  and  Polygonal  Holds,  Instr.  Control 
Systems,  1970. 

Analysis  and  Correction  of  Errors  due  to  Digital-computer 
Processing  Delays 

(See  also  Ref.  56) 

4.  Miura,  T.,  and  J.  Iwata:  Effects  of  Digital  Execution  Time  in  a  Hybrid  Computer, 
Proc.  FJCC ,  1963. 

5.  Gelman,  R.:  Corrected  Inputs:  A  Method  for  Improved  Hybrid  Simulation,  Proc. 
FJCC ,  1963. 

6.  Gilbert,  E.  G.:  Dynamic  Error  Analysis  of  Digital  and  Combined  Analog-digital 
Computer  Systems,  Simulation ,  April  1966. 

7.  Bekey,  G.  A.,  and  R.  Tomovic:  Adaptive  Sampling  Based  on  Amplitude  Sensitivity, 
IEEETAC ,  April  1966. 

8.  Vichnevetsky,  R.:  Error  Analysis  in  the  Computer  Simulation  of  Dynamic  Systems: 
Variational  Aspects  of  the  Problem,  IEEETEC ,  August  1967. 


HYBRID-COMPUTER  ERRORS 


388 


9.  Mitchell,  E.  E. :  The  Effect  of  Digital  Compensation  for  Computation  Delay  in  a 
Hybrid  Loop,  Proc.  FJCC ,  1967. 

10.  Ingalls,  V.  W. :  A  Time-delay  Compensation  Technique  for  Hybrid  Flight  Simulators, 
Boeing  Memo  M.S .  23-68,  Boeing  Airplane  Co.,  Seattle,  Wash.,  1968. 

11.  Giloi,  W.:  Error-corrected  Operation  of  Hybrid  Computer  Systems,  Proc.  5th  AICA 
Con/,  Lausanne,  1967;  Presses  Academiques  Europeennes,  Brussels,  1968. 

12.  Vichnevetsky,  R.:  Stability  Contours  for  the  Analysis  of  Analog/Digital  Hybrid 
Simulation  Loops,  Proc.  SJCC,  1969. 

13.  Kemp,  N.  H.:  Extension  and  Analysis  of  Use  of  Derivatives  for  Compensation  of 
Hybrid  Solution  of  Linear  Differential  Equations,  Proc.  FJCC ,  1969. 

14.  Dyntschaever,  D.:  Compensation  of  Time  Delay  and  Smoothing  Errors  in  Hybrid 
Computation  Loops,  Electron.  Letters ,  May  1969. 

15.  VanSteenkiste,  G.  C. :  Study  of  the  Errors  Introduced  by  Delays,  Ann.  AICA ,  October 
1969. 


Correction  of  Quantization  Errors 
(See  also  Ref.  56) 

16.  Vidal,  J.,  and  W.  J.  Karplus:  Characterization  and  Compensation  of  Quantization 
Errors,  IEEE  Natl.  Convention  Record ,  1965. 

17.  Miura,  T.,  and  I.  Iwata:  A  Scheme  for  Reducing  Quantization  Errors  in  Hybrid- 
computer  Systems,  Proc.  5th  AICA  Conf,  Lausanne,  1967,  Presses  Academiques 
Europeennes,  Brussels,  1968. 

18.  Korn,  G.  A. :  Random-process  Simulation  and  Measurements,  McGraw-Hill,  New  York, 


Hybrid-computer  Time-delay  Simulation 

19.  Eide,  M.  A.,  and  J.  H.  Forrester:  A  Hybrid  Transport-delay  Simulator,  Rept.  2-5323- 
4/77,  The  Boeing  Co.,  Seattle,  Wash.,  1963. 

^  *  Hybrid  Simulation  of  a  Variable  Transport  Lag,  Simulation ,  February 

21.  Naka,  M.:  Data-channel  Interface  for  Variable  Time  Delays,  CSRL  Memo  197, 
University  of  Arizona,  1970. 

Hybrid  Computers  and  Function  Generators  Employing  Digital  Computation 

with  Analog  Interpolation 
(See  also  References  to  Sec.  6-14) 

22.  Jarrett,  R.  J.:  An  Analog  RC  Integrator  with  Digital  Output,  Proc.  NEC ,  1960. 

23.  Skramstad,  H.  K. .  Combined  Analog-Digital  Differential  Analyzer,  Proc.  Eastern 
Joint  Computer  Conf,  1959. 

24.  Schmid,  H.:  Combined  Analog-Digital  Computing  Elements,  Proc.  Western  Joint 
Computer  Conf. ,  1961. 

25.  Korn,  G.  A.:  The  Impact  of  Hybrid  Analog-Digital  Techniques  on  the  Analog- 
computer  Art,  Proc.  IRE,  May  1962. 

26.  Wait,  J.V.:  “A  Hybrid  Analog-Digital  Differential-analyzer  System,”  Ph.D.  Thesis, 
University  of  Arizona,  1963;  see  also  Proc.  Fall  Joint  Computer  Conf,  1963. 

27.  O’Grady,  P.:  “A  Simplified  Hybrid  Differential  Analyzer,”  M.S.  Thesis,  University 
of  Arizona,  1964;  see  also  Ann.  AICA,  January  1966. 

mT™’  ^  an<^  ^ Karplus:  High-speed  Analog  Computers,  Wiley,  New  York, 

29.  Schmid,  H.:  Linear-segment  Function  Generator,  IRETEC,  December  1962. 

30.  Chapelle,  W.  E.:  Hybrid  Techniques  for  Analog  Function  Generation,  Proc.  Sprint? 

Joint  Computer  Conf. ,  1963.  r  6 

31.  Universal  Nonlinear  Element  Model  CI-230,  Instruction  Manual  Comcor  Inc 

Denver,  Colo.,  1963.  ’  ” 

32.  Tutelman,  D.  M. :  Computer  Technique  for  Nonlinear-function  Generation,  Si/m/Ur/ow 

May  1966.  ’ 

33.  Ginzburg,  S  A.  and  Y.  Y.  Lyubarskii:  A  Hybrid  Function  Generator,  Automatika  i 
l  elemekhanika ,  August  1966. 


389  REFERENCES  AND  BIBLIOGRAPHY 

34.  Rubin,  A.  I.:  Hybrid  Techniques  for  Generation  of  Arbitrary  Functions,  Simulation , 
December  1966. 

35.  Aus,  H.  M.,  and  G.  A.  Korn:  Table-lookup/interpolation  Function  Generation  for 
Fixed-point  Digital  and  Hybrid  Computers,  IEETEC ,  August  1969. 

36.  Giloi,  W.,  and  K.  Waldschmidt:  Neue  Dimensionen  fur  Genauigkeit  und  Geschwindig- 
keit  analoger  Rechenelemente,  Proc.  6th  AICA  Conf.y  Munich,  1970,  Presses  Academi- 
ques  Europeennes,  Brussels,  1971. 

Hybrid-computer  Software 

(See  also  Ref.  56) 

37.  Reed,  E.  F.,  et  al.:  An  Integrated  Software  System  for  Hybrid  Flight  Simulation:  The 
Boeing  Hybrid  Simulator,  Proc.  IEEE ,  December  1966. 

38.  Wilson,  B.  R. :  The  Boeing  Integrated  Hybrid  Operating  System,  Simulation ,  November 

1967. 

39.  Fineberg,  M.  S.,  and  O.  Serlin:  Multiprogramming  for  Hybrid  Computation,  Proc. 
FJCC ,  1967. 

40.  Jacoby,  E.  A.,  et  ah:  FAMILY  I:  Software  for  NASA/Ames  Simulation  Systems, 
Proc.  FJCC ,  1968. 

41.  Soma,  G.  N.,  et  ah:  A  Priority-interrupt-oriented  Hybrid  Executive,  Proc.  FJCC ,  1968. 

42.  Thompson,  M.  D. :  Growing  Pains  in  the  Evolution  of  Hybrid  Executives,  Proc.  FJCC , 

1968. 

43.  Willard,  D.  A.:  The  Boeing/Vertoi  Hybrid  Executive  System,  Proc.  FJCC ,  1968. 

44.  Gutz,  S.:  An  Extension  of  a  FORTRAN  Compiler  for  Hybrid  Computation,  Proc . 
SJCC ,  1969. 

45.  Graves,  W.  L.,  and  R.  A.  MacDonald:  Hybrid  Executive:  A  User’s  Approach,  Proc. 
FJCC ,  1969. 

46.  Bedient,  C.  K.,  and  L.  L.  Dike:  The  Lockheed  Hybrid  System,  Proc.  FJCC ,  1969. 

47.  Franklin,  M.  A.,  and  J.  C.  Strauss:  A  Hybrid-computer  Programming  System,  Proc. 
FJCC ,  1969. 

48.  Benham,  R.  D.,  et  ah:  SIMPL-1,  A  Simple  Approach  to  Simulation,  Simulation , 
September  1969. 

49.  Serlin,  O.,  and  R.  C.  Gerard:  Remote  Real-time  Simulation,  Proc.  SJCC ,  1970. 

50.  Dodds,  W.  R.:  Multiprogramming  in  a  Medium-sized  Hybrid  Environment,  Proc. 
FJCC ,  1970. 

51.  Pelle,  J. :  Hybrid-computer  Diagnostics,  Proc.  6th  AICA  Conf.,  Munich,  1970,  Presses 
Academiques  Europeennes,  Brussels,  1971. 

52.  Giloi,  W.  K.:  A  Standard  Programming  System  for  Hybrid  Computation  and  Its 
Implementation,  MIT  Electron.  Systems  Lab.  Rept.  ESL-R-427,  Cambridge,  Mass., 
1970;  see  also  Proc.  SJCC ,  1969. 

Use  of  Simulation  Languages 

53.  Brennan,  R.  D.,  and  R.  N.  Linebarger:  A  Survey  of  Digital  Simulation,  Simulation , 
December  1964. 

54.  Tossman,  B.  E.,  et  ah :  SIMCON :  An  Advancement  in  Simulation  of  Physical  Systems, 
Proc.  FJCC ,  1970. 

55.  Korn,  G.  A.:  New  Techniques  for  All-digital  and  Hybrid  Simulation,  Proc.  6th  AICA 
Conf.9  Munich,  1970,  Presses  Academiques  Europeennes,  Brussels,  1971. 

Hybrid-computer  Diagnostic  Programs 

(See  also  references  to  Sec.  7-7) 

56.  Richards,  J.  C. :  Automatic  Checkout  of  a  Large  Hybrid  System,  Proc.  FJCC ,  1968. 

57.  Seehuns,  T.  K.,  et  ah  :  Hybrid  Diagnostic  Techniques,  Proc.  FJCC ,  1968. 

Miscellaneous 

58.  Bekey,  G.  A.,  and  W.  J.  Karplus:  Hybrid  Computation ,  Wiley,  New  York,  1968. 

59.  Connelly,  M.  E. :  A  Demonstration  Hybrid  Computer  for  Real-time  Flight  Simulation, 
Simulation ,  September  1965. 


HYBRID- COMPUTER  ERRORS 


390 


Function-fitting  Methods 

60.  Goldhirsh,  I.  L.:  Computation  of  Continuous  Functions,  Simulation ,  July  1968. 

61.  Van  Steenkiste,  G.  J.  V.:  Optimal  Generation  of  Arbitrary  Functions,  Ann.  AICA , 
July  1967  (see  also  review  by  E.  J.  Copesin,  IEEETEC,  July  1968). 

62.  Gracon,  T.  J.,  and  J.  C.  Strauss:  Application  of  Dynamic  Programming  to  Function 
Generation,  Simulation ,  November  1968. 


APPENDIX  A 


OPERATIONAL-AMPLIFIER 
DESIGN  DATA 


Table  A-l.  Short-circuit  Transfer  Impedances  for  Operational  Amplifiers* 
(Sec.  1-10;  see  Secs.  3-10  to  3-17  for  error  analysis) 


This  table  is  used  to  find  networks  whose  transfer  impedances  Z0(P),  ZX{F) ,Z2(P) , .  .  .  , 
match  the  desired  performance  equation 


for  an  operational  amplifier  of  one  of  the  types  shown  in  Fig.  \-la,b,c,d.  See  Fig. 
1-9  for  an  example  illustrating  the  use  of  the  table. 

Short-circuit  transfer  impedances  for  many  additional  networks  can  be  derived  with  the 
aid  of  the  following  theorems: 

1.  Two  or  more  networks  may  be  paralleled  to  yield  a  new  transfer  impedance 


2.  For  every  (< asymmetrical  as  well  as  symmetrical)  T  network ,  the  output-input  transfer 
impedance  is  identical  with  the  input-output  transfer  impedance  given  in  the  table . 
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Table  A-l.  Short-circuit  Transfer  Impedances  for  Operational 
Amplifiers*  ( Continued ) 


Transfer- 

impedance 

function 

Network 

Relations 

Inverse 

relations 

A 

A  -  R 

R  =  A 

A 

1  +  PT 

-o- 

c 

A  -  R 

T  —  RC 

R  -  A 

A(  1  +  PT) 

_  R 

A  =  2R 

T  pc 

2 

*-4 

/1+P$T\ 

A  -  fti  +  «, 

r  -  ft.c 

9  =  Rl 

Ri  + 

«i  -  A9 

ft.  =  A(1  -  9) 

Vl  +pt) 

d  <  1 

A  -  Ri 

T  =  («i  +  ftj)C 

9-  «’ 

7?i  +  /2j 

fli  - 

p,  - 

„  -  9) 

i  (  1  +  PT  \ 

Vl  +  POT ) 

0  <  1 

R<  jLc  R, 

.  _  2RiRt 

2Ri  -j-  /2i 

r 

2 

9-  2«* 

2«i  -f  72, 

„  A 

2(1  -  » 

*•-4 

„  4r(i  -  9) 

A 

«i  «i 

— w^— • — vw— 

Tc 

A  =  2fti 

r-  0'  +  t)c 

2  Ri 

2  R2  +  Ri 

*’  ‘  4</-  „ 
n  4r(l  -  9) 

A 

w  R 

A  =*  2R 

T  =  j  (C,  +  C.) 

2Cj 

Cl  +  Cl 

*-4 

„  2T(2  -  9) 

C‘  24 

C,  =  2™ 

A 
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Table  A-l.  Short-circuit  Transfer  Impedances  for  Operational 
Amplifiers*  ( Continued ) 


Transfer- 

impedance 

function 

Network 

Relations 

Inverse 

relations 

*  (  1  +  pJ'  \ 

R.  R, 

A  =  2ft! 

/?  A 
ni  =  — 

f 

"1 

Ti  =  Rl2Cl  =  2RiCi 

P2  =  P1C2 

2 

Ri  "  Tr, 
r  4Tl 

Cl  T 
r  2  r, 

Ct  “T 

\1  +  P'TiTt) 

tv 
c2  _ 

R,C, 

*  4R2C2 

1 

d  _  r> 

C  =  B 

PB 

C 

■k (1  +  PT) 

B  =  C 

T 

R  =  i 

T  =  RC 

C  =  B 

1  / 1  +  PT\ 

PB  \  PT  ) 

c  c 

P  =  2RC 

ft  _  3* 

R  ~4B 

C  =  2B 

r 

1  /  1  +  PT  \ 

\1  +  POT/ 

a  <  l 

p 

c2 

B  =  Ci 

T  =  R(Ci  +  Ci) 
a  -  c* 

D  ru  -  ») 

R  =  B 

C,  =  B 

c,  - 

Ci  +  C2 

C2  “  1  -  0 

-qb- 

R  C2 

B  =  Ci  +  C2 

P  =  RC2 

e  -  Cl 

Ci  +  C  2 

Ci  =  Pa 

c2  =  P(i  -  a) 

i  r  (i  +  PTiHi  +  pt1.)-] 
PP  L  1  +  PPa  J 

Pi  <  P*  <  P, 

c,  . 

-O 

r2  c2 

B  =  Ci  +  C, 

Ti  =  ft, Ci 

I'"<s'  +  »‘>(c,Tc,) 

P  3  =  R2C2 

r,(r,  -  r,) 

1  B(r,  -  r,) 

D  T3(T ,  -  r,) 

2  B(ra  -  r,) 

„  B(r,  -  t  1) 

Ci  “  7-3  -  7-, 

„  B(r,  -  t3) 

C'  =  Ta  -  7\ 

(  1+PPi  \ 

( - 1 

A  =  ft, 

Ti  =  2ft,C 

t,-*£ 

ft  A7>1 

Rl  4 F, 

P2  =  A 

VI  +  PPi  +  P’PiPj 

‘T 

A  (  1+PT'  \ 

irH 

A  =  2ft 

r,  =  2ftc, 

»  -  A 

R  -  2 

c,-!£ 

vi  +  ppi  +  P2P1P2/ 

R  1.  R 

A 

r  -T' 
c'  -  A 
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Table  A-l.  Short-circuit  Transfer  Impedances  for  Operational 
Amplifiers*  ( Continued ) 


Transfer- 

impedance 

function 


r  i  ±11*  1 

|_  1  +  PT i  +  P2TiTt  J 
T\ 

T i  >  —  (complex  roots) 
4 

Tt  >  Ti 


A  L±rh _ I 

L  1  +  PT  I  +  P'TiTi  J 
T\ 

T\  >  —r  (complex  roots) 
4 

Tt  <  Ti 


A(i  +  prod  3-  pro 

ri  <  Tt 


Network 


4- 


Relations 


r  i 


r2  = 


Tt  = 


2RiRt 
(2Ri  -f  «*) 
PQPiCi  +  2PZCQ 
2R\  3~  Rt 
RiRtCiCt 
R\C\  3~  2RtCt 
R1C1 
2 


A  =  2Pi 


i;* 

xc- 


t^T  C2 


■S3 


*Mt— •— |f-T" 

m3- 

i"' 


Ti  =  R1C1  +  2RiC» 

—  __  PQPi  3~  2Rt)CiCt 
2  ~  RtC  1  4-  2fiiC*- 

r.  =  (r,  +  f )  c, 


A  =  2P 

ri  =  P(c2  3-  2C0 

PCQCi  +  CQ 


r,  = 
r«  = 


C2  +  2C« 
I  (C,  +  Ct) 


A  =  Rt 

T\  =  2R\C\  3"  RtCt 

PiP2Ci(Ci  +  2C0 
12  2RiC\  +  RiCt 

Tt  =  2RiCi 


Inverse 

relations 


Pi  = 


Rt  - 


Ci  = 


Ci  - 


ATt2 


2 [ro  -  ror,-  roi 
Aro 

ror,  -  ro 
4[ro  -  ror,  -  ro 


ATt 


TiTt 

ATt 


R'=i 

Rt  = 


a  ror,  -  ro 


Ci 


C  2  = 


4[r,*  -  ror,  -  ro] 
4[r«*  -  ror,  -  roi 
Ar, 

TiTt 


ATt 


R  _  A 
R  -  2 


C2  = 


c,  = 


2[2r,2-ror,-ro] 

Ar, 

2ror,  -  ro 


ATt 


TiTt 

ATt 


at,2 


Rl  4[rira-r,(ri-ro] 

Rt  =  A 

2[TiTt-Tt(Ti-Tt)) 


Cl  - 


C2  = 


ATt 

(r,  -  ro 


A  —  Rt 

Ci{2RiCt  +  P2C1) 
2Ci  +  C2 
RiRtC  iCt 


T 1  = 


^rr^tr 

CT  TC 


r2  = 


r,  = 


2P1C2  3-  P2C1 

2RiCiCj 

(2Ci  +  Ci) 


A  =  Rt 


T 1  = 


Ti  = 


r.  = 


Ri(2fo  +  R»)C 

Ri  +  Rt 
RtRtC 
(2Rj  +  Rj) 
2R\RtC 
(Ri  +  Rj) 


j4  =  2Ri  +  R* 

-  (s£nr,) c 

r,  =  RiC 


Rt  =  dig 

1  4[riri-r,(ri-r,)] 

Rt  =  a 


Ci  - 


c2  - 


2TiTt 

ATt 

±TiTt[TiTt 

-  rpri  -  r,)] 
Ar,l(r,  -  ro 


Pi  = 


p2 


Aro 


2[2rir2 

-  rori  -  Tt)] 
ATt 


2{Ti  -  ro 

Ri  =  A 

2rir2 

6  Ar, 


Pi  -  A 


/r2  -  Ti\ 
V  2  Tt  ) 


R'~ATt 


c  - 


2Tt* 


A{Tt  -  ro 
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Table  A-l.  Short-circuit  Transfer  Impedances  for  Operational 
Amplifiers*  ( Continued ) 


Transfer- 

impedance 

function 


_L  (  1  +  PeT\ 

pb\\+pt) 


'  <  1 


1  +  PTt 


Network 


.  (1  +?T,)(1  +  PT{)  _ 
T\  <  Ti  <  Ti 


crp 


h?— 2 — c(- 


F 


titr 


ci  c? 


— wv- 


Relations 


B  =  Ci 

T-KC.(^) 
2  C2 


2C2  +  Ci 


B  = 


CO 


2Ci  +  Ci 
r  =  RCi 

,  =  2Cl 

2C  i  +  Ci 


s  -  (sTTTk)  c 


T  =  B2C 
2/?l 


Bl  +  B2 


A  =  R\  +  B2 
T  i  =  BiCi 


=  G£Si)  (Ci  +  C2) 


T a  *  B2C2 


A  =  B2 

T2  =  BiCi 

TiTa  =  BiB2CiC2 

Ti  +  Ti  =  RiCi  +  R2C2 

~f"  B2Ci 


Inverse 

relations 


TO  2 


4B(1  -  0) 
2B(1  -  0) 


=  B 


R 

Ci 

C2 


T02 


4B(1 

2B 


e) 


4B(1  -  0) 
02 


Bi 

B2 

C 


T02 


2B(2  -  0) 
T0 
2  B 
2  B 


Bi 

B2 

Ci 

c2 


A(T2  -  TQ 
Ti  -  Ti 
A(Ta  -  Ti) 
Ti  -  T 1 

TiCTa  -  TQ 
A(T2  -  Ti) 
Tz(Tz  -  Tx) 
A(Ta  -  T2) 


A  —  Bi  B2 

^  -  (srrk)  “ 

TiTa  =  R1R2C1C2 


T 1  -T  T s  —  B1C1  -f-  B2C2 
+  B2Ci 


Ri 

Rr 

Ci 

C2  = 


A  TV 


(Ti  -  T2)(T2  -  Ti) 
A 

(T 1  -  T2)(T2  -  Ti) 


AT2 


T\Ti 
AT  2 


A  «  Bi 

T2  -  B2(Ci  +  CO 
TiTa  =  BiB2CiC2 


Ti  +  Ta  -  B1C1  +  R2C2 
+  B2Ci 


B,  = 
B2  = 
Ci  - 

C2  = 


AT22 


TiT2  A-  T2T a  -  TiTa 
A(Ta  —  Tj)  (T2-TQ 
TiT2  +  T2Ta-TiT3 
TiTa 
AT  2 

(TiT2  +  T2Ta 
_ _ -  T1T3)2 

A  T2(T a  -  T2) 

(T2  -  Ti) 


Bi  —  A 

A(Ta-T2)  (T2—  Ti) 


B2  = 


Ci  = 


C2  = 


(Ti  +  Ta  -  T2)2 
Ti  V  Ta  -  T2 
A 

TiT3(Ti  -f  Tj  -  TO 
A(Tj-Ti)  (T2-T 1) 
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Table  A-l.  Short-circuit  Transfer  Impedances  for  Operational 
Amplifiers*  ( Continued ) 


Transfer- 

impedance 

function 

Network 

Relations 

Inverse 

relations 

r  l  +  PTi  | 

"i 

A  =  2R.  + 

,/t2 

AT, 

1  (T,  +  TO 

n  a  to 

L  (1  +  PT,)(1  +  PTi)  1 

Ti  <  T i  <  Ti 

9] 

9 

Ti  =  RiCi 

2  (Ti  -b  TO 

(Ti  +  T,  -  2 TO 

1 

T'  -  (fi.+2fi,)(C,  +  C,) 
Tt  =  ftiC, 

^  T,(Ti  +  TO 

Cl  =  iir. 

„  T,(Ti  +  T.) 

C2  AT, 

A  =  Ri  +  Ri 


1  +  PTi 

.  (1  +  PTi)(\  4-  PTi) 
Ti  <  T,  <  Ti 


\ 

Ie* 


T\  —  RiCi 

T 2  =  rT+Ij 

T,  =  RiCi 


-  (2Ci  +  C,) 


fli  = 
fl,  = 
Ci  = 
C,  = 


ATi 

(T  i  +  TO 
AT, 

(Ti  +  T,) 
(Ti  +  T,) 
A 

(Ti  +  T,) 


(S+S-) 


*  Reproduced  by  permission  of  the  McGraw-Hill  Publishing  Company  from  F  R.  Bradley  and  R. 
McCoy,  Driftless  D-c  Amplifier,  Electronics ,  April,  1952.  This  table  was  developed  by  S.  Codet  of  the 
Reeves  Instrument  Corporation,  New  York  City. 
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^*8*  A-l.  Design  nomographs  for  a  simple  circuit  permitting  economical  computer  representation  of  many  mass-spring-dashpot  or  equivalent 
systems  (values,  pressure  pickups,  rate  gyros,  accelerometers,  etc.).  (. Nomographs  prepared  by  H.  J.  Shear ,  Ryan  Aeronautical  Co. ,  San  Diego,  Calif. 
for  G.  W .  Smith  and  R.  C.  Wood ,  Principles  of  Analog  Computation ,  McGraw-Hill  Book  Company ,  New  York ,  1959;  reproduced  by  permission  of  the 
publishers .)  J  1  J 
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OPERATIONAL-AMPLIFIER  CIRCUITS  FOR 
TIME-DELAY  SIMULATION 


B-l.  Introduction.  For  constant  delay  td  and  suitably  differentiable  input  X(r),  Taylor 
expansion  yields  the  operator  relation 

I'M  -  ,V(t  -  r„)  =[l  -  T„P+  ^  T  •  •  1  X(t) 

(B-l) 

For  steady-state  sinusoidal  input  and  output,  the  constant-time-delay  operator  e~Tnp  corre¬ 
sponds  to  constant  unity  gain  and  negative  phase  shift  (lag)  proportional  to  the  frequency  /: 

\e~^n\  =  1  arg  e~^n  =  -ojrn  =  -lirfrjy  (B-2) 

At  reasonably  low  frequencies,  we  can  approximate  e~Tns  by  a  rational  transfer  function 
H(s)  implemented  with  operational  amplifiers  and/or  passive  linear  networks.  In  view 
of  Eq.  (2),  correct  phase  shift  at  the  frequency  /  will  require  at  least  2frn  energy-storing 
network  elements  (capacitors  or  inductors),  since  the  phase  shift  contributed  by  each  can 
increase  (from  zero  at  d-c)  to  at  most  180  deg  even  in  active  networks.9 

Table  B-l  shows  differential-analyzer  setups  for  constant-delay  approximations  of  the 
form 

H(p.  =  A0  -  Bx(jnP)  +  T  '  '  '  +  {-\)nDn(rDP)n 

K  *o+  A^P)  +  A^Pf  +  •  •  •  +  An(TDPY 


(F-l) 

with  positive  coefficients  (see  also  Sec.  1-8).  Several  different  synthesis  techniques6  yield 
suitable  coefficients  Au  Bk\  the  choice  will  depend  on  the  nature  of  our  signals  and  on  the 
objective  of  the  simulation. 

B-2.  All-pass  Approximations.  With  input  signals  X(r)  limited  in  frequency  below  about 
1  frj)  Hz  (e.g.,  filtered  signals  and  noise  in  control-system  simulation),  we  can  use  all-pass 
( zero-attenuation )  approximations .  For  Bk  —  Ak  (k  —  1,  2,  .  .  .  ,  «),  Eq.  (3)  yields  the 
desired  unity  gain  \H(jco)\  =  1.  The  Ak  are  then  chosen  to  produce  low  phase  error 
<5(co)  =  arg  H(jco)  +  a>rn.  Referring  to  Table  B-l,  all-pass  Pade  approximations 6  Pn,n 
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Table  B-l.  Time-delay  Approximations 


X 


Aq 

II 

A'o 

Ai  =  Bx 

(otj)  limit  for 
6(co)  <  0.1 
radian 

All-pass  Pade,6  P2  2 . 

12 

6 

1 9 

Smith  and  Wood,1  fV2,2 - 

10 

4.7 

3.4 

Cunningham,6  C4 ,4 . 

30.88 

10.56 

45.64 

7.48 

6.9 

Stubbs  and  Single,5  S4,4 - 

19.4 

7.63 

54.9 

5.94 

7.6 

X 
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- x 

r0c0p+ i 

r0  ~4RC\+R0  CQ 


i  jj-  {TkP)Z-i$,  7jP*[ 
R0C0P+ 1*1,  (TKpf^^kTkP*\ 


td=4R  {C\+C2)+R0C0 


X 


ic) 


Fig.  B-l.  A  four-amplifier  circuit  for  K3>4l  (Table  B-l)  ( a ),  and  single-type  operational- 
amplifier  circuits  (6),  ( c ).  A-c  coupling  can  save  chopper  stabilization  in  some  amplifiers. 
With  chopper  stabilization,  circuit  (c)  tends  to  be  noisy  for  low  delays  rD>  so  that  two 
cascaded  circuits  ( b )  are  preferable.  We  have 


7\  =  rVc 1cA1  t2  =  rVc2CA2 

and  preferred  values  are  given  by 


=  V3/2  c,  =  0.4 


{Based  on  Refs.  5  and  6.) 


T2\T2  =  1.68  R0C0  <  rJlOO 
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yield  a  monotonically  increasing  phase  error  which  is  very  small  at  low  frequencies.  A 
number  of  other  all-pass  approximations5-14  alternate  positive  and  negative  phase  errors 
to  reduce  the  error  near  /=  l/rD  at  the  expense  of  low-frequency  phase  errors;  this  is 
usually  preferable. 

In  practice,  advanced  synthesis  is  often  replaced  by  simple  curve  fitting.5  All-pass 
approximants  of  even  order  n  —  2m  are  written  in  the  form 


=  fr  (W-2W+1 

Li  +  2^T*p  + 1 


with 

The  phase  error  is  given  by 


m 

^  =  42  UTk 
&==  1 


m 


*=1 


<5*(c«)  =  4^7’ift)  — 


2  arctan 


2UTkco 
1  -  w27’| 


(B-4) 


(B-5) 


Carefully  plotted  graphs5-6  of  2  arctan  [2£7co/(l  —  w27-2)]  vs.  4£7cu  are  used  to  match  the 
individual  terms  dk(a>)  for  a  small  overall  error  <5(co).  dk(t o)  will  be  positive  for  low  c o  if 
and  only  if  £*  <  V3/2.  For  m  =  1  (n  =  2),  =  V 3/2  yields  the  all-pass  Pade  approx- 

imant  P2,2,  and  £  =  0.8165  results  in  a  useful  approximation  with  initially  negative 
error.  A  good  fourth-order  approximant  (m  =  2,  n  =  4)  is  obtained  with 

V3  T, 

ii  =  —  u  =  0.4  =  1.68 


(Table  B-l  and  Fig.  B-l).5  Reference  1  also  gives  sixth-order  and  eighth-order  approxima¬ 
tions. 


B-3.  Low-pass  Approximations.  If  our  signals  are  not  band-limited  (e.g.,  step  inputs) 
then  we  require  low-pass  delay  approximations,  since  we  must  attenuate  high-frequency 
components  which  cannot  be  correctly  delayed.  Such  high-frequency  components  will,  in 
particular,  cause  unpleasant  transient  oscillations  in  the  step  response  (Fig.  B-2 b,  c). 
Delay-approximation  synthesis  methods  are  based  on  different  compromises  between  good 
approximations  to  the  ideal  frequency  response  (2)  and  clean  step  response  (e.g.,  minimum 
mean-square  step-response  error).5-6  Several  synthesis  techniques  simply  combine  an 
all-pass  delay  network  with  a  low-pass  filter  (Fig.  B-lc). 

Table  B-l  gives  several  low-pass  approximations  of  the  form  (3)  with  Bn  =  0,  and  Fig. 
B-2  illustrates  typical  frequency  and  step  responses. 

B-4.  Practical  Considerations.  Treatment  of  Variable  Time  Delays.  Several  similar 
delay  networks  can  be  cascaded  for  higher-order  approximations  to  longer  delays,  although 
this  will  not  yield  the  best  high-order  approximants.  Approximations  of  order  n  >  4  are, 
in  any  case,  best  implemented  as  combinations  of  (in  general,  different)  lower-order 
networks  to  avoid  computer-setup  instability.  The  general  differential-analyzer  setups  of 
Table  B-l  can  be  simplified  if  we  do  not  need  to  vary  the  delay  td  frequently  (Fig.  B-l  a). 

For  permanently  assembled  time-delay  elements,  we  can  save  amplifiers  as  well  as 
potentiometers  with  special  operational-amplifier  setups.5-6  Commercially  available  units 
of  this  type  employ  low-pass  circuits  similar  to  those  of  Fig.  B-l  to  obtain  adjustable  con¬ 
stant  delays  between  0.005  and  10  sec  with  switched  20:1  ranges.  Two  or  three  channels 
can  be  cascaded  for  longer  delays. 

If  the  delay  time  td  is  variable,  representation  of  Y{t)  =  X[t  —  td(t)]  in  the  form  (1) 
requires  caution.  Since  now  tdP  ^  Pt£,  the  1  Ifir#  potentiometers  in  Table  B-l  must  be 
replaced  by  summers  and  multipliers  (or  dividers)  preceding  each  integrator.9 

In  many  variable-flow  transport-delay  situations,  the  delay  td(t)  varies  as  a  nondecreasing 
or  nonincreasing  differentiable  function  of  the  time  r.  In  such  cases,  it  may  be  practical 
to  introduce  a  new  independent  variable  q(r)  such  that 

X(t)  =  i(q)  y(T)  =  X[t  -  t(tb)]  =  i(q  -  Q)  (B-6) 

where  Q  is  now  a  constant  delay.8 
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Fig.  B-2 a,  b.  Frequency  response  of  all-pass  delay  networks  (a),  and  low-pass  delay  net 
works  ( b ).  ( Data  based  on  Ref.  6.) 
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Fig.  B-2c,  d.  Unit-step  response  of  fourth-order  low-pass  delay  networks  (c),  and  of  three 
cascaded  identical  low-pass  networks  of  the  type  shown  in  Fig.  B-ltf  (9  amplifiers,  n  =  15), 
(d).  The  step  response  of  all-pass  delay  networks  is  practically  unusable,  since  “precursor” 
oscillations  start  with  the  full  step  amplitude.  ( Data  based  on  Refs .  5  and  6.) 
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LOGIC  CIRCUITS  AND  SYMBOLS 


C-l.  Basic  Gates  and  Truth  Tables 


K 

AND 

0  1 

X 

NAND 

0  1 

V 

OR 

0  1 

\4 

NOR 

0  1 

0 

0  0 

0 

1  1 

0 

0  1 

\ 

0 

1  0 

1 

0  1 

1 

1  0 

1 

1  1 

1 

0  0 

NOTE:  In  some  types  of  logic,  gate  outputs  can  be  oaed  together,  nand  or  nor  gates 
also  serve  as  logic  inverters  complementing  a  single  input  (1  becomes  0,  and  vice  versa). 
Some  gates  have  two  complementary  outputs,  and  some  logic  systems  provide  gates  with 
inverting  inputs. 


C-2.  Rules  of  Boolean  Algebra 

A  I  (commutative  laws) 

A  +  WAIBC,  =  [aB)CB)  +  C)  (associativb  laws) 

Aa  +  BC  ■  A(A  +  BVA  +  oi  (distributive  laws) 

A  +  A  —  AA  =  A  (IDEMPOTENT  PROPERTIES) 

A  +  B  =  B  if  and  only  if  AB  =  A  (consistency  property) 
A  +  0  =  A  A\  =  A\ 

^0  =  0  A  +  1  =  1}  (laws  of  absorption) 

A(A  +  B)  =  A  +  AB  =  A) 

~  AB  _J  (duality,  or  de  Morgan’s  laws) 
(AB)  =  a  +  b\_ 

A  =  A  1  =  0  0  =  1 

A  +  AB  =  A  +  B  AB+  AC  +  BC  m  AC  +  BC 
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C-3.  NAND/OR  and  NOR/AND  Conversion  (by  de  Morgan’s  Theorem) 


A 

B 


OR  AND 

All  combinatorial  logic  can  be  implemented  with  nand  gates  alone,  or  with  nor  gates 
alone. 


C-4.  Flip-flops 


Reset/ Set  Flip-flop  ( RS  Flip-flop).  R  =  1  (level  or  pulse)  resets  {clears)  flip-flop:  Q  =  0, 
until  S  =  1  sets  flip-flop  (Q  =  1).  R  =  S  =  0  leaves  output  unchanged.  R  =  S  =  1  is 
illegal ,  or  acts  like  R  =  1.  Multiple  set  inputs  or  multiple  reset  inputs  are  ORed  together. 

General-purpose  Flip-flop  with  Enabling  Gates.  Many  different  types  exist.  Inputs  may 
include  inverting  set  and/or  reset  inputs,  multiple  gate  inputs,  etc.  Frequently,  the  lower 
reset  input  is  designed  to  override  all  other  inputs. 

Consult  Manufacturers'  Logic  Manuals  for  exact  logic,  fan-out,  logic-level  tolerances  and 
noise  immunity,  pulse  duration  and  step  rise  time  required  to  trigger  flip-flops,  etc. 
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C-5.  Applications  of  General-purpose  Flip-flops 


Data 

r~\ 

D 

r 

C 

l  f7 

Control 


DatajCotitrol  {sometimes  called  Type  D)  Flip-flop.  Output  Q  takes  data-input  value 
when  control  input  goes  to  1 ;  acts  as  a  binary  sample-hold  circuit.  Important  for  jam 
transfer  of  data  timed  by  control  (strobe)  pulses,  and  in  shift  registers. 


pulses 


Simple  Shift  Registers.  Note  possibility  of  parallel  input  through  extra  set  and  reset 
terminals. 


( Least  significant 
bit) 


Simple  Binary  Counter .  Each  counter  flip-flop  complements  whenever  its  trigger  ( T ) 
input  changes  to  1.  Counter  can  be  preset  with  S  and  R  inputs. 
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Data  transfer,  7-9 c 

D-c  amplifier  {see  Operational  amplifier) 
DCU  (digital  coefficient  unit),  7-4/? 
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Decoupling  circuit,  4-9 /?,  7-14 
Delay,  digital  processing  {see  Digital 
processing  delay) 
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Demodulation,  5-1 
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interface,  7-8 
multiplying,  5-6 

Digital  voltmeter  {see  Analog-to-digital 
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Direct  memory  access,  7-8,  7-12,  9-7, 

9- 13d 

Dissipation  coefficient,  3-9 b 
Division,  6-11/?,  6-16 

with  automatic  rescaling,  8-6 
how  to  avoid,  1-1 1 
steepest  descent,  8-9 b 
DMA  {see  Direct  memory  access) 
Dow’s  capacitor  model,  3-9 b 
Drift,  3-32,  3-33,  3-36 
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{See  also  Offset) 

Dry-disk  clutch,  simulation,  8-20 
Dry  friction,  8-19 


ECL  (emitter-coupled  logic),  7-3,  7-14 
Educational  computer,  7-2u 
Eigenvalue  problem,  8-13 
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Electronic  Associates,  Inc.,  1-2 
Emitter-coupled  logic,  7-3,  7-14 
Enable  flip-flop,  7- 12a 
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Equation  error,  8-12 
Error  estimation,  8-4,  8-5 
Errors: 

in  digital-to-analog  conversion,  5-9 
in  hybrid  computation,  9-2  to  9-6 
in  solution  of  linear  differential  equa¬ 
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Euler-Lagrange  equations,  8-16 a 
Executive  program,  9-11 
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Expander,  7-4c 

Extrapolation,  9-3 

Extreme-value  holding  circuit,  4-1 1 


Feedback  ratio,  3-11 
Feedforward  circuits,  3-35 
FET  (see  Field-effect  transistor) 
Field-effect  transistor: 
in  amplifier,  3-33 
as  chopper,  3-36 
as  switch,  5-4 
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First-order  hold,  9-3 
Flag,  7-10,  7-11 
Floating  control  circuit,  5-le 
Flow  chart,  2-2 
Folding  error,  9-2 
Follower  amplifier,  3-30,  5-17 
FORTRAN,  9-11  to  9-15 
hybrid,  9-13 

Forward  resistance,  5-la,  5-17 
Four-diode  bridge,  4-6 
Frame  time,  9-4,  9-13 
Frequency  modulation,  4-12 
Frequency  response: 
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small-signal,  3-2 a 
Friction,  simulation  of,  8-19 
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cathode-ray-tube,  4- 17c 
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logarithmic,  4-16 
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varistor,  4-176 
Function  storage,  9-7 

(See  also  Time-delay  simulation) 
Functional,  8-13 


Gain  error,  9-2 

Generalized  integration,  1-13,  6-24,  8-96 
Glitch,  5-9 

Gradient  method,  8-14,  8-16 
(See  also  Steepest  descent) 
Granularity,  simulation  of,  8-20 
Ground  loop,  7-13 
Ground  system,  7-13,  7-14 


Half-scale  accuracy,  3-1 
Hamiltonian,  8-16a,  6 
HELIPOT  Corporation,  3-4 
hi  terminal  (see  Potentiometer) 


hold  mode,  1-2,  2-2,  5-17 
(See  also  Mode  control) 
Hybrid  code,  9-5c 
Hybrid  executive,  9-14 
Hysteresis: 

bistable  circuit,  4-12 
of  comparator,  4-96 
simulation  of,  8-20 


Identification  (see  Model  matching) 
Implicit  computation  of  sine  and  cosine, 
6-24 

Impulse  response,  1-9 
Induction  resolver,  4-13 
Industrial  ground,  7-13 
Inelastic  stop,  8-18 

Inequality  constraints  (see  Constraints; 

Linear  programming) 

Initial  conditions,  1-5 
(See  also  reset  mode) 
initial-reset  mode,  2-2 d 
Input  impedance  of  operational  amplifier, 
3-14,  3-30 

Input/output  bus,  7-9 
Integrated  circuit: 
amplifier,  3-33,  3-35 
DAC,  5-8 
multiplier,  6-6 
switch,  5-4 

Integrator,  1-2,  1-5,  3-20,  3-21 
error  analysis,  3-20,  3-21 
noninverting,  3-28 
as  track-hold  circuit,  5-17 
(See  also  Mode  control) 

Interface,  7-8  to  7-12 
requirements,  7-8 
Interlace,  7-12 

(See  also  Direct  memory  access) 
Intermittent-HOLD,  9-56 
Interpolation: 

in  function  generation,  4-18,  9-8 
in  hold  circuits,  9-3 
(See  also  Function  generator) 
Interpolate  hold,  9-3 
Interpreter,  9-12 

Interrupt,  7-8,  7-11,  9-7,  9-12,  9-13 
Inverse  function,  4-14,  8-1 
Inverse  resolution,  6-18,  6-22 
Inverted  transistor,  5-36 
I/O  (input/output)  bus,  7-9 
Isolation  transformer,  7-13 
Iterative  analog  computation,  2-1  to  2-5 
with  digital  control,  9-136 
Iterative  differential  analyzer,  8-14 
Iterative  optimization  (see  Optimization) 


Jam  transfer,  7-9 c 
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Junction  field-effect  transistor  as  a  switch, 
5-4 a,  c 


Kokotovic  system,  8- 14c 


Ladder  network,  5-7,  5-8 
Lagrange  multiplier,  8-16 
( See  also  Constraints) 

Leakage: 

capacitor,  3-9 
diode,  4-2 
FET,  3-33 
patchbay,  7-4 
transistor,  3-33,  5-3 
Least-significant  bit,  5-6,  5-9 
Library  routine,  9-12 
Limit  stop,  8-18 
Limiter: 

diode:  bridge,  4-6,  4-10 
feedback,  4-3 
series,  4-3 

series-shunt,  4-3,  6-3 
shunt,  4-3 

high-frequency  operation,  4-5 
precision,  4-10 
transistor,  4-8 
Zener-diode,  4-3c 
Linear  programming,  8-10 
Linearization,  8-2 
Linkage  ( see  Interface) 

Linking  loader,  9-1 1 

Loader,  9-1 1 

LOCUST,  7-2,  9-15 

Logarithm-function  generator,  4-16 

Logic,  patched,  7-3 

Logic  circuits,  7-3,  Appendix  C 

Loop  gain,  3-11 

LSB  (least-significant  bit),  5-6,  5-9 


Machine  variable,  1-2 
Maintenance,  7-7,  9-16 
Maxima  and  minima,  8-7 
Maximum-holding  circuit,  4-11 
MDAC  (see  Digital-to-analog  converter, 
multiplying) 

Measured-gradient  method,  8-14J,  8-1 6c 
Measurements,  operational-amplifier 
specifications,  3-37,  3-38 
MEI  (minimum-excursion  indicator),  7-6 6 
Memory  pair  ( see  Track-hold  pair) 
Metal-oxide-semiconductor  field-effect 
transistor  (MOSFET),  3-36,  5-4, 

5-16 

Miller  effect,  3-19 
Minimum-excursion  indicator,  7-6 6 
Minimum-holding  circuit,  4-11 


Mode  control,  1-2,  5-16,  5-17,  7-3 
Model  matching,  8-12,  8-13 
Modulated  waveforms,  generation,  4-12 
Modulation,  4-12,  5-1 

(See  also  Chopper  stabilization) 
Monitor  program,  9-14 
Monostable  multivibrator: 

operational-amplifier  circuit,  4-12 
use  of,  in  patched  logic,  7-3c 
Monte  Carlo  studies,  2-5 
MOSFET  switch,  3-36,  5-4,  5-16 
Most-significant  bit,  5-6 
MSB  (most  significant  bit),  5-6 
Multicomparator,  4-10 
Multiplexer  addressing,  7-126,  9-13 
Multiplier,  6-1 
AM/FM,  6-8 d 
analog-digital,  6-8a,  6-14 
cathode-ray-tube,  6-1 
diode,  6-2 
for  division,  6-15 
feedback-type,  6-7,  6-8 
four-quadrant,  6-5 
Hall  effect,  6-8c 
heat-transfer,  6-86 
logarithmic,  4-16 
magnetoresistance,  6-8c 
mark-space,  6-9  to  6-13 
modulation-type,  6-8J 
photo- res  is  tor,  6-86 
pulsed-attenuator,  6-9  to  6-13 
quarter-square,  6-2 
servo,  6-1,  6-8 
slave,  6-7 
test  circuits,  6-15 
time-division,  6-9  to  6-13 
transconductance,  6-6 
triangle  averaging,  6-4 
two-channel,  6-14 
Multivibrator  circuit,  4-12 


Noise,  3-15,  3-21,  3-29 
in  computer  system,  7-13 
digital-system,  7-14 
in  operational  amplifier,  3-15,  3-29 
Nominal  solution,  8-3 
Noninverting  operational  amplifier,  3-25 
to  3-30 

Nonsaturating  switch  (see  Current  switch¬ 
ing;  Switch,  active) 

Nyquist-Bode  law,  3-34 

Offset: 

d-c  amplifier,  effect  of,  3-15,  3-29 
switch,  5-3,  5-4 d 

Offset  error  in  hybrid  computation,  9-2 
One’s-complement  code,  5-6 
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operate  mode  ( see  compute  mode) 
Operating  system,  9-14 
Operational  amplifier,  1-10 

differential  and  noninverting,  3-25  to 

3-30 

error  analysis,  3-10  to  3-17 
measurements,  3-37,  3-38 
specifications,  3-31  to  3-36 
stability,  3-34 
Optimization,  8-7 
functional,  8-12,  8-16 
iterative,  8-14 
parameter,  8-13 

Optimum-gradient  method,  8-14 
Oscillator,  4-12,  4-13 
smoothing,  4-15,  6-3 
Oscilloscope  display,  7-5 
Overload: 

in  hybrid  computation,  9-13 d 
in  optimization  problem,  8-15 
Overload  indication,  7-66 


PACE  (see  Electronic  Associates,  Inc.) 
Pade  approximation,  Appendix  B-2 
Parameter  estimation  (see  Model  match¬ 
ing) 

Parameter-influence  coefficient  (see 
Sensitivity) 

Parameter  optimization  (see  Optimiza¬ 
tion) 

Parameter  perturbation,  8-11 
Parameter  sensitivity,  8-4,  8- 14c 
Parameter  tracking,  8-12 
Partial  differential  equations,  8-17 
Partial  fractions,  2-4 
Partial  system  test,  2-1,  9-6 
Party-line  I/O  bus,  7-9 
Patched  logic,  7-3 
Patching,  automatic,  2-5,  7-4c 
Patching  systems,  7-4 
Paterson  transdiode,  4-16 
Pedestal,  5-lc 
Perturbation: 

of  parameter,  8-1 1 
random,  8-15 

Perturbation  method,  8-1  to  8-4,  9-5*, 

9-6 

Phase  compensation,  summing  amplifier, 
3-19 

Phase  errors,  3-2 b 

effect  of,  on  solution  of  linear 

differential  equations,  3-22  to  3- 
24 

Phase  inverter,  1-2 
errors,  3-19 
Phase  margin,  3-34 
measurement,  3-38 
Phase-shift  oscillator,  4-13 


Phase  shifter,  1-10,  3-28 
Photoformer,  4-17c 
Piecevvise-linear  circuit  analysis,  4-2, 

4-4 

Polar  coordinates,  6-17 

POLAR  resolver  mode,  6-22 

Polynomial  hold,  9-3 

Pontryagin’s  maximum  principle,  8-  16a,  b 

Potentiometer: 

coefficient-setting,  1-3,  3-4  to  3-6,  7-4 b 
design,  3-4 
dynamic  errors,  3-6 
granularity,  8-20 
loading,  3-5 
three-terminal,  3-5 
potset  mode,  7-3 
Power  supplies,  7-2c 
Precision  limiter,  4-10,  5-14,  8-18 
Precompiler,  9-15 

Prediction  in  hybrid  computation,  9-3  to 
9-5 

Priority  for  direct  memory  access,  7-12 
Priority  interrupt,  7-11 
(See  also  Interrupt) 

Problem  check,  7-6 c 
Processing  delay,  digital  (see  Digital 
processing  delay) 

Program  check,  7-6 
Program  interrupt,  7-1 1 
Programmed  input/output,  7-9 
Pushbutton  logic,  7-3 a 


Quadrant  switching,  6-21 
Quantization  error,  9-2 
Quantizing  circuit,  4-10,  8-20 


Rate  limit,  3-2c 
Rate  resolver,  6-216,  8-96 
Readout  system,  7-5 
Real-time  executive,  9-14 
Real-time  FORTRAN,  9-13* 

Recorder,  7-5 
Reentrancy,  9-13* 

Reeves  Instrument  Co.,  4-15 
Reference  power  supply,  1-3 
Relay,  simulation  of,  8-20 
REP-OP  (  see  Repetitive  analog 
computer) 

Repetitive  analog  computer,  2-2,  6-23 
Request  flip-flop,  7-11 
reset  mode,  1-3,  2-2,  5-17 
(See  also  Mode  control) 
reset  pulse,  2-2 

(See  also  Mode  control) 

Resistors,  3-7 

Resolution  of  digital-to-analog  converter, 

5-9 
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Resolver,  6-17 

electronic,  6-20  to  6-24,  8-9 6 
induction,  6-19 
servo,  6-17,  6-19 
Restitution  coefficient,  8-18 
Resubstitution  check,  8-5 
Reverse  leakage  ( see  Leakage,  diode) 
Ripple  filter,  4-15,  6-12,  6-16 
Rolloff  network,  3-34 


Sample-hold  circuit  (see  Track-hold 
circuit) 

Sampled-data  operations,  2-3 
Sampling,  9-3,  9-4 
Sampling  circuits: 

for  multiplication,  6-23 
for  sine  generation,  6-23 
Sampling  pulse,  2-2 
Sampling  rate,  9-3 
Satellite  trajectory,  8-3 
Saturation,  simulation  of,  8-18 
Saturation  voltage,  transistor,  5-3 
Scaling,  1-2,  1-6 
automatic,  8-6 
Semielastic  stop,  8-18 
Sense  line,  7-8,  7-10,  9-13 d 
Sensitivity,  1-10 

(See  also  Parameter  sensitivity) 

Service  report,  7-7 
Servo  recorder,  7 -56 
Servomultiplier,  6-1 
Setting  stability,  3-4 
Settling  time,  5-9 
Shielding  of  patchbay,  7-4 
Short-circuit  transfer  impedance  (see 
Transfer  impedance) 

Sign  bit,  5-6 

Sign  multiplier,  4-9,  8-9 6 
Signal-generator  circuits,  4-12 
Simulation,  1-1 

combined  analog-digital  (see  Combined 
analog-digital  simulation) 
of  communication  system,  4-12 
digital,  2-1 

of  digital  computer,  2-2 
of  nonlinearities,  8-18  to  8-20 
space-vehicle,  2-5,  8-3 
Simulation  language,  9-15 
Sine-wave  oscillator,  4-13,  6-23,  8-96 
Single-pole-double-throw  switch,  5-\d  to 
5-4  a 

Six-diode  bridge  switch,  5-2 
Skewing  error,  9-2 
Skip  bus,  7-10 
Slack  variable,  8-10 
Slew  rate  (see  Rate  limit) 

Slope  in  function  generator,  4-15 
Smoothing  oscillator,  4-15,  6-3 


Software  for  hybrid  computer,  9-11  to 
9-17 

Space-vehicle  simulation,  2-5,  8-3 
Special-purpose  computer,  7-1 
Square-root  generation,  8-96 
(See  also  Inverse  function) 

Square- wave  generator,  4-12 
Squaring  network,  6-2 
Stability  of  operational  amplifier,  3-34 
Static  accuracy,  3-2 
Static  check,  7-6c,  9-1 1 
Static  friction,  8-19 
Steepest  descent,  8-76 
division,  8-96 

square-root  generation,  8-96 
Step  response,  3-2 
Step-size  determination,  8-14^,  8-15 
Strip-chart  recorder,  7-56 
Subdevice  bit,  7-8 
Summing  amplifier,  1-2,  1-3 
errors,  3-19 

Summing  integrator,  1-2,  3-20 
Summing  junction,  3-10 
Super-beta  transistor,  3-33 
Switch: 
active,  5-17 
nonsaturating,  5-17 
(See  also  Current  switching) 
Switched  amplifier,  5-17 
Switched-capacitance  decoder,  5-7 
Switching  curve,  8-166 
Switching  spike,  2-4,  5-le,  9-56 
in  digital-to-analog  converters,  5-9 
System  identification  (see  Model 
matching) 


Tabletop  computer,  7-2 
Temperature  compensation: 
of  amplifier  drift,  3-33 
of  breakpoint  drift,  4-7 
in  digital-to-analog  converter,  5-8 
Termination  of  iteration,  8-14^ 

Tests: 

multiplier,  6-15 

operational  amplifier,  3-37,  3-38 
Time-delay  generation,  9-7,  Appendix  B 
Time-optimal  control,  8-166 
Time-scale  check,  7-6c 
Time-scale  switch,  7-3 
Time  scaling,  1-66,  2-1,  2-2 
Time  sharing: 

of  analog  computer,  7-4c 
of  hybrid  computer,  9-17 
Timing  circuits,  7-36 
Timing  errors,  3-2c,  5-16,  5-17 
in  hybrid  computation,  9-2 
Track-hold  circuit,  2-2c,  5-17,  8-18 
Track-hold  pair,  2-3 
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track  mode,  2-2 
Transcendental  equation,  8-8 
Transdiode,  4-16 
Transfer  characteristics,  4-2 
Transfer  impedance,  1-10,  5-lc,  5-6 
{See  also  Table  in  Appendix  A) 
Transfer  operators: 

differential-analyzer  techniques,  1-8 
linear,  1-7 

operational-amplifier  methods,  1-10 
for  sampled  data,  2-4 
{See  also  Table  in  Appendix  A) 
Transformation  of  coordinates,  6-17 
Transistor  limiter,  4-8,  6-20 
Transistor  switch,  5-3,  5-4d 
active,  5-18 

Translator,  simulation-language,  9-15 
Transport  delay,  9-7,  Appendix  B 
Trap,  7-11 

Triangular-waveform  generator,  4-12 


Tvvo’s-complement  code,  5-6 


University  of  Arizona,  3-35,  5-6,  5-16, 
6-3,  l-2a 

Unloading  circuit,  1-10 


Varistor  function  generator,  4-17/? 
Vector  criterion  function,  8-15 
Vector  resolution,  6-17 
Vector  servo  {see  Inverse  resolution) 
Voltage  regulator,  1-10 


Wien-bridge  oscillator,  4-3 
Word  counter,  7-12/? 


Zero-order  hold,  9-3 
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